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In this volume the uimpler portions of the Treatise, those, 
namely, suited for general School purposes and required for 
the attainment of an ordinary B.A. degree in the University 
of Cambridge, are printed separately as Part I. ; to which is 
appended a large collection of easy Miscellaneous Examples, 
specially adapted to the contents of this Part, and supplying 
means of complete Examination in them. 

It will be seen that the easiest kinds of Simple Equations 
and Equation Problems are in this Edition introduced much 
earlier than is usual in Treatises on Algebra : but there can 
be no reason why this branch of the subject, which is so 
interesting to most Students, and gives them some idea of the 
practical applications of the Science, should not be brought 
forward as soon as possible. 

Part II. is also published, and contains the higher parts of 
the Subject, Avith such additional remarks on the earlier por- 
tions as will suit the wants of more advanced and promising 
Students, and with a similar Appendix of more dijfificult Mis- 
cellaneous Examples and Equation Papers. This part may 
be begun as soon as the Student, having thoroughly mastered 
Part I., has entered upon the Miscellaneous Examples at the 
end of it. 

FoRNCBTT St. Ma.by: ^ov. 1, 1849. 



*^* The alterations which have been made in the New 
iLdition have been suggested chiefly by the experience of the 
licv. J. Hunter, formerly of the National Society's Training 
College, Battersea, and have been carried out under my sanc- 
tion and superintendence. 

J. W. Natal. 
London : June 26, 1865. 



The Sketch of the History op Algebra prefixed to this 
Edition has been added with the sanction and approval of the 
Bidiop of Natal. ^ 
. London : Dec, 1868. 
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HISTORY OF ALGEBRA. 



Algebra, like many other branches of modern science, flour- 
ished in India long before it was naturalined in Europe. 
The Arabians, whose mission made them a channel of com- 
munication between East and West, were pupils of the Hindu 
mathematicians : they also translated into jheir own tongue 
the solitary Greek author who treated of Algebraic analysis. 
From them the new arithmetic wa^s transmitted to Europe at 
the end of the tenth century : the introduction of Algebra 
dates from the beginning of the thirteenth.^ Leonardo 
Bonacci, a Pisan, whose father was employed in the custom- 
house of Bugia in Barbary, there acquired from the Arabs 
a knowledge of arithmetic * afler the manner of the Yndians.' 
As a branch of this, he was taught Algebra v* Almucabala ^ 
as far as quadratic equations, and published the metliod in a 
Latin manuscript bearing the title * Liber Abbaci,'* in which 
he proved the rules by geometrical diagrams. It is probable 

' Cossoli, * Orig. delV Algebra,' i. 5. 

• He translates it 'Bestauratio et Oppositio ;' Lucas adds, * Contemptio 
et Sohdatio' (viii. 5, 1) : it is Best, when minus terms are eliminated 
&om the sides of an equation ; it is 0pp. when like terms are added 
together. 

» Gerbert, Pope Sylvester II., 999-1003, had called the new arith- 
metic * Abacus.' Lucas (ii. 1, 1.) thinks the word in Leonardo is a mistake 
for * Arabicus.' 

▲ 9 
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also that a treatise by Muhammed ben Musa was translated 
from the Arabic aboub tliis period.^ Tlie art soon became 
familiar to mathematicians. Hegiomontanus (1436-1476), in 
the book * De Triangulis ' which inaugurated Trigonometry, 
leaves a quadratic to be solved 'secundum cognita artis 
pracepta.'^ 

But a science which remained in manuscript had great 
difficulties to contend with. An epoch is marked by the close 
of the fifteenth century, w^ien Lucas de Burgo^ a Minorite 
friar, afler some lesser treatises,^ printed in 1494 a systematic 
work on Arithmetic and Geometry, including Algebra, and 
based on the writings of Leonardo and others:* it is in 
Italian, with the 'canons' writen on the margin in Latin 
verse. The science, still in its infancy, is hardly more than a 
convenient short-hand for answering problems in arithmetic. 
Without signs, it uses the abbreviations p and m for plus 
and minus. Lucas goes no higher than equations of the 
second degree : indeed he says that the solution of higher 
equations is impossible.^ Pie calls his method Arte Maggiore,^ 
in contrast with the Arte Minore, or mercantile arithmetic. 
Another name is Regola de la Cosa,^ the Eule of the Thing, 
». e, the Unknown ; and so we shall find the first English 
Algebra treating of the Cossike Art. 

In the next century the Italians extended the analysis to 
cubics and biquadratics. Scipio Ferrei, in 1508, invented a* 
rule for a particular case of the cubic; his pupil Florido 
challenged Tartaglia to discover it, who both guessed the 
riddle and devised a more general solution. This he dis- 

" Cossali, i. 9 ; Boiiibelli*8 Preface ; Cardan, * Ars Magna,* i. and v. 
2 Montncla, iii. 2, 1. ' * Summa,' v. 1, end. * i. 4, «. 

» Cardan, 'Ars Magna/ i. • \^il 5, 1. 

* Xylandcr, * Cossika sen Algebrika;' Cardan, *Itali de la Ce^ta 
vocant.* 
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closed to Cardan tinder oath of secresy ; but in 1545 Cardan 
broke his oath, and published the rule with improvements. 
His friend Ferrari was the first who solved a biquadratic. In 
1589 a complete digest of Algebra was written by Bombelli, 
containing a systematic treatment of recent discoveries, and 
giving special attention to Cardan's Irreducible Case : nor is it 
insignificant that he prefaced it with a brief historical sketch. 

Eegiomontanus had lell an allusion to a Greek treatise 
on numbers by Diophantus, which deserved translation.* 
Xylander, a professor of Heidelberg, found the name in Suidas 
also, and his curiosity was roused. At last a MS. was sent 
him firom Poland, which he translated into Latin * incredibili 
labore,' and published at Basle in 1575. Diophantus, pro- 
bably a contemporary of Julian, discusses arithmetical pro- 
blems, and incidentally solves a quadratic: whereupon 
Xylander expresses his conviction that 'a certain Leonard' 
got his method firom Diophantus. This enigmatical treatise 
has started the most difiicult questions. Was he an original 
inventor ? — ^His words are,* *fortasse difficilius, qidppe ignotum 
adhuc' What is his relation to Indian mathematics ? — Bom- 
belli asserted' that the MS. in the Vatican quoted Indian 
authors ; Hutton conjectured them to be the insertion of a 
scholiast; but Cossali denies their existence in the MS.^ 
Lastly, what is his relation to the Arabian authors? 

Colebrooke sums up the vexed questions with these results.* 
The earliest Hindu treatise is a century later than Dio- 
phantus, and the school flourished from the fifth to tlie twelfth 
century. Advancing farther than the Greeks and Arabians, 
it has a superior notation, attempts cubics and biquadratics, 

» Oration in Alfiraganus' works. * Xylander's translation. 

» Preface. < Coss. i. 4, 4. 

» * Diss, on the Alg. of the Hindus.' 
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-works indeterminate equations between two unknowns, and 
applies algebra to Astronomy and Geometry. The Arabs 
avowedly borrowed their Astronomy from the Indians,^ and 
probably Algebra came with it. They recognise Muhammed 
ben Musa as the &ther of Algebra among themselves ;^ but 
Diophantus also was translated into Arabic about 961~1Q00. 
Their' notation is Very imperfect : hence the intmctable tiature 
of the early Italian algorithm. 

The sixteenth century also witnessed a new phase in the 
history of Algebra. Hitherto it had been the property of 
Italians : but before the year 1 600 popular accounts of it were 
published in most European languages. It was introduced to 
Germany by Rudolf, Scheubel, and Stifel.^ The latter invented 
the signs -f and — , the notation of indices, and the sign V, whjph 
is the initial letter of radix. Like Archimedes, he anticipated 
the principle of logarithms. In 1554 Pelletier printed the 
first French treatise ; Stevin made the science known to the 
Dutch in 1585 ; and Nunez, a Portuguese professor, publidied 
a €astiliftn Algebra in 1567, thus restoring tlie science to 
Spain. It seems strange that the conquerors of the Moors had 
to seek instruction in Algebra from Italy. 

The first English Algebra was printed in 1557. Its author, 
^ Robert Recorde, Phisitian,'^ fancifully called it ' The whet- 
stone of witte*'^ whiche is the seconde ^ part of Arithmetike : 

* A.D. 773. ' Close of the eighth centuiy. 

* Kespectirely at the dates 1522, 1551-2, 1553. 

* Mutton says that commonly the Moorish physicians were mathe- 
maticians as well: hence the names were convertible. So in *Doa 
Quixote/ when the Bachelor Samson is dismounted, he sends for an 
' Algebrista* to heal his bruises. 

^ Cos Ingeni : perhaps a pun on Cossike. In the verses he alludes 
to Homce's * Fungar vice cotis.' Recorde died in the Fleet prison in 1558. 

' In 1540 he had published 'The Grounde of Artes, teaching the 
Worke and Practise of Arithmetike.' Recorde was a Platonist. 
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containjng thextraction of Rootea ; the Cossike practifie, \vith 
the rule of Equation : and the woorkes of Stirde Nombers.' 
The title advertises that ' These Bookes arc to bee sold at the 
Weste doore of Ponies, by Ihon Kyngstone.' Recorde dedicated 
it ^ To the right worshipfull the govemers, Consulles, and 
the reste of the venturers into Mosoouia.' 'It is in the form of 
a dialogue between Master and Scholar, vrho' exha'ust 'the 
subject at one sitting : the groundwork is Scheubel. 

Eecorde invented the sign of equality, 'to avoide the 
tediouse repetition of these woordes : is equalle to»* The first 
chapters are subsidiary to the solution of equations, 'com- 
monly called Algebers rule, after the name of the inventoure 
as some men think, ^ or by a name of singular excellencie as 
other judge.' His method has two parts. First i>y ReductiiH] 
he arrives at one of these three varieties : — 

x^ = 4x + 21 

a;2 = CO — 4x 

x^ = 16a; — 63 
(The form a;^— —16a;— 63 was at this period dismissed as 
impossible.) Then rules are given separately in the first two 
cases for finding the single root 'which corresponds to 

^•^p+j^^+g: in the third case alone he knows of two 

roots, and gives the law of their siun and product. 

His notation does not represent the unknown quantity 
but its indices only : R (res) stands for the first power, and Z 
(zenzus, census= Arabic Mai or Wealth) for the second, while 
9 denotes a natural number. So he writes the first equation 

l.Z. = .4.R. + .21 .^. 

* Cardan, de Subt. xri., says that Muhammed was sumamed from 
the science he discoYered^ Stifel also ascribes it to Geber, but Scheubel 
to DiophantQS. 



X A SKETCH OF THE 

These details are introduced to exhibit the awkward algo- 
rithm which was crippling the usefulness of Algebra. The 
third era in the history of that science was opened by Viete, 
who in his ' De Emendatione iCquationum ' revised the 
whole system, substituting the * Logistice Speciosa,' ^ or literal 
symbolism, in which capital letters with indices were employed 
for the first time. Harriot, the friend of Haleigh, chose 
small letters as more conyenient, and equated to zero. Fi- 
nally, Descartes in his * Geometria,' 1637, separated known 
from unknown quantities by using different sets of letters. 
Thus the language of Algebra, a science which is essentially 
^ une langue bien-fkito,' was almost perfected, and &om this 
point its rapid progress was ineyitable. Specimens of their 
equations are subjoined : — 

(i.) A . B+D-A^ = B.D. (De Em. xiv. 4, 1.) 

Si B+D in A— A quad, aquetur B in D : A explicabilis 
est de qualibet illarum duarum B vel D. 

(ii.) Harriot, iv. 1. -ZEquationis aa—ba 

4-ca=+5c. est b. radix 
radici qusesititise a, sequalis: he adds that+c is not a root, 
but does not try — c. 

(iii.) z^ c^ + az^+bh'^''(^z+d*, 

Vi^te and Harriot also added to the Theory of Equations : 
the latter was the first who saw that higher equations are the 
product of the multiplication of simple equations. 

But the great event of the period was the application of 
Algebra to Geometry by Descartes, in which however the 
Indian mathematicians had anticipated him. This application 

' Opposed to the 'Logistice NumeroBa* of Diophantus. 
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has created a new mode of mathematics, and most of the later 
improvements in Algebra have been suggested by the necessi- 
ties of geometrical science. 

We have now traced the development of Algebra. It 
began as a small branch of Arithmetic, struggling with the 
difHculties of a cabalistic notation, and known only to 
Italians. Once printed, it spread over the continent, and, 
taking shape as a distinct species of mathematics,^ received 
isolated contributions to its algorithm from the various nations 
of Europe. Lastly, its langunge was perfected ; when imme- 
diately it ceased to live as an independent science, and was 
adopted as a ' universal solvent '^ by the school of geometricians. 

Tiios. H. Grose, B.A. 
late Scholar of Balliol College, Oxford. 



* Xylander says that Algebra appears among the other mathematical 
sdences, like the shade of Tiresias among tJie other ghosts. 

* In the time of Descartes it \ras commonly called Ars Analytica : 
its professors were Analvstae. 
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^^ CHAPTER L 

DEFINITIONS. 

1. Algebra is the science which reasons about 
quantities by means of letters of the Alphabet, and 
certain signs and symbols, which are employed to re- 
present both the quantities themselves, and the manner 
in which they are connected with others. 

Thus we might put a to represent 7, and then tivice a would 
represent 14 ; or we might put a to represent 3, and then twice a 
would represent 6, three times a, 9, &c. 

2. The sign = (equal) denotes that the quantities 
between which it stands are equal to one another. 

Thus, if a = 17, then tioice a = 34. 

3. The sign .•- stands for then or therefore, and *.• 
for since or because, 

4. The sign + (plus) denotes that the quantity 

before which it stands is added, and the sign — (minus) 

that the quantity before which it stands is subtracted. 

Thus 6 + 3 = 8,6-3 = 2; and if a = 3and5 = 4, 
then a + 6=:3 + 4 = 7,a + 5-f 2 = 3+4+2 = 9, 
10-« = 10-3 = 7, 10-a-6«10-3-4 = 7-4 = 3. 

The sign ^ is used to denote that the less of two 
quantities is taken from the greater, when it is not 
known which is the greater. 

Thus Of^b denotes the difference between a and b, 

B f. .. 
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5. All quantities before which + stands are called 
positivey and all before which — stands are called nega- 
tive quantities. 

If neither 4- nor — stand before a quantity, + is 
understood, and the quantity is positive ; thus a means 

6. The sign x (into) denotes that the quantities be- 
tween which it stands are to be multiplied together ; 
but very often a full-point is used instead of x , or, 
still more commonly, one quantity is placed close after 
the other without any sign between them. 

Thus ay.h,a,hy and ah mean all the same thing, viz. a multi- 
plied by 6 J and, therefore, it' a = 3 and 6-4, we shall have 
06 = 12, 5a ==15, 5a6 = 60; and if also <? = 5, rf=0, then 

4a6+3oc-|-4i;-26+2a6c-3o6c(?=48+45 4-0-8+120-0 

= 213-8 = 206. 

7. The number, whether positive or negative, pre- 
fixed to any algebraical quantity is called its coefficient ; 
thus 3 is the coefficient of 3a, — 7 of — Tax, &c. 

If no number is expressed, the coefficient is under- 
stood, being 1, since a means once a. 

Ex. 1. 

K fl = 6, 6=5, c = 4, <?=3, c = 2, /=1, and ^ = 0, find the 
numerical values of the following expressions : 

1. fl+26+3(?+4J-f3«-|-2/-|-<7. 2. 2aH-6-3(?+4e;-6/+6^. 

3. 36-4o-6c+7rf4-2c-4(7. 4. -3rt+264-3c-2c4-/. 

5. «6+56c— 4€fe+5^. 6. 4a^— 36/-f-4ce— a<?. 

7. — 3a6— 2ac+46c — 06c. 8. 6ab^8aC'\-l6cde — 14aef, 

9. SSab''19cd'\-22abff-lBcdef. 10. abcd-2bcde-\-Scdef-4.defff. 



8, The sign -4- (Ay) denotes that the quantity which 
stands before it is to be divided by that which follows 
it ; but, most frequently, to express division, the quan- 
tity to be divided is placed over the other with a line 
between them^ in the form of a fraction. 
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Thus a-i-b and ^ denote, either of them^ a divided hy h ) and 

o 

if a = 2, ft = 3, then 

5a^l0^5 8a+25 _-64-6 12^g 
26 6" 3' 2h-a 6-2" 4 " * 

9. When any quantity is multiplied by itself any 
number of times, the product is called a power of the 
quantity, and is briefly expressed by writing down the 
quantily, with a small figure above it to the right 
denoting the number of times it is repeated. 

Thus, a* stands for ax aXaX ax a, S(t^b^c^d for Saaaabbbccd. 

The small figure in any case is called the index of 
the corresponding power. 

Thus^ a (which means a^) is the^rs^ power of a, 

a^ the second ... or square of a, 

a' the third .... or cube of a, 

a* the/ow^A power of a, &c. &c., 

and the small figures, ', ^, *, &c. are the indices of the second, 
third, fourth, &c. powers of a respectively. 

Hence, if fl = 2, a*c=2x2x2x2 = 16, 
ifo = 3, o3 = 3x3x3 = 27, 
ifa-1, o« = l, «3«1, o* = l, &c. 

Ex. 2. 

K a = l, 6 = 8, c = 5, and rf=«0, find the values of 

, 26 .3c . 5a 2a-^b « 3a-f 26 26-f 3c , 2a6-c 

1. — +T~r — "~ • ^* — 5 — "~ — ^ — "t" • 

a 6 c e la a . 

„ q6 -f 26c + 3crf __ 2fl6c - 4g<^+ 3g<? . 3g6c+ 6ac -f 6fl6 - 36c 
2a4-36 3a6-2aflf 6c-26 

4. o«+26«+3c»+4(f^ 5. 3a«64-26«^-2fl»c+36H 

6. a»-3o^c+3flc^-c'. 7. o*-4a»6+6a«6«-4a6»+6*. 

8. 4a6c'-3a'6c+^5— PXT— ^ 0-9— +— tm — km . 

2fl+6+c 3a' a-|-6' 56' 

Ift g^y^+l^l+qV . 4fl+^H6gc« _ a'+2a6-f6' 
aHF aHc?"*" 6«+c' 6«-26c+c«' 
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4 DEFINITIONS. 

10. The square root of a quantity is that quantity 

whose square power is equal to the given quantity. 

Thus the square root of 9 is 3^ since 8' = 9 j the square root of 
a^ is a, of 64 is 8. 

So also the cube rooty fourth root, &c. of a quantity 
is that quantity whose cube, fourth, &c. power is equal 
to the given one. 

The radical sign, or symbol used to denote a root, 
is >v/ (a corruption of r, the first letter of the word 
radix), which, with the proper index on the left side of 
it, is set before the quantity whose root is expressed. 

Thus, -5/a2 = «, ^64 = 4, 4/3126 = 5, -^1-1, 4^1 = 1, &c. 

The index, however, is generally omitted in denoting 
the square root ; thus Vx is written instead of \/x. 

Ex. 3. 

Find the values of 

1. V4+2;/26-i-3A/49- V64. 2. 3^/16-4a/36+2V9- a/81. 
3. .y8-f-2.J/125-44/H-'4/64. 4. </ 1+3^/16 -2^/32 +3.1/1. 

If fl = 26, 6 = 9, c = 4, 6/=l, find the values of 
5. ^/a-^2Vb-^SVc'\-Wd. 6. V4a+ V96Hh Vl6c - V^2l57/. 

7. S^/a+2^/4S-W9~C'\-^^M 8. \/5^-{-2\/Sb-j/2c+4^d: 
.9. >v/a'-24/6»+34/c*-4>J/rf. 10. Vbc + 3V^ - 4V'6V/ 

+ V^~d^. 

11. Algebraical quantities are said to be like or 

unlike^ according as they contain the same or different 

combinations of letters. 

Thus a and 6a, — 5a'5 and 7a'6, Sa^bc and — fl-5c, are pairs of 
like quantities ; a' and «', 3a6 and — 7a, Za% and 3a&', of unlike 
quantities. 

12. Brackets i (), {}, [], are employed to shew that 
all the quantities within them are to be treated as 
though forming but one quantity. It is of great im- 
portance to notice carefully the effect of using them. 

Thus fl— (6— c) is not the same as fl-6 — c; forjn this last 
both h and c are subtracted, whereas in the former it is the quon> 
tit J h — c which is subtracted. 



DEFINITIONS. 5 

Hence^ if a = 4, 6 = 3, c = l, we have 

a-6-c«4-3-l-0, o-(6-c)-4-2»2; 

2a-36+2c = 8-9+2«l, 2a-(36+2c) = 8-ll = -8; 

2a+6-c = 8+3-l-10, 2(a+6)-c«U-l = 13, 2(a-|-6-c)-12. 

Sometimes^ instead of brackets, a line is used, called 
a vinculum^ and drawn above the quantities that are 
connected; thus a— J— c is the same as «— (A — c). 

The line, which separates the num'" and den*" of a 
fraction, is also a species of vinculum, corresponding, 
in fact, in Division to the bracket in Multiplication. 

Thu8, ^Lt^ill? implies that the whole quantity a-^b-c is to be. 

divided by 4, and might have been written i (fl+6-c). 

Ex. 4. 
If <i = 0, 6 = 2, cs4, d^Q, find the values of 

1. 8a4. (26-c)»+ {(* - (2a+Sb)} f {3c- (2a+Sb)}\ 

2. 36+(2c-<0H {36 -(2c-.(f)}«- (36 -(2c -(?)«}. 
a 2V'rf^+3\^3J4-2c-l+4\/a+6-f2c+d 

4. 3v^26^-a+2v/6Hc«+7-v/2(6+c)'^H!6T5)». 

5. {rt+(6-i-c)'-rf}{(flt6^«+(c?-c)»}{(a+6+c)'-£f}. 

If a = 1, 6 = 2; c =s 3; e? = 4, shew that the numerical values are equat. 
G. Of (6+c+J) (6-l-c-rf) (6+<?-c) (c+d-b) 
and46V-{rf»-(6Hc')}». 

7. Of {rf-(c-6+«)}{(c/+c)-(6+fl)], 

and £;?«-(cH^')+«H2(6c-flJ). 

8. Of {(6+c)-(J-fl)}«+{(c+rf)-(6-«)}H{(ft+e?)-(c-a)}« 

+ (6+c+rf-a)«, and 4(a»+6«+cH<^'> 

9. Of {(a+c/) -' (c - 6)} {(fl + c + J) - 6} {c - (rf - a - 6)}. 

(6+c+rf-a),^d ^ad+bcy- {(aH«^)-(6Hc')}». 

10. Ofcr»-(2rf-c)c+{2((?-c)+6}6-{2(J-c+6)-a}a, 
aiid{Crf-fl)-(c-6)}«. 



13. Those parts of an expression which are connected 
by the signs + or — , that is, which are connected by 
Addition or Subtraction, are called its terms, and an 
expression is said to be simple or compound, according 
as it contains one or more terms. 
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Thus a', 2abf And — Sb^, are each simple quantides, and 
a*+2a6— 3i* is a co?;ipoM/irf quantity, whose tenm axe a', +2a6, 
and - 36'. 

Those parts of an expression which are connected 
by Multiplication are called its factors. 

Thus the factors of a^ are a and a, those of 2ab are 2, /i, and 
b, those of —36' are —3, 6, and 6, or^ as we should rather say, 
— 3 and 6', it not being usual (except where specially required for 
any piu^pose) to break up a potoer into its elementary factors. Of 
course we might include 1 as a factor in each case ; thus, since 
a' = 1 X a^, the factors of a' are 1 and a^, and so of the rest : and 
this will be sometimes required, as will be seen hereafter, but for 
the present need not be attended to. 

It is very necessary that the student should learn at 
once to distinguish well between terms ejid factors. 

Thus 2a -f 6-0 is a compound quantity of three terms, 2a, b, 
and -c; 2(a-f-6) -c is one of two terms only, 2(a+6) and — (?, 
of which the former, 2(rt+6), consists of two factors, 2 and fl+6, 
the factor, a +6, being itself a compound quantity of two terms; 
and so also 2(a-\-b-'C) is a simple quantity, or single term, of 
two factors, 2 and a-\-b — c, of which the latter is itself a com- 
pound quantity of three terms. 

Let it be observed then that terms are the quantities 
which make up an expression by way of Addition or 
. Subtraction, factors, by way oi Multiplication, 

It may be also noticed, that it is immaterial in what 
. order either the terms or the factors of a quantity are 
arranged. It is usual, however, to arrange quantities^ 
as much as possible, in the order of the alphabet. 

Thus fl — 26-f"3c is the same quantity as — 26-{-a + 8c, or 
Zc~2b-\-a, &c., and abc is the same as bac or bca) but we should 
prefer to write a-26+3o, and abc, unless there were some reason, 
in any case, for arranging otherwise. 

A quantity of one term is called a monomial, of tioo 
terms, a bi7iomial, of three, a trinomial, &c., and, gene- 
rally, of more than two terms, a multinomial. 



CHAPTER 11. 

ADDITION, SUBTRACTION, MULTIPLICATION, 

DIVISION. 

14. To add like algebraical quantities, add separately 
the positive and negative coefficients ; take the differ- 
ence of the two sums, prefix the sign of the greater, 
and annex the common letters. 



Ex. 1. 3a 


Ex.2. 


-12ic 


Ex. 3. 2c2 


Ex.4. 3a'-|-26' 


-.5a 




4^0 


-56-' 


4a»-36' 


-2a 




She 


-7c« 


-8a«-|-46« 


ha 




-Qbc 


10c' 


6rt« - m 


Qa 




bhc 


4c' 


7a' -1-36' 



7a -%hc 4c- 11a' * 

In the last example the star is used to indicate that the terms 
involving 6* destroy one another. 

If the quantities are unlike^ we must add any that 
are like by the preceding rule, and write down the 
others with their proper signs. 

Ex.5. 2a+36-4c Ex.6. a:-2y+3« Ex.7. 2a-f- c^d 

-3a-i-46- c -2a:-|-3y-4z - 6-|- a-\-e 

4a+76+7c 3a:-5y-6a ^ c- d 

a- 6— 4c .r-{- y -3a- e-f 

-5a+26-6c 2y-f2g -2c+2rf-2e 

-a+156-8c 3a:- y-4a _ 6+ 2c?- 2c-/ 

Ex. 5. 

Find the sum of 

1. 7a-36-f4c-2^+7, -8a + 4&- 6c-|-2rf- 11, 13a + 36-5c 
-f4rf-4, 2a-6-|-c-|-ll, a+2rf-3. 

2. 2ar-3y+4a-4,a:+2y-3«, -3a:+2y-52+7, 4r-y-f2z-3, 
9.r-l()y+ 112-12, ^+y+2-* 

3. 2a'-|-a6-h36', 3a'-4a5+26', 3a'+3a6-6', 12a'-14a6-76', 
3a'-12a5-|-17ft'. 

4. or— 45y-|-3c8, 18ar— 96y-h7cs, — 5aa:+75y-14cz, 2ax — hy 
'\-cz, -llar+135y— 4ca. 

6. 20j'H20x'y-3^'-|-14y», - 17.1-3-1- 14r'y- 12.1^-3^3, 1407^ 
+17x'y+15:ry*-5y', -12aH»-iar»y-14ty'-5y», 12jr»y-h8y«. 



2 SUBTBACTION. 

6. 2a:»-ary-4y«, 8a:«-2y'-«», .r«-2yz+6z», Sxy-Oxz-Sx^, 
an5-22H5y2, 4y'-3y2r|-2a^». 

7. ar^-Sax' + 3a«j: - o^, 4r» - Sajt-" + Oa'ar - 15fl', ar»+4flx« 
+2a«:r+6a>, -17a;»+19ar«-16a»a;+8«*, - ISor* - 27a».r+ 18o». 

8. «* - 2fl6«-oc« +fl'6 + 2a«c + 2aftc, -a«6 + 6»-26c' + 2fl6'» 
+2a6c+6% - 2a«c- 6«c+c*+2o6c+ac«+2Jc«. 

9. 3a:»+2y»+2» + 8y2S y» + ar»y 4- 2jy»+8» - 2^\ a:»+2ays 
- 15ayz+3y«« - 14y3», ftr'z - 15.ry24-4!zy« - 7^:^ +6y'«. 

-x^W-y^- ^Y+^^yh - 3.Ty» - aty2« - ^»z+3yV- ary^ 
- x^z+Syhi-z^+Sa^yz-Sx^z^j ^vy^z+a^ - 3yV+y2»+aTy2». 



15. To subtract algebraical quantities^ change their 
signs and proceed as in Addition. 

Thus, if we take b from a, the result will be a — A ; 
but, if we take J — c from «, the result will be greater 
by c than the former, since the quantity now to be 
subtracted is less by c than in the former case ; hence 
the result required will be a — A + c, which is there- 
fore the value of a — (A— c), so that the quantities 
by —c, when subtracted, become —A, + c, respectively. 

Or we may reason otherwise, as follows : — 

Snce a=a— A + A, if we subtract +A from a, the 
result is a— A, the same as if we add —A to it ; and if 
we subtract — A from a, the result is « + A, the same as 
if we add -^ A to it. 

Thus if a person possesses a pounds and owes h pounds, his 
money in hand may be represented by +a pounds, and his debt 
by —6 pounds, so that he maybe said to possess +a and -h 
pounds, or, in one sum, a - 6 pounds. Now if we subtract or an- 
nul his debt, that is, if we take away his negative property, - b 
pounds, he will possess the whole positive property, + a pounds, 
the same as if we give him -\-b pounds, to pay his debt with. 

There will often, however, be no need formaUy to apply the above 
rule of changing signs, since the difference may be obtained at once, 
by taking that of the coefficients and annexing the conmion letters. 
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Thus, in Ex. 1, we may say, at once, 3a: frwn 6.r lear}ei 2.r, 
y from ly leaves 6y, "izfi'om -Sz leaves —4s; though of course, 
if we chose to apply the Rule (change the sign of the quaiUity to 
he suhtraeted and proceed as in Addition) it would equally be true 
that — 3.r added to +5x, — y to +7y, +42 to -82, would produce 
respectively, +2»r, +6y, -42, as before. 

Ex. 1. Ex. 2. Ex. 3. 

From 6a:+7y-8s ba^-2xy-\-Sy'^ . -3a'+4o*-66' 

take 3>r4- y-42 -4r»-2:ty-i- 7y^ -7fl'-h3y-2c^ ' 

Ans, 2x+Qy^4z 9a^ -4y« 4a«+4fl6-85«+2(r» 

Ex. 6. 

1. From 2<i-26+c take a-^h-^c. 

2. From2:r»-ary+y« take 4r»+4jrj/-2v«. 

3. From6£M:-76y+ca take ax-\-2by-cz. 

4. From7ar'-2j:+4 take 2ar»+3a'-l. 

5. From8a«-2a+66'-5fl6+6c«-36c+2 
take a'+o+26'+2a6+3cH36c+2. 

6. From2x»-4rV-3y«+6-2A'»-3.Ty2-143/» 

take 3j;»4-2r»y-y»-aFj/H^'-l(V'- 

7. From5j:»+6ay-4y»-12^-7ys-6s' 
take 2.r' — 3y'+ 4r5 — 62* + 61/2 - 7 ay. 

8. From 3a:»+2j^ -y' take -a^-8a:y+Sy^,md 8A'H4ay-5y». 

9. Froma*-2a864.3««6«-4/i&«+5ft* take 2ab^-8a^ly^'^4a^b'- 
6< and 3a*-2a»6+6a«6»- 2a5»+3i*. 

10. From fl5-4a»6«-8a»63-17a6*- 1265 take a* - 2a*6 - Sa^^', 

2a*6 - 4a«6^ - Ba^js^ 3a»6« - 6a^^ - 9flZ»*, and ia^l^ - 8a6* - 126*. 



16. Since the sign + or — , preceding a bracket, 
will imply (12) that the whole included quantity is to 
be added or subtracted, if we wish to remove the 
bracket, we must actually perform the operation in- 
dicated by means of it, i.e. we must add or subtract the 
quantity in question. . Of course, in the case of + 
preceding it, this amounts to no more than merely 
setting down the included terms with their proper 
signs, because, when a quantity is added, the signs of 
its terms are not altered ; but in the case of — preced- 

B 3 
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ing a bracket, we shall have to change the signs of all 
the included terms, since they are all to be subtracted. 

Thu8-f(<i-f6-c)= a-h6-c, (a»-2a6-ft»)= o«-2a6-62; 
but -(a+6-c)« -a-6+c, - (fl«-2fl6-6«)« -a«-|-2a6-|-63. 

80 ftlso^ in the case of a double bracket^ we have 
8a-{(a-3c)-(26-c)}=. 
3fl- (a-3c)+(26-c) = 
^^ fl+3<? + 26- c =2a4-26+2c. 

The same remark applies also to the case of a fraction 
witb a num' of more than one term, whenever the line 
separating its num' and den', and which (12) is a species 
of vinculum, is removed by any process. 

and — K^"" *); when multiplied by 2, becomes - (a - 6), or - a+6. 

Ex. 7. 

Reduce to their simplest forms : 

1. (<i-;r)-(2a:-fl)-(2-2a)+(3-2A')-(l-^)- 

2. (a»- 2a*c+3flc') - (a»c-2a»+2ac») + (a»-ac»- fl^c). 

8. (2a:»-2y»-«') -(V+2x«-«') - (3«'-2y«-.^«). 

6. a« - (6' - c«) - {6« - (c9 - a')} + {c« - (6' -<i«)}. 

6. {2a«-(3a6-63)} -{a»-(4d^+6«)} + {26»-(a«-a6)}. 

7. {ar»+y»- (3:rV+8iy«)} - {(:r»- at«y) - (ary»-y»)}. 

8. {2;r-(3y-«)}-{y+(2ar-a)} + {8z-(ar-2y)}-{2j:-(y-«)}. 

9. l-ll-(l-4r)} + {2^-(3-5a:)}-.{2-(-4+5a:)}. 

10. {2a-(35+c-2rf)}--l(2a-36)+(c-2rf)} + {2a-(36+c)- 
2(?}-.{(2rt-36+c)-2rfj. 



17. It is often necessary not only to break up, or 
resolve, quantities contained in brackets, but also to 
form such quantities, that is, to take up in a bracket 
any given terms of an exi>ression. Now, in doing this, 
it should be noticed that, whatever term we choose to 
set as ^r^f term within the bracket, the sign of that 
term will have to be placed before the bracket, and this 
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sign will of course affect all the terms we may place 
within the bracket. If, then, this sign should be ( + ), 
the other terms may be set down at once within the 
bracket with their proper signs ; but if it should be 
( — ), we shall have to change the signs of all these other 
terms, and then set them within the bracket : for the 
sign (— ), which precedes the bracket, will influence 
all these signs, and have really the effect of correcting, 
as it were, the changes we have made, and will, in fact, 
cause the original signs to reappear, whenever we 
choose to resolve the bracket again. 

Thus •{-a—h-Cy collected in a bracket with -fa asjlrd term, 
will be +(0-6—0); but, with -6 as first tenn, — (6— a-f-c),aiid 
with -c as first term, — (c-a+6; and now, if we resolve again 
these last two brackets, the sign ( - ), preceding each of them, 
will correct the changes we have made, and the quantities wiQ 
be reproduced, as at first, —h+a—c, — c+a— 6. 

So also we might use an inner bracket, and write the quantity 
+ {(« - *) - c]y or + {a - (6 + c)}, or - {(b - a) + c}, 
or — {6— (a— c)}, &c. 

Ex. 8. 

Express, by brackets, taking the terms (i) two, (ii) three, together, 

1. 2a-6-3<j+4</-2<j-|-3/. 2. - t-3c+4rf-2c-h3/-|-a. 

3. -3c+4J-2c-h3/+2a-6. 4. -|-4tf-2e-f-8/+2a-6-3<?. 

6. -2c+3/+2a-6-3c-h4<f. 6. 3/-|-2a-6-3c-f-4rf-2c. 

7 — 12. Express the second answer in each of the above by 
using also an inner bracket, including in it the latter two of the 
three terms within each of the outer brackets. 



18. We have spoken hitherto only of numerical 
coefficients ; but, in fact, when a quantity is composed 
of two or more factors, any one of them is a coefficient 
of the rest taken together, that is (as the word coefficient 
implies), makes up with them, as a factor, the quantity 
in question. 

• Thus in Zahcx, 3 is, as before, the coefiicient of ahcx; but 8a 
is also the coefficient of hex, ^ab of ex, ax of 36e, &c. 
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Such coefficients are called literal coefficients, as 

involving algebraical letters ; and, when any terms of a 

quantity contain some common factor, a bracket is 

often employed to coUect the other factors, considered 

as its literal coefficients, into one quantity, which is set 

before or after the common factor. 

Thus we have seen already that Zx-^2x — x-Ax^ that is, 
«(3 + 2-l)a?; and in like manner, ax-\-hx-'X^{a-\'h — \)Xy 
2a - 4ar+6fly « 2a(l - 2a +3y), (a+2b)x^ - (2&- c)r» - (^ca^x^ 
-{(a+26)-(26-c)-(2(?-a)}A^ = (2fl-c>«. 

Add (a - 2p)x^ - 2x^ + (2c - Sr)x 

l2p-^a)x^^(q'-h)x^ -.r 

-(p-d)x^^(b + g)x^ - (c- 1)0: 

-x^ +SIkv* - (c - 2r)x 

Ans, (3a -p - l^t-'H- (6 - 2)x^ - rx 

From €ux^ -hx^ +.i' 

take — ; xr^ —qx^ +r.r 

-4««. (« +/>>•» - (6 ^)a:3 + (1 - r)a: 

The above Answers may, of course,, be expressed differently, 
by changing the order of the terms within the brackets ; thus, the 
second might have been written (a-\-p)a}-\-{q- h)x^'- (r- l)x. 

On the other h^nd, when a bracket comes in this 
way before or after a single term as factor, it may be 
resolved, after multiplying each term of the quantity 
within it by the common factor. 

Thus a{h -x)-(a -t/)b « (ab - ax) -(ab-bi/)- 
ab - ax- ab^by « 6y- «.i*= - {ax-by), 

Ex. 9. 

1. Collect coeiT* in as^ - bx^ - ex - bx^ -h c.r' — dx-{- cx^ - dx'^ - ex. 

2. Add together ax- by, x+y, and (a-l)»r- (b-\-l)y, 
8. Add together (a+c)ar' - 3 (a - b)a^-^ (b - c)y*, and 

(&- c>rH2(fl+6)ay+(« - h)f. 
4. Add together {a-\-b)x-{-(b + c)y and (a"b)x-(b-'c)y, and 

subtract the latter from the former. 
6. Add together (i) the first two, (ii) the last two, and (iii) all 

four together, of 2(« + b)x+ S(b+ c)yj - 3(a - b)x-\'2(a - c)y, 

-(26+c).r+(a-2%, and (£i--26):r-(6+2c)y. 
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6. In (5) (i) subtract tho second quantity from the firsts and 

(ii) the fourth from the third; and (iii) add the two results 
together. 

7. In (6) (i) subtract the third from the first; and (ii) the fourth 

from the second, and (iii) add the two results together. 

8. In (5) (i) subtra^ the fourth from the first; and (ii) the third 

from the second; and (iii) add the two results together. 



19. To multiply, two simple algebraical quantities 
together, multiply together respectively the numerical 
coefficients and letters ; and then, if the multiplier and 
multiplicand have the same sign, prefix to this product 
the sign + , if different signs, the sign — . 

Thus, 7a X 45«28a5, - 2fl X 3(?« - 6oc, 66 X - 2c= - 106c; 
-3(1 X -56 = 15a6. 

This rule for determining the sign of the product, 
viz. that like signs produce + and unlike — , may be 
thus deduced. 

Let it be required to multiply a— i by c-d. 

Here (« — A) (c-^d) = (a — b)x, [writing x for c— rf], 

= ax-'hx 

= a(c'-d)—b{c--'d) 
= {ac'-ad)—{bc'-bd) 
= ac—ad-^bc-^-bdi 

in which result we see that the product of + a by + c 
is ac (i. e. + ac\ that of 4-a by — rf is — arf, that of 
— A by +c is — ftc, and that of —A by — rf is + W. 

If several simple quantities are to be multiplied together; in- 
stead of multipl3ring them together successively by the above rule, 
(thus 2ax -36x — 4c= -6a6x — 4c = 24a6c), it will be shorter 
to multiply them at once together, and then prefix to this product 
the sign + or -, according as the number of iiegaUve factors is 
even or odd. 
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20. The powers' of a quantity are multiplied together 
by addiiig the indices. 

ThiM <i' X fl' = «'■*•* ««*; for o'«a.<i.a, a* = a.o; 
,*, a^ xa^ - a , a , a , a , a- (^ ) and so in other cases. 

Hence 
- 3a'6 X 4«s6' X - 2a«i» = 24a'6«, 2ahc x 3«26 V X - ab^c =. - 6a*6»c*. 

21. If the multiplier or multiplicand consist of several 
terms, each tenn of the latter must be multiplied by 
each term of the former, and the sum of all the pro- 
ducts taken for the complete product of the two quan- 
tities. 

This process is generally conducted as in the following Examples. 

Ex.1. 3.T» - 2ay + V Ex.2. -2a«6«-f bdb^ - 76* 

2a^x -'4Mb 



Qa^a^ - 4a«.rV + ^a\vu^ Sa^ftS- 20a26*+28a^ 



Ex.3. fl+& Ex.4, fl-fft Ex.5, a-6 

a-\-h a — h ' .a — h 



a^-\-ah a^-{-ah a^—ab 

+«6+5« -ab-h^ -ab+b^ 



oa^2a6+6« a" * -6« a«-2fl6-f6» 



Ex.6, xi-a Ex.7. a^-\'(ai-b)x+ab 

X'\-b X -\-c 



x^-{-ax a^-{-{a-\-b)x^-\-abx 
•\-b x-\-ab + c 3 i^-\'{aC'{-bc)x-\-ahc 

u4w«. o[^-\-{a-\-b)x-\-ab a^-\-{a-\-b-^c)x^-\-{ab-{-ac-\-bc)x-\'€dHi 



Ex. 8. ^ - ox** + 6a: - c 
sfi^ mx + n 



x^ - ax* + ba^ - cx^ 
+ m 0?* - am a:* + 6m ar* - crnx 

4- «^ — a»a::*-|-6«A'-c» 



.4w«. .r*-(a-m)ar*+(6-.am+w)ar*-(c-6m+an)a^*-((?m-6«)a:-c» 
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Ex. lo. 

1. Multiply aa^y^ by hxy, ma^ by -nx^] — acx by -2ary; 

abc ijbc', -abc by — oc; »r'y by -xy^ 

2. Multiply ^-jy+y' by a:, and a*-£M:+a;^ by -arj 

a^-ax+h by -a6.r; ^-S^y+ary'-y' byjy. 

3. .Multiply 2<i+6 by <i+36, and 2a- 6 by c-Sd. 

4. Multiply 3jr+2y by 2a:+By, and 8a6+4i» by 2a6-36«. 
6. Multiply a~*+ar- 2 by x-\-S, and a:«-4r+3 bj: :r-2. 

6. Multiply a»+2a-l by a'-a+l, and byo»-8a-l. 

7. Multiply 27j:»+9ar»y+3^y+y» by ar-y. 

8. Multiply a*-2«»6+4f<«ft»-.8fl&s_|. 166* by a+2i. 

9. Multiply a:8+2aa:-h3a« by ^-2ar+a». 

10. Multiply 9a«-3fl*+6»-6a-26+4 by 3a f-6+2. 

11. Multiply :r'+y'+2*+j:y-:rz4-yz by :r-y-h2. 

12. Multiply a»+2aH2a+l by a»-2a2+2a-l. 

13. Multiply aH46H9c»+.2a6+3ac-66c by a-2b-3c. 

14. Multiply a*-2a»5+8a«6«-2fl6H^ by a^^-Sai+i'. 



15. Multiply »r'-flj:+ 6 by x—c, and by a;®4"«w:-c. 

16. Multiply 1- aa:+ 6a;*- csa:' by l+x-x^, 

17. Multiply a-^-mx-nr* by a-2wia;+nA'*, and by a-{-2nx-mx^, 

18. Find the continued "product of ax -by, ax-\-cy, and ax—dy, 

19. Pind the continued product of 2ar-m, 2x+n, x-\-2m, and 

a:-2». 

20. Find the continued product of oi^-\-ax-h^, x^-^-bx-a^ and 

x-(a+b), 

22. The student should notice some results in Mult", 
so as to -be able to apply them when similar cases occur, 
and write down at once the corresponding products. 

ft 

Thus, (21 Ex. 3, 5) the product of a+6 by a+b, or the square 
of a+b, is a'+2a6+6'*, and the square of a— 6 is a'-2o6+6': 
by remembering these results, we may write down at once the 
square of any other binomial ; thus, 

'(:r+y)3=a:» + 2ay + y«, (:r - 2)2 = a:» - 4r + 4, 
(2x 4- yy = 4r»+4ry +y^ (2ax - Sbyy - 4a«ar» - 12abxy+9bH/\ 

Again, (Ex. 4) the product of a+6 by a-b is a^-b^i 
hence we have (a: + y)x(.r-y)=a'-y', (a:+2) (a:-2'>=a:*-4, 

(2ar+36y)(2aLr-36y) ^Aa^a^-Wy'^. 
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So also, (Ex. 6) the product of A+a by j:+6 is a,^+(a+b)x 
+ab, where the coeif. of x is the mm of the two latter terms of 
the factors, ^+a, :r+6, and the last term, +a6, is their product : 
in like manner; we shall have 

(:r+5) (;r+2)=A^+(6+2) a'+10=aH7a:+10, 
(ar-6) (a:+2)-r»+(2-6) :r-10 = r»-ar-10, 
(ar+2) (j:-.2)(:r+3) (;r- 3)-(a^-4) (a:»-9) 
^yA^ (94.4).^J»4. 38 = a-* - 18a:«+ 36, 
(ar+2) Cr-3) (a: -4) (j:-h5) = (.r»-a:~6) (r»-fa:-20) 
= (by common Mult») »r*-27ar»+14j:+120. 

23. Let then these three results, or formul(By be 

noted * 

(i) (a±J)2=a2 + 2ai + i2. 

or, the square of any binominal != the sum of the squares 
of its two terms together with twice their product : 

(ii) (a + J)(a-J)=a2-i*; 
or, the product of the sum and difference of any two 
quantities = the difference of their squares : 

(iii) (ar+a)(a: + i)=x* + (a + i)ar + «J. 

24. By a little ingenuity, however, the above formulae may be 
still more extensively applied to lighten the labour of Mult*^ : thus 

Ex.1. (a-6 + c)« = l(a-6) + c}2= by (i) (a-6)« + 2(a-6)c 
-f.c2««3_2a5-|-i^+2ac-26o+c'; or we might have written it 
{a - (6 -c)}*, or {(a+c) - 6}', &c. and then have expanded either 
of these by (i), obtaining, of course, the same result as before : 
but we shall give a 'better method hereafter for squaring a tri- 
nomial ', it will be sufficient to have noticed this. 

Ex.2, {a* -ax-^a^) (a^ - ax- ar^) ^^ hy (ii) (a^-axy-x^ 

« fl^ - 2a^x + fl V - x^i 

Ex.3. (aHox-r*) (a«-fl:r-x«) = {(fl«-rO+ar} {(o*-r»)- 
ax\ = (a^ - x^y - aV = a* - 2aV+x* - a^x^ = «* - Sa^x^-^X^. 

Note that the formula here employed, (o+6) x (a - 6) » a' - b^, 
may be always applied, whenever it is seen that the two quan- 
tities to be multiplied consist of terms which differ only (some of 
them) in sign, by taking for a those terms which are found toith 
their ngns unaltered in each of the given quantities, and the others 
for b: thus, in Ex. 3, a' and -x^ appear in both the given 
quantities, whereas in one we have +ax, in the other -ax; hence 
the product required is (a' - a^y - aV, as above. 
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Ex.4. (a^+ax+x») (a»-ai-+a;a) = (a»+A-*/-o'aJ»-a*+aV+.r*. 
.Ex.5. (a« + ar-ar») (a« - ar + a:^) = o^ - (era: -.r»)» - a* - a^v^ 

Ex. 6. (a« - or + ^) (or + or* - fl«) = .t-* - («« - a^r)' = a-^ - «* 

Ex.7, (a+bi-ci-d) (a + 6-(?-<?)-(a + 6)2-(c + <?)««a« + 2a6 

+63-c3-.2crf-d«. 
Ex. 8. (rt 4-26 - 3c - rf) (o -^ 26 + 3c -(?)=- (a - (^)« - (26 - 8<?)« 

= a« - 2flJ+ d» - 46«+126c - 9c«. 

Ex.11. 

1. Write down the squares of a-x, l+2a.'', 2a'+3, 8ar-4y. 

2. Write down the squares of 3+2:r, 2x - 3y, a* - 3fl.r, 6a^ - cay. 

3. Write down the product of (2a + 1) x (2a - 1), (.3a.r + 6) 

X(3ar-6), (r-1) (x+l) (a^+1). 

4. Writedown the product of (.r+3) (x+1), (.r'+4) (.i^-l), 

(a6-8) (a6+2), (2ar-36) (2aa:-6). 

5. Fmd the continued product of A*+a, x - a, a:+2a, and .r- 2a. 

6. Find the continued product of »?.r+2«y, »i.r-2«y, w?.r-3wy, 

and mr+3»}^. 

7. Simplify 3(a - 2t)« + 2(a - 2^) (a + 2x) + (Sar - a) (ar + a) 

- (2a - Sxy. 

8. Multiply x»+2ay+2y« by ar2-2ay+2y», and 2a«-3a6+6» 

by 2a'+3a6+62. 

9. Multiply a+6-|-c by a+b-c, by a-6+c, and by a-6-c. 

10. Multiply a-b+c by a-b-Cy by ft+c— a, and by c-b-a. 

11. Multiply 2a+6-3c by 2a-6+3c, and by 6+3c-2a. 

12. Multiply 2a-6-3c by 2a+6+3c, and by 6-3c-2a. 

13. Multiply a-^-b + c-^-d by a''b-\-C''d, by a-b-c + d, and 

by b+c-d—a. 
14 Multiply a-26+3c+<^ by a4-26-3c+d; by 26-aH-3c+e/, 
and bya4-26-h3c-rf. 



25. To divide one simple algebraical quantity by 
another^ divide respectively the coefficient and letters 
of the dividend by those of the divisor ; and then^ if the 
two quantities have the same sign, prefix to the quo- 
tient thus obtained the sign +, if different, the sign — . 
Thus 

14«6-i.2a = l^ = 76,-12a-HlOc = -^^^--^^ -aH--2c- + /'. 
2a ' 10c 6c' 29 
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The rule for the sign of the quotient is the same as 
that given in (19), viz. that like signs produce 4- and 
unlike — ; and is clearly derived from it, for if +a 
multiplied by — i produces —a J, of course — aJ divided 
by 4- a produces — b ; and so in the other cases. 

26. One power of a quantity is divided by another 
by subtracting the index of the latter from that of the 
former. 

Thus ?^ = fl5-' = a«; for ^ = '*-'_• J'' -««: so 'fj^^x^, 
a' or or xyz 

27. If the dividend contain several terms, while the 
divisor still consists of only one, each term of the former 
must be separately divided by the latter. 

Ex.L ^y-^^y^'-^^y^ ^^y _>V^V ,^ _ ,ry«-L.%. 

Zxy Say 3xy ^ocy 3 x' 

28. But if the divisor be also a compound quantity, 
we must proceed as in common Arithmetic : viz. 

(i) Place the quantities, as in Division of Arithmetic, 
arranging the terms of each of them, so that the dif- 
ferent powers of some one letter, common to both of 
them, may follow in order of the magnitude of their 
indices (it matters not whether in ascending or descend- 
ing order, only the same order in each of them) ; 

(ii) Divide the first term of the dividend by that of 
the divisor, and set the result in the quotient ; 

(iii) Multiply the whole divisor by the first term of 
the quotient, and subtract the product from the divi- 
dend; 

(iv) Bring down fresh terms (as may be required) 
from the dividend, and repeat the whole operation. 
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^^ !• Ex. 2. 

- ^+^ - 0.r2y+16y3 

-12a.y4-16y3 
-12xy8-f.l6y3 

Ex. 3. Ex 4 



a* - o-'o: 



a^a:'-x^ 



a^+a*x 



3 o - a\vi-x^ 
- 0^*07 - aar 









Ex. 5. Py a 






2^ 



<U'-|- x^ 

ax - a.'' 



In each of the lost two examples we hare a remainder 2v^ 
which we place in the quotient, as in Arithmetic, over the divisor' 
in the form of a fra<5tion, thus indicating that 2x^ remains still to 
be divided -by a+x, a—x respectively. 

In this and other cases, as in common Arithmetic, this fraction 
could not be avoided, since a^+x^ is not exactly divisible by a+x- 
but the student should be cautioned, that, unless attention is paid 
to the arrangement according to powers, alluded to above (28 i) 
and that, not only with the dividend and divisor at starting but 
also throughout the sum, core being taken in all the remainders 
to preserve the order of the indices of the principal letter, or letter 
of refei^etice, as it is caUed, there will ahoaya be a fractional term 
of this kind, instead of a clear and complete quotient, 

Ex. 12. 

1. Divide cri^c* by ahe, - 166.rV by - ^xf, - 70dbx^y br 

2. Divide Qa^y-^z+Qxyz by 2x, 6«56»-35a«5V+20a5c4 by 

-6ai, and aVy - Za'^hx^y-^BalPxy^ - h^^xy^ by abxy. 
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3. Divide 2#»V-3»m'4-4m'w-n* by -3?;m', and 

-3a*6+6a»62-6o26»-fl^*+46* by ~2a^b^. 

4. Divide a^+dr+S by a:+l, and m»-6m'*H-llm-6 by w-2. 
6. Divide 6a«-16a6 + 863 by 2a -46, and 6ar»+13^+6y2 by 

2j:+3y. 

6. Divide Qa^h^ - ab^ - l^*' by 3oJ+46«. 

7. Divide a*+46* by a« + 206 + 262, and 4a^y<+l by 2aV 

8. Divide x^ - 2A^+2jr»y3 _ 4^y8 _ 8jry*+16y5 by a-^ ^ 2y2, 

9. Divide l+6r^+6ar«byl+2a:+a;«,andfl»-6fl+5bya«-2a+l. 

10. Divide .r*-4^+3y* by x^^2xy-\-y^y and mH4m+3 by 

mH2m+l. 

11. Divide a^ -4M^h^ -^^b^ -I7ah^-\2V^ by a^ - 2fl6 - 36"-. 

12. Divide a;«-2.r» + l by a' -2^ + 1, and o« + 2a»6S4.i6 by 

oH2o6+6». 

29. In some of the following Examples, the div' and div^ are 
not properly arranged according to powers : the student must attend 
to this before and in tite course of division. In Ex. 1, for instance, 
where a is taken as the letter of reference, and its powers arranged 
in descending order, there is found in the first rem' the terms 
- a^b, - a^c. These terms must be set^r*^, but since both involve 
a^, there is nothing as far as a is concerned to shew which is to 
be set first of the two. In such cases we take another letter, as 6, 
to be, as it were, next in authority to a, and so, (arranging in de- 
scending powers of 6,) we prefer - o^^i to - a^c. 

Ex. 1. Divide a»+^+c3-3fl6c by a+b-\-c. 

a+6+c)a»-3a6c4-65 + c'(a«-a6-ac+6'»-6c+<r» 
aHa'6+fl^c 

- a^b - a^c - Sabc 
-a^b-ab^" dbc 

^a^c-^-ab^-^^abc 
- a^c — abc - ac^ 

+fl6' - abc-\-ac^-\-¥ 

+ fl6H h^ -^b'^c 

"obc-^-ac' — b^c 
— abc — h^c—bc^ 

+o?+6^+c* 
-\-(uP-\-bc^-\-<^ 

The above is the most easy method in such a case ; but the 
following, in which the coeff* of the different powers of a are col- 
lected in brackets, is the most neat and compendioua. 
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Ex. 2. a-f (6+c)] o»-3a6c+(6»4-c») [a«-(64-c)a+(6»-6c+<r») 

> (ft+cK - (ftH 26c-i-c^)a 

+(6'-fcc+c2)rt+(6»4-c3) 
+ (6^-fcc4.cg)o4.(68^c») 

Ex. 13. 

1. Divide a:*— (a+^)j:'4-(g'+flp).r-«y by j:-a. 

2. Divide ma8'4-(wi6-na)2' -(mc4-w6)2-f-wc by iwz-ti. 

3. Divide y* — wy*4-«y' - wy'+ 'wy - 1 by y — 1. 

4. Divide a»-62_c2-fj«-2flk?+26c by a-b-^c-d. 

5. Divide a»+a6+2ac-2ft'H-76c-3o2 by a-b+Sc. 

6. Divide a»-ftH^+3a6c by a-b+c, and o»-6'-c'-3a^ 

by a-6— c. 

7. Divide H-^r^-SyHG-iy by l+.r-2y, and l-A-s-f-SZ-f-diy 

by l-j:+2y. 

8. Divide x^-Sy^-27z^''18.iyz by .r-2y-3a. 

9. Divide a;^+y*-z*+2r»y«~2z«-l by x^+yS-sS-l. 

10. Divide a by l+.r, and l+2a: by 1 — 3a:, each to 4 terms in 

the quotient. 

11. Divide 1 by 1 - 2.r+.r', and 1 - or by l-^bx^ each to 4 terms. 

12. Find the rem', when x^—px^+qx-r is divided by a: -a. 



30. We have seen above (28 Ex. 3 and 4) that 
a?—x^ is exactly divisible by a — ar, and a' + ar' by a + a:, 
and that, in the quotient in each case, the powers of a 
decrease continually, while those of x increase. The 
following general facts should be well noticed, as they 
will enable us to write down at once the quotient, when 
similar cases occur, as they often do, in practice. It 
will be seen that the index n is here used to denote 
generally any index, as the case may be : the quantity 
a" is called the n^ power of cr, and read a to the n^\ 

If the index be oddy dP' + a-" ( like a + ar) is div. by a + ar, 

a'*— a:" (like a '— x) . . . by a— j:; 

if the index be even^ a** + a-** (like a^ 4- ^^) • • • by neither y 

a*— J:'*(likea^— o:^) . . . hy both. 

The student v^ill best remember these, by thinking; in each 
case, of the wnpleri form of the same kind. 
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ThuB, for fl*-f ar* (index even, sign -|-) let him think of a^-^a^; 
this, he knows, is div. by neither} then a*+a^ is div. by neither : 
again, for a^-a^ (index odd, sign -) let him think of a-x; this 
is, of com*8e, divisible by a -a:; then c^-x^ is so divisible: for 
a^-sfi, let him think of a'-:r*; this is divisible by hoth a-\-x 
and a—x; then a^-afi is divisible by both. 

Now, in every case, the quotient will consist (as may 
be seen by actual division) of terms, in which the powers 
of a decrease, and of x increase continually : but when 
the div' is a— ar, these terms are all +; when it is 
a 4-^, they are alternately + and — • 

Thus t:iJ^^a^-\-a\v^ax''\-x^, ?lzf* = a»-a«a:4-«^-^, 
a-x a-\-x. 

i?!±£! = a* - a^X'\'a\x^ - ax^-\-x^. 
a-\'X 

The above results may now be applied to many 
similar cases. 

Ex.1. ^!!£l=l«4«lx-«+2«a:-f-l. Ex.2. ^!±^*=r»-ary-|-95(». 
2ax — L x-^-oy 

Ex. 1«. 

Write down the quotients 

1. Of a^-x^ by a-{:X, a^ - x^ by a-x, and a^—x^ by a+x. 

2. Of 9.r2-l by Sa'-I, 25.r2 -1 by 6a:+l, and 4a^»-9 by 2a:+3. 
a Of 9wV-26 by Smn+5, and IGw^-m* by 4m3+«'. 

4. Of l+8a:8 by l+2a:, 27x^ - 1 by ar - 1, and 1 - lOr* by l+^r. 

5. Of ar* - Sly* by x - 3y, c*+ 326!* by « +26, and ^r^^ « yW \^y ^^+^3. 

6. Of |aS-f-6» by ia+b, and a;*y* -a* by .ry+z. 

7. Of (a+6)3-c« bya+6-c, and a'- (6-c)« by a-6+c. 

8. Of C^+y)'+«' by a:-|-y4-«, and x^-(y-zy by x-y+s. 



31. The above results and those of (23) may also 
be applied to resolve algebraical quantities into their . 
elementary factors, a process which is often required. 

Ex. 1. 4r»-y« = (2:r+y) (2a:-y): a:>+8 = (a:4-2) (a:»-ar+4). 

Ex.2. (2a-6)«-(a-26)» = (2a-64-a-26) (2a-6-fl + 26) 

= 8(a-6) (a+6). 
Ex.3. a;«-a« = (a'» + a«) (a:» - a») = (or 4- «) (a:*-ar + a«) (a:-«) 

(a:»+ar+a«>. 
Ex. 4. (a» - «»)« - {(«-j:) (a«+ap+r»)}» = (a-jr)« x (a'+or+a^'. 
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£x. IB. 

Resolve into elementary factors 

1. 1 - 4r», a' - 9jr^, 9»w» - 4^2, 26a^^ - 4a^», le^r^' - SSor^y*. 

2. a:»+y', ^ - y*, l+^y*, J^ - 1, «'j^' - ^y, 2a»6«c - Sal^d^. 
8. 25x*-aV, a«-9<£*d», ar'-27, a»-86», a^or^y + 27ar»y*. 

4. ar*+32, aV + 27a:«, ar»+y«, a^Ji^-c®, a36(?+2a26c3^^5^^ 

6. 81j:*-1, :i*-64, j:*-2ij:»+5V,a;«-2a3a^+a*x*. 

6. (3a:-2)»-(a:-3)«, (a+6)«-45«, (4r.+3y)«-.(3a:+4y)«. 

7. (jr»+y^)2-4r»y2,c»-(a-6)», (2fl+6)«-(2a-6)a. 

8. i'+y'+SxyC^H-y), m'*-w3-w(7?i*-w2)-f n(m-n)', 

o»- a6+2(6« - (iA)+3(a» - &«) - 4(a - 6)«. 

9. 6(ar»-.y3)H-3(^+y)», 8Ct«-y«) -5(.r-y)a, 

(^4-y)*+2(ar»+ay) - 3(a:2-y«). 

10. 2(aH«''*4-«6')-(fl'-i'), o»-6»-3a6(a-6), 
a4-64^(aa-6^)»-2a*+2a2i3. 

32. So too we may often apply (23 iii) to resolve n 

trinomial into factors. 

Ex. 1. .r3H-7a:+12 = (a:+3) (a:4-4). 
Ex.2. jr»-9.r+14 = (.r-2) (.r-7). 
Ex.3. a:2-6:r-14 = (.r-7) (a:+2). 
Ex.4. 6a:H.T-12 = (3j:-4) (2a;+3). 

The student may notice that; if the last term of the ^ven 
trinomial be pomtive, (Ex. 1, 2^) then the last terms of the two 
factors will have the same sign as the middle term of the tri- 
nomial ; but if negative^ (Ex. 3, 4,) they will have one the sign 
+, the other -. 

In Ex. Ay it is clear that the first terms of the two factors 
might be 6.r and x, or 3^ and 2xj since the product of either of 
these pairs is 6r^ ; and so the last two terms might be 12 and 1, 
6 and 2, or 4 and 3 : it is easily seen on trial which are to be 
taken^ that is^ which serve also to produce the middle term of the 
trinomiaL 

Ex. 16. 

Resolve into elementary fiaxitors 

1. .T»4-ar+6, ar»4-9a:+20, ar*-5.r+6, ^r^-Sar+lS, a^-^-Sx-^rl, 

ar» - 104:-|-9. 

2. a^'\^x-% a^-X'-Q, a:«-2a:-3, .r»H-2.r-16, j:»4-7.r-8, x^-^v-9. 

3. 4r»+ar-|-3, 4r»+iar-h3, 4ar*+lla:-3, 4j;«-4r-3, 3a:3+4r-4, 

6ar»+&r-.4. 

4. 12ar»-52'-2, 12jr»- 14^+2, 12ar»-a:-l, a:«4-a'-12, 3a^«-2.r-5. 

5. a'a:«-3o»:r+2a*, a^-a^x-Qax^y 3a864.o96«-2ai», 12a*+rt2jr»-.r*. 

6. ar5y + 6;rV' + ary», 9:r»y* - 3 j^ - 6y*, 6a*.r« + a»j7 - «', 66«ar» 

-7&p»-3^. 
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CHAPTER III. 

SIMPLE EQUATIONS. 

33. When two algebraical quantities are connected 
by the sign =, the whole expression is called, accord- 
ing to circumstances, an identity or an equation^ 

An identity is merely the statement of the equivalence 
of two different forms of the same quantity, and is true 
for any values of any of the letters involved in it. 

Thus it is always true, whatever be tlie values of .r and y, that 
(.r+y) (x - y) - 0,-* - y«, or that (^+y)' = jr*4:2»ry+y* : and so also 
it is always true that J(J^+y) + ^(x - y) = ia;+ iy-\-^oc-^y^ x, and, 
in like manner, that ^(x-\-y')-^(x-y)-^x-\-^y- \X'\'^y=yi 
each of these expressions is therefore an identity. 

And in this way we may see one of the principal 
advantages of Algebra, viz. that it enables us to prove 
once for all, and express by means of letters as general 
statements, results which by mere Arithmetic we could 
only shew to be true upon actual trial in each instance. 

Of this we have seen examples in the three formula of (23) ; 
and 80 also the two last above given express the general facts, 
that the greater (.r) of any two quantities is equal to the mm, and 
the lesser (y) is equal to the difference, of their semi-sum and 
semi-difference. 

34. An equation, however, is the statement of the 
equality of two different algebraical quantities ; in which 
case the equality does not exist for any, but only for 
some particular values of one or more of the letters 
contained in it. 

Thus the equation, x-S-4, will be found true only when we 
^ve X the value 7, and ;r' = 3x - 2 only when we give x the 
value 1 or 2. 
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We are about to explain the method of finding these 
values which satisfy the simpler kinds of equations. 

35. The last letters of the alphabet, Xy y^ Zy &C.5 are 
usually employed to denote those quantities for which 
particular values are to be found in order to satisfy the 
equation, and are said to be the unknown quantities. 

An equation is said to be satisfied by any value of 
the unknown quantity which makes the values of the 
two sides of the equation the same. 

This includes the case when all terms of an equation lie on one 
side and on the other, as in :r^—dwr+2»0; which is satisfied by 
1 or 2, either of which, being put for x, makes the first side »0. 

Those values of the unknown quantities by which 
the equation is satisfied, are called its roots. 

Thus 1 and 2 are the roots of the equation ^— 3^74-2^0, 
7 is the root of or— 3=4, 1, 2, and 3 are the roots of a,''- 6 = 
Qx^ - ILr, &c 

36. An equation of one imknown quantity is said to 
be of as many dimensions as is denoted by the index of 
the highest power of the unknown necessarily involved 
in it. 

Thus .r— 3 = 4 is an equation of one dimension, or a simple 
equation ; x'* = 3r — 2 is of two dimensions, or a qiMdratic equation ; 
.x-3 _ (J j_ Q^ ig Qf three dimensions, or a cmhic equation ; .r* — 4a' = 13 
is of four dimensions, or a biquadratic equation ; kc, &c. 

It may be noticed, in passing, that it can be proved 
that every equation of one unknown quantity has as 
many roots as it has dimensions, and no more. 

37. Every term of each side i>f an equation may be 
multiplied or divided by the same quantity y without rfe- 
stroying the equality expressed by it. 

Thus, if 3a:-|-f»f = 34, multiplying every term by 4, we have 
l2x-\-bx = 136, or 17.r = 136 ; 
therefore also, dividing each term by 17, x = "/ ~ ®' 

C 
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« 
Again; if 12a:-f 6^: = 144, dividing every term by 6, 

2.r-f.r = 24, or Or = 24; 
hence also, dividing each term by 3, a: = 8. 

We find, therefore, that 8 is the root of each of th^se tw« 
equations. 

38. Hence an equation may be cleared of fractions^ 
by multiplying every term by any common multiple of 
all the den". If the l.c.m. be employed, the equation 
will be expressed in most simple terms. 

* Thus, if l^-f |a:-fja: = 13, multiplying every term by 12, which 
is the L. c. K. of 2, 3, 4, we have 

i2«a?-fV^+\«a: = 156, op ar4.4a:^-3:r = 166,• 
hence 13:r = 156, and x = '^^ = 12. 

39.-4 quantity may he transferred from one side of 
an equation to the other by changing its sign, without 
destroying the equality expressed by it. 

Thus if x-~a=y •\-b, adding a to each side of the 
equation (which, of course, will not destroy the equality) 
we have x=y + b ha, and, subtracting b from each side, 
we have ar— J=^-f a; where we see that the —a has 
been transferred to the other side with its sign changed 
to + y and so also the + J, with its sign changed to — . 

Hence if the signs of all the terms of both sides of 
an equation be changed, the equality expressed by it 
will not be destroyed. 



Simple Equations of One Unknown Quantity, 

40. To solve a simple equation of one unknown. 

(1) Clear it, when necessary, of fractions (38) ; 

(2) Collect all the terms involving the unknown 
quantity on one side of the equation, and the known 
quantities on the other, transposing them, when ne- 
cessary, with change of sign (39); 
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(3) Add together the terms of each side^ and divide 
the sum of the known quantities by the sum of the 
coefficients of the unknown quantity ; and thus the root 
required will be found. 

Ex. 1. 4r+2-arH-4. 
There being no fractions here^ we have only to collect the terms; 
.•, 4r — 3:r=4— 2, or a: = 2, the root of the equation. 

Ex.2. 4:r+6 = 10.r-16. 
Herel0a:-4r = 6-fl6; . ' . Or = 21, and x^^^i^Sf^Sf. 

Ex. 3. 6(a:-|-l) - 2 = 3(ar - 6). 
Here, removing the brackets, 6x+5 — 2 =: 3:r - ] 5 ; 

,*. collecting terms, 5^— 3a^= —16-5 + 2, or 2x^ — 18, and 
,\^=-9. 

Ex.4. 5j:H-2a:-o=ar-f2c. 
Here&r-|-2^-ar=(6-l)^ = o4-2c; .-.ar-^i??. 

— 1 

Ex. 17. 

1. 4a:-2 = 3a:-f 3. 2. Sa:-{-7^9x-6. 8. 4r4-9 = ar-a 

4. 3-|-2ar = 7-5^. 6. a:=»7+16:r. 6. fna:+a^nx-\-d. 

7. 3(x-2)-f4 = 4(3-a;). 8. 5-3(4-^) +4(3- 2a:) «0. 

9. 13a:-21(a:-3) = 10-21(3-^). 10. 6(o4-a:)-%r = 3(a-6^). 

11. 3(a:-3)-2(a:-2)+a:-l=.i'-f3+2(a:+2)+3(a;-fl). 

12. 2x-l-2(3x-2)+3(4a:-3)-4(6a:-4)«0. 

13. (2+a:)(fl-3)=-4-2ar. 14. (m+»)(m-a:)«m(»-a?). 



Ex.5. ix-p+lx^U-ilx, 

Here we first clear the equation of fractions, by multiplying 
every term by 24, the L. c. M. of the den'», and (observing that in 
the first fraction ^5 =12, in the second ^^=S, and so in the 
others) thus we get 12a:-8x2a:+6xar = 264+ar, or 12a:-16ar 
-f 18ir-264-f 3a:; now collecting terms, 

12.r-16a:+iai:-3a:-:264; . • . ILr = 264, and a: = ^^* = 24. 

Ex.6. |(a:+l)+|(a:-h2) = 16-KA'+3). 

Multiplying by 12, we have 

6(a:-f l)+4(^+2) = 192-3(a:+3), or ar+6+4a:+8 = 192-30?- 5 
collecting, 

6ar+4a:4-3a: = 192-9-6-8j .\iar = 169, and a:«^^® = 13. 

C 2 
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Ex. 7. i(ar» + Jr) - K^^" -f x) + iix" + 4) - 2^ =. ^^ + «_ 

Expreaong the mixed muulier 2^ as an improper frectioii ||, 
we then multiply by 60, the i^ax. of the den"; and, iHaervmff 
ike rtmark at ike md of (16), we thus obtain 

(KXT»+3ar-4(h*- 2ai:+lar*+15j:-- 129 =60Lt» + 8 + 1(U* + lOx 

-5Lr*-2ar; 

collecting, we find that the terms inTolving ji^ destroy one another 

(otherwise the equation would be a qoadnUic), and we have the 

result 

3Qr-2ar+15a:-iai+2ai = 129+8; .•.4ar«137, and r-SJJ. 

Ex. 18. 

1. ljr+ix=x-7. 2. ix-|x=lx-l. 

3. |r-|r+|x=2-|x+J^x. 4. |r+K-r-2) = 2x-7. 

5. |x+K^- 1) = X- 4. 6. 1(9 - 2Li') « I - i(7x- 18), 

7. x+|(14-x) = l(21-x). a 2r-| = |(3-2x)+|x. 

9. |(2x+7)-i(9x-8) = K^-ll). 

10. Kj^-«)-K2^-36)-|(a-x)=0. 

11. i(3r-l)-|(x-l)«i(-^-3)-K^-6)+5|. 

12. ii-l| = 8|+2(|x-l)-|(x+8). 



In some of the following examples the common multiple of all 
the den" is too large to be conveniently employed. In such a 
case, we may see whether two or three of the den" have a simple 
common multiple, and get rid of their fractions first, observing to 
collect terms, and simplify as much as possible, after each step. 

Ex.8. ^(2x-f3)-|(x-12)+K3:f+l)==5|-|-i(4r+3). 

Here the L.C.X. of all the den" would be 132: but as 12 will 
include three of them, multiplying by it, (having first changed 
5| to V), we get 

if(2x+3)-4(x- 12) +3(314-1) =64+4.r+3; 
• * • ii(2^+3) - 4j:-f 48+9X+3 « 64+4X+3 j 

hence, collecting terms and simplifying, we have 
ff(2x+3)-4x + 9x-4r = 64 + 3-48-3, or ?f(2i-|-3)+x = 165 
.-. 12(2x+3)+llx«176, or 24a-|-llx = 17C-36; 
.\35x«140. and x=^^«-4. 
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Ex. 19. 

1. ^(2a-3)-i(^-2).K4^-3)-3A 

2. |(x-9)+K^-6)«|(a-7)+l|. 

4 1(7^4-20) -^(ar +4) «i(3a:+l)-^(29-ar). 

5. |(a-.2x)-|(2«-a)+|(j:-a)-||(«+-^). 

6. A(9-^-10)-i(2x-7)«|.r-^(5+^). 

7. ^(4r-l)-A(2a:+l)=6i-i:r. 

9. K4:^-21)+7|+Ka:-4)=a:+3f-|(9-7aO+iV 

10. |Gr-a)-i{m-(a-:r)} «^(7W+.r)-^(15a+16m). 

11. ^(2x+7)-^(2:r-7) = l|-i(3:t-h4). 

12. |{a:-(2fl-3c)}-^{V«-6(:r-2c)} =^{8(«+10c)-(2c-a:)}. 



Problems producing Simple Equations. 

41. We shall now see the practical application of the 
above in the solution of many entertaining Arithmetical 
questions. In treating these, however, after having 
observed the methods used in the following examples, 
the student must be left very much to his own inge- 
nuity, as no general rule can be stated for their solution. 
The only advice that can be given is to read over care- 
fully and consider well the meaning of the question 
proposed ; then it will always appear that some quan- 
tity, at present unknoAvn, is required to be found from 
the data furnished by the question : put x to represent 
this quantity, and now set down in algebraical language 
the statements made in the question, using x whenever 
this unknown quantity is wanted in it. We shall thus 
(in the problems we are now considering) arrive at a 
simple equation, by means of which the value of x may 
be found. 

Ex. 1. What number is that to which if 8 be added; one fourth 
of the sum is equal to 29 ? 
Let X represent the number required ; 
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adding 8 to it, we have x'-^S, one fourth of this is i(jr+8), and 

this is equal to 29 ; 
we havG; therefore, the equation J(a,'-|-8) = 29, whence ;r = 108. 

Ex. 2. What number is that, the double of which exceeds its 
half by 6 ? 
Let X = the number ; 

then the double of x is 2a:, the half of x ia ^x; 
hence 2a: — ^x = 6, whence x — 4. 

Ex. 3. A caak which held 270 gallons, was filled with a mix- 
ture of brandy, wine, and water. There were 30 gallons of wine 
in it more than of brandy, and 30 of water more than there were 
of wine and brandy together. How many were there of each ? 

Let X = no. of gals, of brandy ; 

.•,a:-f30= wine, 

and 2a: +30= wine and brandy together ; 

.•.2a:-h30+30 or 2a: + 60 = gals. of water; 
but the whole number of gallons was 270 ; 

. • . a:4- (a:+30) + (2a:-f 60) = 270, 
whence x= 45, the no. of gals, of brandy, 

a: -{-30= 76, wine, 

2a:+G0 = 160, water. 

Ex. 4. A sum of £60 is to be divided among A, B, and C, so 
that A may have 13 guineas more than Bj and C £o more than 
A : determine their shares. 

Let X = ^'s share in shtUiiigs : 

.•.a:+273 = ^'s, and (a:+273)-f 100 or a'-f 373= C's; 
.•., since £60 = 1000*., (a: -f 273) + a- -f (a: +373) = ar + 646 = 1000 ; 

.•.3a: = 354, and a: = 118, a'+273 = 391, a'+373 = 491, 
and the shares are 391«., 118*., 491«., or £19 11«., £5 18a., £24 11«., 
respectively. 

Ex. 5. Ay B, C divide among themselves 620 cai-tridges, A 
taking 4 to -B*8 3, and 6 to Cs 6 : how many did each take P 

Let X = Ab share ; then fa: = -5's, fa: = C*s : 

.'..T+f.r+|a: = 620, whence a: -240, f a: = 180, fa: = 200. 

We might have avoided fractions by assuming 12a: for -4*s share, 
when we should have had 9.r = -B's, and 10a: = C's j 

.•.12a:+9a:+10a: = 620, whence a: = 20j 
and the shares are 240, 180, 200, as before. 
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Ex. 20. 

1. What number is that, to which if 7 be added^ twice the 
sum will be equal to 32 ? 

2. A bookseller sold 10 books at a certain price, and afterwards 
16 more at the same rate, and at the latter time received 35«. 
more than at the former : what was the price per book ? 

3. What number is that which exceeds its sixth part by 10? 

4. Find a number such that if increased by 10, it will become 
five times as great as the third part of the original number. 

5. What two n°» are those, whose sum is 48 and difference 22 P 

6. The sum of the ages of two brothers is 49, and one of them 
is 13 years older than the other : find their ages. 

7. At an election where 979 votes were given, the successful 
candidate had a majority of 47; what were the numbers for each ? 

8. Find a number such that its half, third, and fourth parts 
shaU be together greater than its fifth part by 106. 

9. What was the total amount of a person's debts, who when 
he had paid a half, and then a third, and then a twelfth of them, 
had still 15 guineas to pay P 

10. A post is a foiirth of its length in the mud; a third of its 
length in the water, and 10 feet above the water: what is its 
length ? 

11. A market-woman being asked how many eggs she had, re- 
plied, If I had as many more, half as many more, and one egg 
and a half, I should have 104 eggs ; how many had she P 

12. Divide 160 into two parts, so that one of them shall be two- 
thirds of the other. 

13. There is a number such that, if 8 be added to its double, , 
the sum will be five times its half. Find it. 

14 Divide 87 into three parts, such that the first may exceed: 
the second by 7, and the third by 17. 

15. Divide £64 among three persons, so that the first may have 
three times as much as the second, and the third, one-third as 
much as the first and second together. 

16. A person bought 4 horses for £230 ; the second cost him 
£12 more than the first, the third £6 more than the second, and 
the fourth £2 more than the third. How much did each cost P 

17. I bought 20 yards of cloth for 10 guineas, part at 11«. Qd. 
a yard, and the rest at 7«. Qd, How many yards of each did I 
buy? 

18. Sold 449 yards of cloth, part at 12«. a yard, and the re- 
mainder at 17«., and received for the former quantity 2Ss, more 
than for the latter. How many yards were sold at each rate P 
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19. Two coaches start at the same time from York and London, 
a distance of 200 miles, travelling one at 9| miles an hour^ the other 
at 9i : where will they meet, and in what time from starting ? 

20. A is twice as old as £ ; twenty-two years ago he was three 
times as old. Required A'a present age. 

21. A. father's age is 40 and his son's 8 : in how many years 
will the father's age be triple of the son's ? 

22. Find a number such that, if 10 be taken from its double, 
and 20 from the double of the remainder, there may be 40 left. 

23. A spent 28. 6d. in oranges, and says that 3 of them cost aa 
much imder Is. as 9 of them cost over Is. : how many did he buy ? 

24. A and B began to play with equal sums ; A won SOs., and 
then 7 times A^a money was » 13 times i?'s : what had each at 
first ? 

25. A and B play together for a stake of 5a. ; if -4 win, he will 
have thrice as much as B ; but if he lose, he vdll have only twice 
as much. What has each at first P 

26. A workman is engaged for 28 days at 2a. 6<l a day, but 
instead of receiving anything, is to pay Is. a day, on all days upon 
which he is idle : he receives altogether £2 12a. Gd, ', for how many 
idle days did he pay ? 

27. A cistern is filled in 20 min. by 3 pipes, one of which con- 
veys 10 gallons more, and another 5 gallons less than the third 
per minute. The cistern holds 820 gallons. How much flows 
through each pipe in a minute ? 

28. A starts upon a walk at the rate of 4 miles an hour, and 
after 15' B starts from the same place, and follows him at the rate 
of 4J miles an hour ; when and where will he overtake A ? 

29. A garrison of 1000 men was victualled for 30 days ; after 10 
days it was reinforced, and then the provisions were exhausted in 
5 days : find the number of men in the reinforcement. 

30. How much tea at 4a. 6d. must be mixed with 50 lbs. at 3». 
that the mixture may be sold at 5a. Qd. ? 

31. A and B have together 8a., A and C have 10a., B and C 
have 12a. What have they each ? 
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CHAPTER IV. 

INVOLUTION AND EVOLUTION. 

42. Involution is the name given to the operation 
by which we find the powers of quantities. We 
have already (22) had occasion to notice the square of 
a binomial : but all cases of Involution are merely ex- 
amples of Mult", where the factors are all the same. 

It should be noticed, that any power of a power of a 
quantity is obtained by multiplying together the in- 
dices of the two powers. 

Thus the cube of ar», that is (.v'^f^x^-, for it ^x^xx^xx^ 
^.^5+2+2(20) = a;«: and, similarly, {x'^y^x^^{x'^f, that is, the 
square of the cube is the same as the cube of the square of any 
quantity, &c. 

So also (a')* « a" « (a*)», (2x^yy - 4r«y*, (-2.iy«»)« =. -8:1^/5% 

Hence, we may shorten the operation of finding the 
4th power of a quantity by squaring its square ; and, 
similarly, to find the 6th, 8th, &c. powers, we may 
square the 3rd, 4th, &c. 

So also to find the cube, or 3rd power, we may take 
the product of the 1st and 2nd, that is, of the quantity 
itself and its square ; to find the 5th, Ave may take that 
of the square and cube ; to find the 7th, of the cube 
and 4th ; and so on. 

Thus we shall have 
(«-f6)3 = (fl+6) (aH2«5+6') = aH3fl-6+5«&H&', by Mult«. 
(a - by -^(a-b) (a« - 2ab + b^) = a' - Sa^i+Sai' - b\ 
(a±by « (o'±2fli+6«) (a''±2ab+b^) = a^±iM-\-6a%'^±4ah^^b^, 

= a5+6a^i+10a»6H10a«6»+5a6*±6*. 
c .3 
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The above results should be remembered and applied 
in the following Examples. The expansions of higher 
powers are generally best obtained by the Binomial 
Theorem, which will be given hereafter. 

Ex. 1. (a-\-b+cy^{a + (b + c)}^^a^ + Sa\b-\-c)-\-Sa(b+cy 
+ (6 + cy « a» + 3a«6 + 3a'c+3a6H6flAc+ 3flc« + 6» -f- 8ft»c 

Ex;2. (a^6-c)>={a-(6 + c)}>-a»-3a«(6-fc)+3a(6 + oy 
-(6 + c)«-a»-3a«6-3a2c + 3a62 + 6a^+3ac!«-6»-86«c 
-3ic'-c». 
Or thus: 

(a_5-c)»= {(a-6)-c}» = (a-6)8-3(a-6)«c + 3(a-6)c*-c«, 

which^ of course, when expanded, would give the same result as 
before. 

Ex. 3. i2x - 3)* « (2a:)* - 4.3.(2a:)3 + 6.3«.(2a:)» - 4.8».(2*) +8* 
= 16.r* - 96a^+2iar» - 216a: -f 81. 

Ex. 21. 

1. Find the values of (2ab'y, (-3a«6V)3, (-^)*, (-^?^)*. 

Write down the expansions of 

2. (a:+2)». 3. (x-2y. 4. (a:+3)*. 6. (l+2a:)*. 
6. (2m-l)». 7. (3j:+1)*. 8. (2a; -a)*. 9. (3a:-f-2o)*. 

10. (4a -86)8. 11. (ax-^yy. 12. (ax+a^y. 

13. (2am-m^y. 14 (a-b-\-cy. 15. (l-or+^y. 

16. (a+bx+cx'y. 17. (l-fa:+:r*)*. 18. (l+x-x^y. 

19. (l-2a'+a:2)8, 20. (a-26+c)*. 21. (l-|-2a:- 3a-»)«. 

43. The foUomng result is worthy of notice, as it 
exhibits the form of the square of any Multinomial. 

(a+b-\-c+d+&c.y^a^ + 2a(b+c-\'d+&c.) + (b + C'hd+&c,y 

^a^'\-2ab-\-2ac+2ad+&c. 

+ b^ -\-2b(c-\-d+&c.)+(C'^d+&c.y 
^a^-\-2ab-\-2ao+2ad-]-&c, 

+ b^ -\-2bc+2bd+&c, (i) 

+ c^ +2c<f+&c. 

+ d» +&C. 

-fl>4-(2«+ft)ft4-{2(a+6)+c}c+{2(a+6+c)+rf}d+&c 

= aH(2a+6)6+(2a'+c)(j-h(2a''+rf)J4-&c. (ii) 

if we write a' for a+6, a" for a+6-|-c, &c. 
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We see from (i) that the square of any multinomial 
may be formed by setting down the square of each term, 
and then the product of the double of each term by the 
sum of all the terms that follow it. 

Another form of this result is given in (ii), to which 
reference will be made hereafter. 

Ex. 1. (l+2a:+3a~»)2 = l-|-2(2x+ar2)-|-4r«-|-4r(ar«)+9x* 

= 1 + 4a'+ lOo:' 4- 12:1^-1-9^. 

Ex. 2. {a-\-hx-\-ca^ -k- dx^ -{■ ea^ + &c.)« 

« a^ -h 2abx + 2ac x^+2adx'^2ae ar*+&c. 

+h'*:xP+2bcx^4-2bda^+&c. +c«a^+&c. 
= a«-f 2ai x-\-(2ac+l3^) .T^-\-2(ad-\-bc) x^-h {2(a€-\-bd)+(^}x^-\-&o. 

Ex.3. (l-ar)« = (l-6Lr+12a^»-ar5)« 

= l-12jr+24r«-16a^ 

-f-36a:»-144r54-96x* 

+144^-192^4.64c» 
= 1 - igx-f 60r» - 160:r»+240a^ - 192:r*+64^. 

Ex. 22. 

Eind the expansions of 

1. (1+x+x^y. 2. (l-x+2ar'y. 3. (S'-2x-\-xy. 

4. (a«-2aJ+36«)«. 6. (2x-Sy+4zy. 6. (Sax-\-2bf/'\-cz)^. 

7. (l-2ar-aV)». 8. (2a'-a-2)«. 9. (l^x+x^-^x^y. 

10. ll+xy. 11. (j^-2a:2+3a:4-4)2. 

12. (l-h2a:-ar»-f4r8)«. 13. (a»-2o'6+2flJ»-6»)a. 

14 (a-a:)8. 15. (l'-2x-\-Sx^-'2x^+x*y. 

16. (o*-2a»ir-|-a'^»-2ar8+J?*)^ 

44. Let the student notice the following remarks : 

(i) Since any even number of like signs, whether 
all + or all — , will giy e + in mult", it follows that 
any even power of a quantity is the same, whether that 
quantity be taken positively or negatively ; thus, ( + a)^ 
and (—a)* are each = +a^ and (1— a:-f ar^/ is the 
same as {— (1— ^ + ^^)}S or { — l+x—x^Yy 

(ii) No even power of any quantity can be negative ; 

(iii) Any odd power will have the same sign as the 
quantity itself. 
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45. Evolution is the name given to the operation 
by which we find the roots of quantities. 

Since the cube "power of fl*=a®, therefore the cube 

root of «® is a*; so Va^^a^, i^\^a^h^ = 2Q^hy &c. ; and 
so we may often extract a required root of a. simple 
quantity, by dividing its index by that of the root. 

If, however, the index of the quantity cannot be 
exactly divided by that of the root (as e.g. in the 5th 
root of a^y where the 2 cannot be divided by 5), then 
we cannot find the root of it ; but can only indicate that 
the root is to be extracted, by writing down the quantity, 
and the sign a/ before it, with the index of the root in 
question; as -f/a^ ^a^. Such quantities are called 
surdsy or irrational quantities, 

46. It follows from (44), that 

(i) Any even root of a positive quantity will have a 
double sign + ; 

(ii) There can be no even root of a negative quantity ; 

(iii^ Any odd root of a quantity will have the same 
sign as the quantity itself. 

Thus /3^«' = +^,>/387V=-2n/^ VC2o«y^+5V&e. 

Hence, when we have a surd expressing an odd root of a nega- 
tive quantity, we may write the quantity positive under the sign of 
evolution, and set the negative sign outside; thus v^ — .t-'— — ^.x^ 
^''a® — v^ — 6' = «'-f\/i'. But this cannot be done with an even 
root of a negative quantity, such as- V - -t*, which must be left 
as it is, and is called an impossible or imaginary quantity; the 
difference between surd and impossible quantities being thftt the 
former have real values, though we cannot exactly find them, 
while there cannot be a quantity, positive or negative, an even 
power of which would produce a negative quantity. 

Imaginary quantities, however, are employed in some of the 
higher applications of Algebra ; but for the present we shall leave 
the consideration both of these and of surd quantities. 
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Ex. 23. 

1. Find the square roots of 4«'6*c'», 4.0.v*ijz^, 100a«6"c>o. 

2. Fmd the square roots of --.3/, -^^-/:, -^J^. 

4 Find V^^^V V 81g*6V» '*/32a«6^« « /e4^y» 
V 625a»"»' V 256.r»« ' V c» ' V 729s» * 



47. To find the square root of a compound quantity. 
We know that the square of a 4-^ is a*H-2a5-fi*; 

let us see then how from a^ + 2ab + ^^ we might deduce 

its square root a-f- 5. " 

fl'+2a64-6'(a-f 6 Let us write down then the quantity 

a* fl'+2«6+6'. Now «, the first term of the 

2a-^hy2ab-\-h^ root, may he found immediately hy taking* 

2ab-\-}^ the square root of its first teim : set a 

then on the right, and then suhtract a^; 

we have now remaining 2ab'{-h% and if we divide 2ab by 2a, we 

get -f &, the other term in the root: lastly, if we add this b to 

the 2a, multiply the 2a-\-b, thus formed, hy 6, and suhtract the 

product, there is no remainder. 

Now we may follow this plan in any other case, and 

if we find no remainder, the root will be exactly 

obtained. 

Ex. 1. Ex. 2. 

(xr+ij)Q^iy+i/ 8a - 7^>> - 56fl64-4W 

Ex.3. 4a«-4fl6-62(2a-6 • 
4flV 

-2i^ 

Here we find a remainder - 26' ; we conclude, therefore, that 
2a — b is not the exact root of 4fl' - 4«6— 6', which is a surd, and 
can only he written V4«' - 4a6 - b\ 
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Ex. 24. 

Find the square roots of 

1. 4r2+4ry+y2, 26a^'-S0ab-i-9b% 25x^+S0x^y+9jr^y^ 

2. 49«26«-14fl3J+a*,16ar*y'+40:ty«s+26yV,26«*6V-f-10a26c5-|-c». 



48. If the root consist of more than two terms, a 
similar process will enable us to find it, as in the fol- 
lowing Example ; where it will be seen that the divisor 
at any step is obtained by doubling the quantity 
already found in the root, or (which amounts to the 
same thing and is more convenient in practice) by 
doubling the last term of the preceding divisor ^ and then 
annexing the new term of the root. 

Ex. 16a^-24r'^-l-25.r*-2ax'3+10:i'2-4r-hl(4a^-3ar«-f-2a:-l 

aF3_ar«)-24r5+2&r* 

-24r^+ 9j^ 
ar» - 6.r»-f 2.r)iar* - 20a:«-|- lOo^ 

ar«-arH4:r-l)- 8.1-8+ 6^-4:r+l 

49. The reason of the above method may be thus 
exhibited by considering the square of a + J + c. 

2a-f6) 2a6+6« 
2rt6-h6» 



20^+0 = 2fl+2^>+c)2flc+26c+c» 

2ac+26c+c» 

Here we find^ as before, the first two terms in the root; a +5, 
subtracting first o', and then 2ai-}-6', that is, in all, a^-\-2ab-\-l^ 
or {a-\-by. Now denote a-\-b by a', so that (a+i»+c)» = (o'+c)^ 
«fl^'-f 20^0+0^; then we see that, at this stage of our progress, 
we have found a' in the root, and have subtracted o^, and there- 
fore our remainder will be no other than 2a'c+c^. [We see, in 
fact, that 2ac + 26c + c" = 2(a + 6)c + c^ =« 2a'c4- c^.] Just in the 
same way then as when, having found a and subtracted a', we 
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took 2a for our trial- divisor in order to find 6, dividing by it the 
first term of the Jirst remainder 2«6-|- J*, so now we take 2a^ for 
our trial-divisor, in order to find <?, dividing by it the first term of 
the second remainder, 2fl^c+c^. We may get 2af, or 2rt-f-26, by 
merely doubling the last term of the preceding divisor ; and now 
subtracting 2afc-i-c^, we shall have subtracted in all o"-|-2a'c?+c^, 
that is, the square of a+5-f c. 

In like manner, if the root were a-^-b-i-c-^-d, we may find 
fl+ft+c as before, and put it =«": then (o-f J-i-c-f-d)^ = (o"-i-c?)' 
= a'*^ + 2o"</ 4- rf', and, as we shall have already subtracted 
(a+6-fc)' or a"*, the third remainder will be 2a'^d+d^j and, 
therefore, taking 2a'^ as trial-divisor (obtained as before by 
doubling the last term of the preceding divisor 2o-}-26-|-c), we 
may get (/, &c. 

It will be seen that the successive subtrahends in the above 
operation are a^, (2a-\-h)bf (2a'-|-c)c, (2a'^-\-d)d, &c., and, of 
course, the sum of them all, that is, the whole quantity sub- 
tracted, is (43 ii) (a+^-f c+ J+&C.)'. 

50. As the 4th power of a quantity is the square of 
its square (42), so the 4th root of a quantity is the 
square root of its square root, and may therefore be 
found by the preceding rule. 

Thus, if it be required to find the 4th root of a^-\-4a^x-\-Qa^a^ 
'\-4aa^'\-Jc^f the square root will be found to be a'-f-2flu:-|-^> and 
the square root of this to be a-f ^, which is therefore the 4th root 
of the given quantity. 

It should be noticed as in (46) that all even roots 
have double signs. 

Thus the square root of a'-|-2a6+6' may be — (rt-f ft), that is, 
-a -6, as well as a-\-h: and, in fact, the first term in the root, 
which we found by taking the square root of «', might have been 
— a as well as «, and by using this we should have obtained also — h. 

So in 47, Ex. 1, the root may also be — 3.r - y ; in 48, 
— 4a:'+3a:' - 2a:-f 1 ; and in all these cases we should get the two 
roots by giving a double sign to the first term in the root. 

Ex. 25. 

find the square root • 

1. Of l+4r+10aH12a:»+9j:*. 

2. Of 9.c*-hl2.r3+22.r«+12.r4-9. 
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3. Of 9a'+12a6+46»+6flc+4ftc+c». 

4. Of .T* - ai-^y +24r«y« - 32.Ty»+16y*. 

5. Of 4a* - 12iiH25a« - 24a + 16. 

C. Of 16.r* - 16a6:r» + 16«»«t«4-4a^6'-* - 8a5»+4M. 

7. Of ^-4r»+iar*-20j^+26.T2- 241-1-16. 

8. Of 9a''6ab+SOac+ead-\-l^-10bc-2bd+25c^+10cd-\'d\ 
0. Of A« - 4;r«y+ai^y« - 10jr»y»+8.rV*-4jy5+y». 

10. Of l-ar+15x2-2ar'+16j:*-ai-*+.i^ 
IL Of 4-12a-|-5aH14a3-lla*-4a*-|-4«^ 
12'. 0(jP + 2pqx + (2pr + j')jr» + 20p« + yr).i^ -|- (2q8 + j-^)^'* 
+2rAr*-|-«»a:*'. 

Extract the 4tli root 

13. Of l-4r+ar»-4r»+.r*, and of a*-8a»+24a«-32a4-16. 

14. Of 16a*-96a»6-|-216a«6^-216aJH816*. 

Extract the 8tli root 

15. Of 0,-8 - 16^:7 ^ 112^ _ ^4Sj^ ^ ii2ar* - 1792a^ + 1792.r' 

- 1024a:-|-256. 

16. Of a8 - 8a^b + 28a«J2 - 56a*6» + 70a<5* - 56a»i« 4- 28a56« 

-8fl«»^+6«. 

51. The method of finding the square root of a 
numerical quantity is derived from the foregoing. 

Since 1 = 1S 100= lOS 10000= 100^, &c., it follows 
that the square root of any number between 1 and 100 
lies between 1 and 10, that is, the square root of any 
number Aaving one or two figures is a number of one 
figure ; so also the square root of any number between 
100 and 10000, that is, having three or four figures, 
lies between 10 and 100, that is, is a number of ttco 
figures, &c. Hence, if we set a dot over every other 
figure of any given square number, beginning with the 
units-figure, the number of dots will exactly indicate 
the number of figures in its square root. 

a b e 
Ex. 166624 (400 + 30 + 2 

1 60000 . . '. . a» 

(2a + 6) ... . 800+30^830) 26624 

24900 . . . . (2a + b)b 
(2a'+c) .... 800 + 60 t 2=862) 1724 

1724. . . . (2a' + c>? 
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Here tlie number of dots is three, and therefore the number 
of figures in the root will be three. Now the greatest square- 
number contained in 18, the first period (as it is called), is 16, 
and the number evidently lies between 160000 and 250000, that 
i«, between the squares of 400 and 500. We take therefore 400 
for the first term in the root, and proceeding just as before, we ob- 
tain the whole root, 400+30+2 = 432. The letters annexed will 
indicate how the different steps of the above correspond with those 
of the algebraical process in (49), from which it is derived. 

Ex. 1. The ciphers are usually omitted in prac- 

166624 (432 tice, and it will be seen that we need only, at 
16 any step, take down the next period, instead 

83)266 of the whole remainder. 

^^^ In Ex. 2, notice (i), that the second re- 

862)1724 mainder 49 is greater than the divisor 47; 

this may sometimes happen, but no difficulty 

£^ 2 ^^^ ^^^ from it, as it would be found that 

? 7841 (279 i^ instead of 7 we took 8 for the second 

4 figure, the subtrahend would be 384, which 

47) 378" is too large : And (ii), that the last figure 7 

329 of the-first divisor, being doubled in order to 

549)4941 make the second divisor, and thus becoming 

^^^^ 14, causes 1 to be added to the preceding 

_ figure, 4, which now becomes 6. In fact 

d659664 V31O8 *^^ ^"^^ divisor is 400+70, which, when its 
9 second term is doubled, becomes 400+140 

61 y^ or 540. 

61 In Ex. 3, we have an instance of a cipher 

6208)~49664 occurring in the root. 

49664 

52. If the root have any number of decimal places^ 
it is plain (by the rule for the mult" of decimals) that 
the square will have twice as many, and therefore the 
number of decimal places in every square decimal will 
be necessarily even^ and the number of decimal places 
in the root will be half that number. Hence, if the 
given square number be a decimal, and therefore one 
of an even number of places, if we set, as before, the dot 
upon the units-figure^ and then over every other figure 
on both sides of it, the number of dots to the left will 
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still indicate the number of integral figures in the root^ 
and the number of dots to the right the number of 
decimal places. 

Thus 9.659664 would be dotted d.659664, the dot being first 
placed on the unit»-figure 9 ; and the root will have one integral 
and three decimal places^ that is^ would be (Ex. 3 above) 3.108. 

If, however, the given number be a decimal of an 
odd number of places, or if there be a rem*" in any case, 
then there is no exact square root, but we may ap- 
proximate to it as far as we please by dotting as before, 
(rememhering to set the dot first upon the units-figure^ 
and then annexing ciphers (which by the nature of 
decimals will not alter the value of the number itself) 
and taking them down as they are wanted, until we 
have got as many decimal places in the root as we 
desire. 

Ex. Find the square roots of 2 and 259.351^ to three decimal 
places. 



Ex. 1. ^ (1.414 &c. 
1 


Ex. 


2. 25d.35l0 (16.104 &c. 
1 


24)100 
96 




26)159 
156 


281) 400 

' 281 




321) 335 
321 


2824)11900 
11296 




32204)141000 
128816 



Ex. 26. 

Find the square roots 

1. Of 177241, 120409, 4816.36, 643169, 1094116, 18671041. 

2. Of 4334724, 437.6464, 1022121, 408.8484, 16803.9369. 

3. Of 14356521, 6742.6084, 229.704336, 74684164, 4888521. 

4. Of 17.338896, 69365584, 6595661.24, 129208689, 976312900. 

6. Of 16.353936, 65416744, 26553026, 43996689, 229977225. 

6. Extract to five figures the square roots of 2.6, 2000, .3, .03, 
111* .00111, .004, .005. 
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53. To find the cube root of a compound quantity. 

Let us consider the quantity a' + 3a'J + Zab^ + J*, 
which we know to be the cube oi a + by and see how we 
may get the root from it. 

a*-h3fl'6H-3oJ*+65(a-f-6 We may get o, as before, by merely 

g^ taking the cube root of the ftrst term 

3a^) 3a^6+3a6'-f i' «'> then, subtracting a^ we have a re- 

Za^h + 3a&2 ^. 53 mainder Sa^'i + 3flZ»« -|- 6» : by dividing 

the firat term of this remainder by 3a*, 
we shall get h, the other term in the root, and then, if we sub- 
tract the quantity 3«'J-f 3«6*4-J3, ther^ will be no remainder. 

Pursuing the same course in any other case, if there 
be no remainder, we conclude that we have obtained 
the exact cube root. 

Here the quantity corresponding 

8a^+12j:«y4-6jy«+y'(2a:-|-y to the trial'divisor 3o» is 3(2a:)« 

ar» = 12.r2, that to 3a«6 is 12a^y, that 

12.T*) 12a^t/-\-6xy^-i-y^ to Sah^ is 6ay*, and that to J' is 

12jr*y -f Giy'+y* y' 5 so that the whole subtrahend is 

' 12.tV+6.iy'+y». 

By attending however to the following hint, the subtrahend 
may be more easily constructed. 

a» -f-3a'J+3rt6*+68(a+6 



a3 



Sa-^b 3a« 

(3a4-i)6 



Sa^-^-Sab-^-b^ 



3a26+3fl6H6» 



Set down first 3a, some little way to the left of the first re- 
mainder, and then, multiplying this by a, obtain 3a' as before ; 
by means of this trial-divisor find 6, and annex it to the 3a, so 
making Sa+b; multiply this by b, and set the product (3a-f 6)i 
or 3064-6* imder the 3a*, and add them up, making 3a*-f 3a6+6* ; 
then, multiplying this by 6, we have 3a*6-f-3a6*+6', the quan- 
tity required. 

The value of the above method, in saving labour, will be more 
fully seen when the root has more than two terms, or, if nume- 
rical, more than two figures. 
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Ex. 8a.'»+12a'»y+aiy-fy»(2x+y 



Qx-^-y 12.1^ 






12a:V+aty+y3 
12.t^y+0.iy'+y» 



Ex. a?. 

Find the cube roots 
1. Of A'^+ftiV+lS.ty'+e/. 2. Of fl»-9aH27a-27. 
3. Of a'»+12.rH48a+64. 4. Of 8rt» -86a«6+54fl6«- 276». 

5. Of o»+24a'6+192fli«4-6126». 

6. Of ac»-84x'«y+294ry«-343y». 

7. Of i/i»-12w«iM:-f48;/iMli'»-64#*li^ 

8. Of a»ar»- 16a'&r»+76a62.r»-12663ji'3. 



54. If the root consist of more than two terms, as a-^-b+Cf we 
may (just as in the case of the square root) first find a+ft as 
above, and put this =» a^ : then, at this point of the operation^ we ' 
shall have subtracted first a^ and then 8a^6+3a6^+&', that is, al- 
together (a+6)' or a"; and therefore, since the whole quantity 
(a+b-^cy = (<r+c)» = a- H Sa'V+Sfl'c^^c*, the remainder will be 
no other than 3a"c-|-3aV-f c*. [In fact, ulb was done in the case of 
the square root, it may be easily shewn to be identical with this.] 
If, therefore, we take now as trial-divisor 3a", just as befoi'e we 
took 3a^, we shall get c the third term in the root, and subtracting 
the quantity 3«''c+3aV-f c*, we shall have no more remainder. 

Now the process of finding 3a'' is much simplified by observing 
that it =3(a+6)«-3aH6a6+3**J but, if we add 6^, the square 

of tJie lad term in the rooty to the two lines q ? 4, a^ftli. m> *^® sum 

will be exactly 3a' -f- 606 + 36', the quantity requii-ed. By this 
means then we get 3a'', and then have only to set to the left of 
it 3a' or 3a +36, (which may be found by tripling the last term 
of the preceding divisor 3a +6) and proceed just as we did before 
'when we had set down 3a and 3a' — that is, fir»t finding c, and then 
forming, as before, 3a''c+3a'c'+c', which we subtract, making, 
with a'' already subtracted, (af-j-cy or (a+6-f c)' subtracted alto- 
gether. And so on, if the root were a+b-j-c-\-d, &c. 

The student should study carefully the first of the two follow- 
ing Examples, as it is the type to which all others are referred. 
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Ex. 28. 

Extract the cube roots 

1. Of oH6a*+15a*4-2O«H15o'4-0«+l. 

2. Of a^-12a^+64r*-112A'«+108A'2-4ar+8. 
8. Of fl»-3«»6+6a46'-7a'63+6rt'64-3a6*+6«. 

4. Of a:«-12aa,'«+60rtV-160flV+240a*^-192a5:r4.64fl?. 
6. Of 8j:«-t-48;r5y+60aV-80^y'-90a.V+108:ry«-27y«! 

6. Of a79-aT«+6:r7-10x«+ 12^-5 -12a:*4-10a:»-ar2+3a:-l. 

7. Of flS - J3^ ^ « 3(^75 . ^2^ _ „j2 _ ^^^ _ 53^^ 5^) _ g^j^^ 

8. .Of 1 - 6.V + 2Lr« - 56.1-3 + lll.r* - 174r* J- 219a:« - 204r' 

4-144r«-64a;^ 



55. Since l-V, 1000= 10% 1000000 = 100% &c., it 
follows that the cube root of any number between 1 
and 1000, that is, having one^ twoy or three figures, is a 
number of one figure ; so also the cube root of any 
number between 1000 and 1000000, that is, having 
four ^ five y or six figures, is a number of two figures, &c. 
Hence, if we set a dot over every third figure of any 
given cube number, beginning with the units -figure, 
the number of dots will exactly indicate the number of 
figures in its cube root. 

If the root have any number of decimal places, the 
cube will have thrice as many ; and therefore the num- 
ber of decimal places in every cube decimal will be 
necessarily a multiple of three^ and the number of 
decimal places in the root will be a third of that num- 
ber. Hence, if the given cube number be a decimal, 
and consequently have its number of decimal places a 
multiple of three, by setting as before the dot upon 
the units-figure y and then over every third figure on 
hoth sides of it, the number of dots to the left will still 
indicate the number of integral figures in the root, and 
the number to the right the number of decimal places. 

If the given number be not a perfect cube, we may 
dot as before (always setting the dot first upon the unitS" 
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figure)y and annex €iphers as in the case of the square 
root, so as to approximate to the cube root required, to 
as many decimal places as we please. 

It will be seen, by tlie following example^ bow the numerical 
process corresponds to the algebraical. The ciphers are omitted^ 
except that in the numbers corresponding to 3a*, 3a'', &c., it is 
necessary to express two at the end : thus a is reallj 4000, and 
therefore 8a' is 48000000 ; but as in the first remainder we only 
need the figures of the first and second periods, corresponding to 
43 in the root, we may treat the a as 40, and thus 3a' will be 
4800, and 3a will be 120, so that 3a +6 will become 123. 



123 



1292 



12961 



Et. 


8067t566l6l (4321 
64 


4800 
369 

6169 


16677 
16507 


654700 
2584 

657284 


1170668 
1114668 


65987200 

12961 

66000161 


56000161 
56000161 



Ex. 29. 

Find the cube roots of 

1. 9261, 12167, 16625, 32768, 103.823, 110692, 262144, 884.736. 

2. 1481544, 1601.613, 1963126, 1269712, 2.803221, 7077888. 

3. 12.812904, 8741816, 56.623104, 33076.161, 22425768. 

4. 102503.232, 820026866, 264.609288, 1076890625, 2.116874304* 

5. Extract to 4 figures the cube roots of 2.5, .2, .01, 4, 



48 



CHAPTER V- 

GREATEST COMMON MEASURE: LEAST COMMON 

MULTIPLE. 

56. When one quantity divides another without 
remainder^ it is said to measure it^ and is called a 
measure of it. 

Thiis, S, a, b, 3a, ah, a^, &c are all measures of Sa^b, 

A common measure of two quantities is one which 

divides each of them without remainder. 

Thus, a, bf 3a, Sb, dbj Sab, are all common measures of 3a^6 and 
16abc'y and their greatest common measure, that is, the largest 
common factor they contain, is Sab, 

57o It is commonly easy to detect by inspection^ i.e. 
by looking at the two quantities, thfeir largest common 
measure, if it is a simple factor, that is, if it consists of 
only on« term; because then it will be found as a 
factor in every term of each of them. 

Thus, Zxy will divide eveiy term of Sx^y—Qxy^ and also of 
3a'f/ — 9.iy ; it is therefore a common measure of them : and since, 
when these are divided by Sxijj the quotients x^-^t^ and 1— 3a:y 
have no common factor, 3.^^ is their greatest common measure 
(g.cm.) 

So 2a^b is the greatest divisor of QaW - 8a*6, and a^c of 
2aV — 6a'6c; and a', which is the g.cm. of 2a'6 and «'e, is 
plainly therefore the g.cm. of 6a'6'-8a46 and 2a^c^-6a^c, 

Ex. 30. 

Find the G.CM. of 

1. 3.1-3 and 12.i^y ; ^a-b"^ and -6a6«; -Ud^ifs^ and 8yV. 

2. 3fl.r'-2«*a,' and a2.r2-3a*.r; SaHSa'ft-SaJ'^ and 2a^-i-2ab^; 

6ii*'yr-12A-y-|-3xy* and 4aa:'+4aa-y-f 4a-ar. 



58. In like manner we may sometimes find by in- 
spection the G.CM. of two quantities, when not a simple 
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factor, if it happens to be easy to separate them into 
their component factors.* 

Ex.1. The o.CM. of 6oV(a»-^) and ia^x(a + xy is 

Ex. 2. The g.c.m. of a%ah^-S€Li^-^2x^) and a:»(a*-4««a:«), 
that is, of aV (a« - Sax + 2x'^) or a^x^ (a - 2x) [a - x) and 
a^x^ (a» - 4x^)y is oV (a - 2^). 

Ex. 31. 

Find by inspection the g.c.m. of 
1. 4a^(flVA0» and 10(a^x-x^y, 2. x^(a''-xy and (a«a:+cr')'. 
3. (a^b - fl6»)' and «&(«» - 1^)\ 4. GCa-* - 1) and Six" - ar+2). 
5. (x^-\-xy and A''(a:2-.r-2). 6. 4(ar^+«^)and6(:r«-2ac-3a«). 

7. oS(A'+12.r+ll) and o'u.'»-lla2a:~12a«. 

8. 9 (aV - 4) and 12 (a2A-»+4ar+4). 



59. But if the greatest common measure of two 
quantities be a compovnd quantity, it cannot generally 
be thus easily found by inspection, but may always be 
obtained by a method we are now about to explain, 
the proof of which will be given hereafter. 

Def. An algebraical quantity is said to be of so 
many dimensions , as is indicated by the highest index 
of its letter of reference. 

Thus A"*— 7.1' +10 is of ttoo diibensions, .t-^+l of three. 

If it also involve other letters, it is said to be of so 
many dimensions in each of them, according to the 
highest indices of each. 

Thus 3i^y-\'Zo^y'^-\-x^y^ is oifottr dimensions in Xj and three in y. 

If the dimensions of each term are the same, the 
quantity is said to be homogeneousy and of so many 
dimensions as is indicated by the sum of the indices in 
each term. 

Thus the last quantity is homogeneous^ and oijive dimensiouB. 

D 
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The word dimensUms has been ftdopted from the language of 
Geometry ^—fluch quantities as a, h, &c. being compared to linei 
(which have only one dimension^ viz. length), and called Uneal 
quantities ; such quantities as d^j ab, &c. to areeu (which have two 
dimensions, length and breadth) ; and such as a^, a^h, abc, &c. to 
goUda (which have tJy^ee dimensions, length, breadth, and thick- 
ne&s) : beyond this we have no corresponding quantities in Geo- 
metry; but the term dimensions, having been once employed in 
Algebra, has been retained in all other cases. 

60. Let there be given, then, two algebraical quan- 
tities, of which it is required to find the G.C.M. Ar- 
range them according to powers of some common letter, 
and divide the one of higher dimensions by the other ; 
or if the highest index happen to be the same in each, 
take either of them for dividend. Take now, as in 
Arithmetic, the remainder after this division for divisor, 
and the preceding divisor for dividend, and so on until 
there is no remainder : then the last divisor will be the 
G. C. M. of the two given quantities. 

Ex. Find the G. c. M. of .v^ - 7.r-f 10 and 4.r^ - 2ar' +20.r-f25. 

' .r'-r.r+lO) 4r5-25.r'-f20.i'-h25 (4r+3 
4r»~2at^-f40>r 

af8-21 .r+30 

.r-~5).T3-7:r+10(.c-2 

-2.r-f-10 
Ans, x-5, -2.r4-10 

We may as well observe, that the expression Greatest cm., 
which has been adopted from Arithmetic, must be understood in 
Algebra as applying not to^the numerical magnitude, positive op 
negative, of the quantity, but to its dimensions only, on which ac- 
coimt it is sometimes called the Highest c.ic. Thus it would be 
quite immaterial, whether, in the above example, we consider the 
O.C.H. to be x—5 or b—xi and either of these, in fact, might 
be made numerically greater than the other, by giving different 
values to j:. . 
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Ex. 32. 

find the e.cic. 

1. Of ar»+J:-2 aDd 3x'-f 4r-4 

2. Of 6:r»+7.r-3 and 12a;^+16x-3. 

3. Of 9:r»-2o and 9.i*+ar-20. 

4. Of ar»+14r-15 and 8.f5+30.r-+13.r-30. 

5. Of 4r»+ar-10 and 41^+7^-=*- Or -15. 

. 6. Of 2ar*+a:'-20j:»-7x+24and 2.T*+ar»-iai^-7a-+15. 

61. If the given quantities have both or either of 
them, in any case, simple factors, as in (57), these must 
be struck out, and the Kule applied to the resulting 
quantities. Then the G. c. M. of these, being found as 
above, will be the same as that of the given ones ; 
except it should happen that we have to strike factors 
out of both of them, and that these factors themselves 
have a common factor. In this case the G. c. M. found, 
as above, of the resulting quantities, must be multiplied 
by this common factor, in order to produce that of the 
given ones. 

So also, whenever we convert a remainder, according 
to the Rule, into a divisor, we may strike out of it any 
simple factor it may contain. Here; however, there is 
no restriction, as in the former case ; because no part 
of such a simple factor can be common also to the new 
dividend, which, being the same as the former divisor, 
will be already clear of simple factors. It is only with 
ihejirst pair, or given quantitiesy that we shall have to 
attend to this. 

And if, moreover, the first term of any such re- 
mainder is negative, we may, for the sake of neatness, 
before taking it as a new divisor, change the signs of 
all its terms, which is equivalent to dividing it by — 1. 
This can only affect the signs of the G. C. M. 

Ex. Jlnd the g. c. h. of 

2a'»-ar*+12x*-ar'-f2.r and ar^-Oi^+ar. 

D 2 
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Here^ striMng out of the first the factor 2x' (which is common 
to all its terms) and of the second the factor Sx, we reduce the 
quantities to ar* - ^r'+Gr* - 4r4-l and ar* - 2a'^+1 j but as 2x and 
Sx have themselves a common factor x, it is plain that the original 
quantities have a common factor, x, which these latter quantities 
have not; hence the G.cic. of these, when found, must be multi- 
plied by X to produce that of the given quantities. 

- 4x \ -4x^'{-8x^-4x 

x^-2x-{-l) x*-2x*-\-l (.r»-f 2^:4-1 
x*'-2a^+x ^ 

2x^^3x^+1 
2a-3-437^-f2x 

ar»-2x+l 

In this Example, the first remainder is .reduced by dividing it 
by -4r; and, the G. cm. of these two quantities being a-*- 2x4-1, 
that of the two given quantities will be x(x^ - 2ir + 1) or 
x^-2x'^-{-x, 

Ex. 33. 

Find the g. c. m. 
1. Of a^-]-x^ and a'^+2ax-]-x^, 2. Of x^-^-x- 2 and a:*- Sx+2. 

3. Of 2.i34-arH6.r+2 and ai-3+6ar»-6.r-6. 

4. Of 2y»-l()y3+12y and 3y*-15yS-f 24y2-24. 
6. Of x^ - 6«.r'+ I2a*x - 8a^ and X^ - 4aV. 

6. Of 2.i-3 4-10a-+14.r+6 and a^4-jr»4-7.r+39. 

7. Of 3.?:3-f 3.r2-15a'+9 and 3.i'*+ar'-21.r»-9:r. 

8. Of A'^+r^y-f ^y*+y' and x*-\-a^i/-\-xi/^—y*. 

9. Of 2a^-f a*i-4a«6'-3rt63 and 4(^+«36-2a«6H«&'. 

10. Of 3a«+15a*6-3aS6«-15a26» and 10a* -30a^6-10a262 4-300^. 

11. or .'r*-2:f3y4-2.ry5-y*anda'*-2A^y4-2.ry-2.i^4-y*. 

12. Of x^+Qx^-\-lW+4x-4: and x^'\-2.i^^,6x^-12x—L 



62. If now, having first attended to the directions 
of (61), we find, at any step of our process, that the 
first term of the dividend is not exactly divisible by the 
first of the divisor, then, in order to avoid fractions in 
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the quotient, we may multiply the whole dividend by 

such a simple factor^ as will make its first term so 

divisible. 

Ex. Find the g.c.m. of ftr*y+4ry'-2y' and Sx^'\-4x^''4xy^. 

Stripping them of their simple factors^ 2t/ and 4r; (and noting 
that these contain the common factor, 2), we have 3:r"+2a:y— y' 
and 2^+«T^— y^ tu^cL proceed with these quantitieB as follows : 

3a-2+2:«y-y* 

2 

6x^H-3^-3y ^ 

23i^-\-2xy 



The G.C.M. then will be 2(x-\-y), it being plain that the e.CK. 
of 2(3a;'4-2.ry— y') and 2oi^-\-xy-y'^ will be the same as that of 
3^'-f 2»ry— y' and 2A''*+a'y — y', because the 2 introduced into the. 
first is no factor of the second quantity. 

Ex. 34. 

Find the G. c. M. 

1. Of ar^+iar+e and 8a;2+6.r-9. 

2. Of 15a,'2-a:-6andar2-3a:-2. 

3. Of 6ar»-a:-2and2Lr3-26xH8^r. 

4. Of ar3-ac«-i-2.r-2 and 12ar^-15.r+3. 

6. Of 3.r3-22^-15and 6.r*+:r3_54^.a4.18^. 

6. Of 3jr» - ar'y +^ry2 _ y3 j^^ 4 ^.s _ ^^iy _ ^^^2^ 

7. Of .r'-ftr+S and .r^-f 3^5-|-^-f-3. 

8. Of 5ar3 4-2.1-2-15.1' -6 and -70:3^4^9^210; -12. 

9. Of 20.iH^r2- 1 and 25a^+5a^-a:- 1. 

10. Of 6a74-.i5y_a^,y+3iy_y4and9.r*-3o'5y-2a:«yH3ay»-y*; 

11. Of 12x5 - 12a:3y2 + 12.r^y3 - Zxy^ and 12o^ + So^y - l^x^f 

— 6,v^y^ -f 4.?.y*. 

12. Of .r*-2.r3+^r'-8.r+8and 4x^-12x^+9x-l. 



63. In order to prove the Rule above given, it will 
be necessary to shew first the truth of the following 
statement. 
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If a quantity c be a common measure of a and b, 
it will also measure the sum or difference of any mul- 
tiples of a and b, as ma + nb. 

For let c be contained p times in «, and q times 
in b ; then a = pc, b = qc^ and ma + 7ib = mpc + w^c 
= (m/7 + ^^q) ^ 9 hence c is contained mp ± nq times in 
ma + nby and therefore c measures ma + nh. 

Thus, since 6 will divide 12 and 18 without remainder, it will 
also divide any number such as 7x12+5x18, 11x12—3x18, 
12 (or 1x12) +7 X 18, 5x12-18, &c. i.e. any number found by 
adding or subtracting any multiples of 12 and 18. 

G4. To prove the Rule for finding the Greatest 
Common Measure of Two Quantities, 

First, let the two given quantities, denoted by a and 
by have neither of them any simple factor. 

Let a be that which is not of lower dimensions than 
the other ; and suppose a divided by b, with quotient p 
and remainder c, b by c, with quotient q and remainder 
dy &c. 

h) a (p 546) 672 (1 

c) h (q 126) 546^ (4 
j7£ 504 

d)c(r 42)126(3 

rd 126 



Then, by (63), all the common measures of a and b 
are also measures of a—pb or c, and are therefore 
common measures of b and c ; and, conversely, all the 
common measures of b ' and c are also measures of 
pb-\-c OT ay and are therefore common measures of a 
and b : hence it is plain that b and c have precisely the 
same common measures as a and b^ 
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In like manner, it may be shewn that c and d have 
the same common measures as b and c, and therefore 
the same as a and b. 

And so we might proceed if there were more re- 
mainders, the quantities a, by Cy dy &c. getting lower 
and lower, yet still being such that a and by b and Cy 
c and dy &c. have the same common measures. 

But, if d divides c without remainder, then d is itself 
the greatest quantity that divides both c and dy that is, 
d is the greatest of the common measures of c and dy and 
therefore is the Greatest Common Measure of a and b. 

Thus, in tlie numerical example, the common divisors of 546 
and 672 are precisely the same as those of 126 and 546, and these 
again are the same as those of 42 and 126: but 42 is the o.cm. 
of 42 and 126, and is therefore th6 g.ch. of 126 and 546^ and 
also of 546 and 672. 

^ 

Q5. Next, let a and b have simple factors, and let 
a-sr^axi'y i=/8ft', where a denotes the product of all the 
simple fat)tors in a, and /3 of those in by and a^, V are 
the resulting quantities, when these simple factors are 
struck out : then a', Vy having neither of them any 
simple factor, will have no factor in common with a or )8. 
Now a or a/i' is made up only of the factors in a 
and a' y and b or fib' only of those in fi and V. Hence, if 
a be 'prime to /8 (that is, (fa have no factor in common 
with /8), the only factors which a can have in common 
with b must be those which a' may have in common 
with Vy that is, the G. c. m. of a and b will be the same 
as that of a' and b\ But if a and fi have any common 
factor, then this will also be common to a and by besides 
what may be common to a' and i', that is, the G. C M. 
of a and b will be obtained by multiplying the G. C. M. 
of a' and b' by the common factor of a and fi. 

Hence this case also is reduced to finding the G. c. u. 
of two quantities a' and i', which have no simple factors. 
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And> of course, the above reasoning holds if either 
a or ^ be unity, that is, if one only of the given quan- 
tities have a simple factor to be struck out. 

^^. Having shewn that we may strike any simple 
factors out of the original quantities, we shall now 
shew that we may strike them also out of any of the 
remainders. 

Let then a', b' represent quantities having no simple 
factors (either the original quantities «, i, if they have 
no simple factor, or else a, ft, reduced, as above); 
and let us apply the Rule to a', ft', dividing a' by *% 
and obtain the first remainder c : then we know that 
the G. Q. M. of a' and V is the same as that of V and c. 
Suppose now that c^^f^cf^ where 7 is a simple factor, 
and c' a compound quantity, having no simple factor. 
Then c is made up of the factors in 7 and cf ; and V 
(having no simple factor) can have no factor in common 
with 7, and therefore can have none in common with c 
but such as it may have in common with c' ; that is, 
the G. C. M. of V and c is the same as that of V and c\ 
And, of course, the same reasoning holds with the other 
remainders. 

67. Lastly, if, at any step (supposing simple factors 
struck out), the first term of the dividend should not be 
exactly divisible by the first of the divisor, as, for in- 
stance, in the case of a' and ft', we may multiply the 
dividend a' by any simple factor a', which will make it 
so divisible: for, since the divisor ft' has no simple 
factor, it can have no factor in common with a', nor 
therefore any in common with the dividend a'a'y but 
what it may have in common with a' ; that is, the G. C. M. 
of a! and ft' will be the same as that of a'a' and ft'. 

68. When one quantity contains another, as a divisor 
without remainder, it is said to be a multiple of it; 
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and a common multiple of two or more quantities is 
one that contains each of them without remainder. 

Thus, Qa^y is a common multiple of 2x^, 3xy, 6a:', &c., and any 
quantity is a multiple of any of its measures. 

Of course, the least common multiple (l. c. m.) of 
two or more quantities is the least quantity that can 
be formed, so as thus to contain each of them. 

69. To find the Least Common Multiple of two 
quantities. 

Let a and b represent the two quantities, d their 
G. 0. M. ; and let a=pdy b = qdy so that p and q will have 
no common factor. Then the least quantity which 
contains p and q will be pq^ and therefore the least 
quantity which contains pd and qd will be pqd, which 
is consequently the l.c.m. required of a and b. 

Since pqd= j = —7- 9 it appears that the L.C.M. 

of a and b may be found by dividing their product by 
their G. C M. ; or, which is more simple in practice, 
by dividing either of them by their g. C m., and mul- 
tiplying the quotient by the other. 

The L.C.M., however, of two or more quantities is generally 
formed by inspection, and, with a little practice, there is no diffi- 
culty in this, as we have only to set down the factors which com- 
pose them, omitting any that may occur more than once, and the 
product of these will be the l.c.h. required. 

Ex. 1. Find the l.c.m. of 2bjr, Gabxy, Sacx. 

Here the factors are 2ba:j 3ay, c } and the L. c. m. is Qabcxy, 

Ex. 2. Find the l.c.m. of 2a\a-\-x)j Aax(a-x), Qx\a'\'X), 

Here the L.C.M. of the simple factors is l^a^x^, that of the 
compound factors is a'-.r'j therefore the l.c.m. required is 

d3 
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Ex. 35. 

Find the L. c. m. 

1. Of 4a^bc and Gab^c; of Ojr^y and 12xy'; of «ry and a(jy — y*) ; 

of ab+ad and ab^ad. 

2. Of 8a*, 10<^by and 12a'6« ; of a*, 6a*6, lOrW, lOa'^, 6ab*, and 

i*; of Ox*, 6ar, 8a», 36a:*, Sfla:^, 60a% and 24a'. 

3. Of 2(o + b) and 3(«' - &«); of 4(a2- a) and 6(a« + a) ; of 

6(:r«+ay),8(:iy-y«),and lOCA-^-y'). 

4. Of 4(a»-ai«), 12(0624.53)^ 8(a»-a26)j and of 6(x^y+xy^), 

9(j:»^^y«),4(y3+:ry»). 



70. Every common multiple of 2^ andh is a multiple 
of their L. C. M. 

For let M be any common multiple of a and i, and 
m their L. c. M. ; and let M contain m (if possible) r 
times with remainder s, which will of course be less 
than the divisor m ; hence we should have. 

M^rm + s, and, therefore, s= M—rm: 

but since a and b measure both M and m, they would 
also (63) measure M—rm, or s\ i.e. Sy which is less 
than 771, would be a common multiple o£ a and b, 
contrary to our supposition that m was their least 
common multiple. Hence M will contain tti with 720 
remainder, and will therefore be a multiple of tti. 



69 



CHAPTER VI. 

FRACTIONS. 

Algebbaical Fractions are for the most part pre- 
cisely similar both in their nature and treatment to 
common Arithmetical Fractions. We shall have, 
therefore, to repeat much of what has been said in 
Arithmetic; but the Rules which were there shown 
to be true only in the particular examples given, will 
here, by the use of letters, which stand for any quan- 
tities, be proved to be true in all cases. 

71. A Fraction is a quantity which represents a part 
or parts of a unit or whole. 

It consists of two members, the numerator and rfe- 
nominator, the former placed over the latter with a line 
between them. Now we have already agreed (8) that 
such an expression shall denote that the upper quantity 
is divided by the lower ; and, in accordance with this, it 
will be seen presently that a fraction does also express 
the quotient of the num' divided by the den'. 

The den' shews into how many equal parts the unit is 
divided, and the num' the number taken of such parts. 

Thus -? means that the unit is divided into b equal paits, a of 

which are taken. 

Every integral quantity may be considered as a 

fraction whose den' is 1 ; thus a is ^. 

' 1 

72. To multiply a fraction by an integer, we may 
either multiply the num' or divide the den' by it ; and, 
conversely, to divide a fraction by any integer, we may 
either divide the num' or multiply the den' by it. 
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Thus, - X x= ~ ; for in each of the fractions -7,-r » 
00 bo 

the unit is divided into h equal parts, and x times 
as many of them are taken in the latter as in the 
former ; hence the latter fraction is x limes the former, 

that IS Y~ A ^ ^* ^^'^9 by similar reasoning, -—-r-x=-. 

Again, - -*-ar = r-, for in each of the fractions - , -— 
b ox b bx 

the same number of parts is taken ; but each of the parts 
in the latter is -th of each in the former, since the unit 

X 

in the latter case is divided into x times as many parts 
as in the former ; hence the latter fraction is -th of the 

X 

former, that is, _ = - -r- a: : and, similarly, -- x x= -. 

bx bx b 

73. If any quantity be both multiplied and divided 
by the same quantity, its value will, of course, remain 
unaltered. Hence if the num' and den*^ of a fraction 
be both multiplied or divided by the same quantity, 
its value will remain unaltered. 

Thus i = -*^ « «' = &c. and ^^- == iL = ?? = &c. 
ox ah a^hc c c* 

74. Since a= - (71), and, therefore, a divided by b 

=s-.-«-5 = - (72), it follows, as stated in (71), that a 
lb 

fraction represents the quotient of the num' by the den'. 

In feet, we may get ~tli of a units, (or o-»-6,) by taking -th 

o b 

part of each of the a units, and this is the same as a such parts 
of ope unit, which (71) is expressed by -?. 

Hence it is that, in Arithmetic, J of £3 is the same as | of 
£1, &c 
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75. To reduce an integer to a fraction with a given 
denominator, multiply it by the given denominator, 
and the product will be the numerator of the required 
fraction. 

Thus a, expressed as a fraction with den' ^^ is — ; or, with 

Mr 

den' b-c. is -_3_?£. 

The truth of this is evident from (73). 

76. The signs of all the terms in both the num' and 
den*" of a fraction may be changed without altering its 

value : thus — J" ^^""^ is identical with ^ \ fl^— -^ 

3flar— ar' a:*— 3aar * 

This follows also from (73), as the process is equiva- 
lent to that of multiplying both num' and den' by —1. 

77. To reduce a fraction to its lowest terms, divide 
the numerator and denominator by their g. C. m. 

jj^ ^ aVyg ^ _a^j^f_ ^ axy 

Ex 3 '^ ^+^+3 (3:4-3) QrH - 1) x+1 
' • a^^&x+6 " (x+S) (a:+2) " x^-^' 

^ . x^+x^+Sx-^ ^ (.r~l) ( x^-h2x +5) ^ x^^\-2xj-5 
, ^-4r+3 (x-l)(x-'S) x-S ' 

Of course, the student should consider for a moment whether 
he cannot ohtain the g. c. h. as in (58) by mere inspection. 

Ex. 36. 

Keduce to their lowest terms 

, axy+xy^ cx+x^ I lw^-f22m3: lA^-Txy 5a»6-16fl^6* 
axy ' a'ci-a'x' 33(m3-43:«y lOax - 6ay' 20ab^+iO^^^' 

o ar»-iaty» 4wtV 3g«6V Qx^y^-lSxy^ 

' ar»y-12:ry»' 2m««+2;w»«' a^bc'^ab''C'{-abc*' 12.iV-2Uy 

q oftc+Qftc-Sc' ac4-6y+«y-^&^ a^^+(ad--bc)x-'bd 

2abdf-\'lSbdf'l0cdf ^T^bx^axfb/ "SV^» ' 
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4. 






• rO«'-0ir-9^^* Ua«+llaa:+ar«' a:»-5.r»+7ar-3* 



78. If the num'^ be of lower dimensions than the 
den', the fraction may be considered in the light of 
a proper fraction in Arithmetic ; if greater, in that of an 
improper fraction, which may be reduced to a mixed 
fraction, by dividing the num' by the den', as far as the 
division is possible, and annexing to the quotient the 
remainder and divisor in the form of a fraction. 

Conversely, a mixed fraction may be reduced to an 
improper fraction, by a process sinular to that em- 
ployed in Arithmetic. 

Ex.l.^^±2^-ar-10+Al 
A'+4 a:+4 

Ex.2. x^+x+l+-^~ ^.^±}. 

x-l x—l 

Ex. 87. 

1. Reduce to mixed fractions 

ag8-f-ar-f5 CT'-fl.v4 -A-^ 2>i^-f5 10g«-17aa*4-103r' 16(33:'4-1) 
x+4k ' «+x ' x-3 ' 6a-x ' 4i-l ' 

2. Beduce to improper fractions 

x-2 a+2a^ ^•'^ x+a 
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Shew that 



3 ««+y-o» ^ (a+b+c Ha+tlc) ^^ 

2ab ^ 5S5 

. « /^+^-^va (a+6+c)(fl+ft-c)(a+c-6)(6+(?-«) 



79. To reduce fractions to a common den"", multiply 
the num"^ of each fraction by all the den" except its 
own, for the new num'^ corresponding to that fraction, 
and all the den" together for the common den'. 

The truth of this rule is evident ; since, the nume- 
rator and denominator of each fraction being both mul- 
tiplied by the same quantities, viz. the denominators 
of the other fractions, its value will not be altered,' 
though all the fractions will now appear with the same 
denominator. 

Ex. E«duce ^, -, -= to a common denominator. 

bed 

For the num" ax ex d^acd 

bxbxd=b^d and the required fractions are 
cxbxc^bc^ acd b'^d bc^ 

For the den' bxcxd= bed bed' bc(t bed 

80. If, however, the original den" of the fractions 
have, any of them, common factors, this process will 
not give them with their least common den', which, as 
in Arithmetic, will be found by forming the L. c. m. of 
the given den" : and the num' corresponding to any 
one of the given fractions will be obtained, by multi- 
plying its nmnerator by that factor, which is obtained 
by dividing the L. C. m. by its denominator. 

Ex. Beduce ^-j n-r— > q — - *^ * common denominator. 

Here the L. cic. of the denominators being ^bexy^ the fractions 

uued are ^^^ ^ 26^^ 
^ Qabcx}/ Qabcxy^ Qabexy 
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Ex. 38. 

Reduce to common denominators^ 

, £ y a. .t^ ff_ z^ . 2£«y S^ Jy^ 5^ 
• a' V c' 2aV 3rtc' 4hc' 'Sa^ ' Ad'b' 5ab^' 6^' 

Q a:"® y^ a+.r a-x, 4r' .ty 

« 1 1 1 



81. To add or subtract fractions, reduce them to 
common den", and add or subtract the num" for a new 
num'', retaining the common den'^. 

T?^ 1 ^ _L y j^ 2 ftar-f flfcy-fflfts 
a abc 

Ex.2. Add j|g-,,^l^, 

.^ (14-^) (l->:r-f.t-')+(l-.r) (l-^x^-x^) ^ 2 

1+*T *«w 1-*^ 



Ex. 3. rrom , ^"^^^ , take 






Ex.4. Find the value of 2+ 



a'-h^ a+6* 



. 2(ag - 6«) 4- (a»4-^^) - (q - ft) (« - g>) „ 2aH2fl6--2y 

Ex. 39. 

Find the value of 
I a (a-b) jz , (g+ft) 3g-46 _2g-&-c , 15a -4c 
26"2(a4-6)' 2b^ S(^y 2~' 3 "^ 12 ' 

g a' __ ^ J. ^ g ft_ g-6 , ab 

^' JZh ^' Tpb ■*" ^^i' o^ a+6' H^S "^ a'-6«' 

g ^ _ (a<l-ftc>r a^4-ft' + «-6 2jr^-2A7/+y' _ .r 
c cic-^-dx) ' a«-6* — g+6* x'-.iy :r-y' 

2(a-a:) "^ 2(g+.r) "^ g«+i»' "^ '^ lic"^ bo' 
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2(a: - 1) 2{x+l) or' ' 2a+b ^ 2a-^b ^c?^ 6«' 

fl* rt(a-f.r) oi?"\-y* sr-^ a' a(a-x)' 

14 ^+y - _^ -f ^y-^ , 15. -^' _ ^"^ • _£!_. 
y :r+y x^y-y*' ' l—x {l-xf (1-^)*' 



8(1 -x) ' 8(H-:r) 4(l+a:») 



82. To multiply one fraction by another, multiply 
the numerators together for a new numerator, and the 
denominators for a new denominator. 

Suppose that we have to multiply r by - : 

let ^=^> ;7~y* •'• ^^^^9 c^dy, and ac=^bdxy\ 

hence, (dividing each of these equals by hd), — = ory ; 

hd 

but xy=2 X £, and ^ = ^i^ = P^^£t^f "««>" 
h d bd bx d product of den" 

whence the truth of the rule is manifest. 

Similarly we may proceed for any number of fractions. 

-g^ 0+6 a-6 3 ^ S(a-{-b)(a-b) ^ 3(a^-6») 
c-\-d c-d 2 2(c+d)(c-rf) 2(c«-d»y 

83. To divide one fraction by another, invert the 
divisor and proceed as in Multiplication. 

Suppose that we have to divide 7 by - : 

b d 

let-=ar, -=y; ,\ a = bx, c=idt/ ; 
b d 

hence ad=bdx. bc=bdu, and-— = _-r- = -; 

•^ be bdy y 
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Ex. 38. 

Reduce to common denommators^ 

• a' b' c' 2aV Sac' 46c' Sa' ' 4a*6' Saja' "6F* 

o J^ y' . q+»r a-x . 4r* .ty 

• a«+i»' a«-6«' fl-j:' ^a:' 3{a+6)' 6(J?"^2y 

3 1 1 1 

• 4a»(a+xy 4a»(rt-a:)' 2fl2(a«-jr^)' 



81. To add or subtract fractions, reduce them to 
common den", and add or subtract the num" for a new 
num'', retaining the common den^ 

xi -i ^ I y I 2 _ bcx-\-acy4-abz 
a o ahc 



Ex.2. Add 



\-\-X l-T 



l-for+a-*' i-x-^x^' 



(l-for+j:') (i-A-l-ar*) l + .i'^-f-A'*' 

l+^'P *.w 1-^^ 



Ex.3, rrom , ^'^''' , take 



Afi, (l+.r) (l-.r+g-^) - (l-.r) (l+a:+.i-»)_ 2>t" . 

Ex. 4. Find the value of 2+^^l - ^?. 

^^ 2(a«-6«)4-(g»+y)-(a-6)(a-6) _ 2aH2a6-2y 

Ex. 39. 

Find the value of 

• 26"2(a+6y 26"^3(^^y ~"2~' ^3 "^ "llJ 

• a-b - ' aHP6 "*" ^T^b' a^b d+b' S+S «^^^'' 

8. i! - (fl(?- 6 c).r q^-f6^ , a--b 2x^-2xi/-\-if _ ,v 
e e(C'\'dx)' a^-}^ — a-\-b^ x'^-xy x—y 

A 1 I 1 . a a-b , c-a . b — c 

2(a-a:) "^ 2(a+.r) "^ a^+^r'' "^ "^ "^1^ "^ ftc' ' 
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84. A complex fraction, Le, one which has a fraction in 
the num', or den'^, or both, may be simplified as follows: 

1_£ 2— or 

2" ^ ""2~ ^ 2-.r 1 2-.r 

^^•1- IS" "^ 2 4i " af • 

T" 
Hence observe that, when a complex fraction is put into the 

form of a ---_5B, the simple expression for it will be found by 
iraction 

taking the product of the upper and lower quantities, or extren^es, 
for the num', and that of the two middle ones, or means^ for the 
den'; and that any factor may be struck out from either of the 
extremes, if it be struck out also from one or other of the means. 



Ex.2. 


Ex. 3. 


Zv 


20 - .r 


2x 1 Or 


5-i.r 4 _ 60-ar 


^ 1 ar-1 3x-l 
3 3 


^+11 ;ir+4 4(3.r + 4) 
3 




Ex. 4. 



x+2 .r+2 



1-X+ — 1-.^+^ — - 



2_^_^3 2x-^+3 

Gv4-2 )(2j-.r«4-'3) ^ 6+7.r-£» 
" (1 -.r)(2a'- A-2-f3)+.r 3 - 3.1^4- ^^^' 

Ex. «i. 

Simplify '^ 

1 ^zi£ ^ 3 ~.r 3£+2| 2j— j£ .r-3i 
6 ' 5-y a:+2i' 3i ' |.r-i|' 2J -if 

o a: -1(3^-2) ar-|(3 + 5a-) 2i-l(£j-2) l|-|Cv-f2) 
3 y . 21 ' r(i+l)-4i^ AC:i-hl) • 

1 1 , .r^_ oH^^ _ 2y rr4:£_^«-.T 



3 IH-^'C 1-h.r 1-T 2ff' ff»+^' fl-.r a+v 
l+x l-o: 1+x 26« "fl«+6« «-.r ~ a+.r 



4. IH-*'^ A £ 

* l+f,(iEriL)' ;r-l+— 1— 1- 



4-jr l-;i-|-J^ 
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85. The following results should be noticed. 

If f . « £ then 
a 

T«,c ^^/.N abbe a b ,.., 
lH-^=l-.jor-=-(i)j -x- = -x-jar- = 5(u)j 

^+1 = ^+1, or -^=^(iii)j 

o 1 c a-i e-d ,, . 

^-1-^-1, or -J- = -J- (IT). 

Hence ?±* x * = ^±^ x :^, or ^ = £±^ (t), 
6 a rf c a c 

and 4* X -A_ = £+^ X -^, or it* -£±-^ (^;: 
6 a-b d c — a a-b c-d ^ ^ 

and any of these last may be inverted by (i), or aUenuUed by (ii) ; 

thus -^ = -^, 1 = ?^±t ?^ » ^, &c 
a+b c+rf c c+o cH-rf c-d 

So that^ If any two fractions are equal, we may combine 
by Addition or Subtraction, in any way, the num^ and den"" 
of the one, provided that we do the same with the other. 

86. The above results may be yet further generalized. 

For, if4 =.^, then !?? X ^ = ^ X^, or ^ = ?^; 
b d n b n d no nd 

and, therefore, by what has been above shewn, 

ma-+-nb ^ mc+nd , ma+nb _ mc+nd ^ nia^fib ^ mc+nd 

ma mc ^ a c ' pa pc * 

80 also 

ma-^-nb _mc-\-nd ma-\-nc mb-^-nd ma-\'nc _mb-\-nd 
j»6 pd pa pb pc pd 

tna-\'hb _mc-\-nd nia-\-nb _ ma^nb « 
ma—nb tnc—ncf mc-^-nd mc—nd^ 

Again, since 2?i±i!*=!!?£±-?!^, and £^±i? = ££±1* 

a (7 a c 

, wia4:'*^ - mc+nd « 
* pa-i^qb P<^^qd' 

Hence we see that the statement of (85) is true of any nrnk^^les 
whatever of the numerators and denominators of the fractions. 



FRACTIONS 69 

87. Further, if ^ = ^ then ^-j- - ^^ ^ = -^, &c.. ^ = -. 
Hence the previous results hold with a»,6",c",rf'*, instead of a,6,c,d'. 

88. If - = - = - , then - = ^-^ — ^= -, — ^« 

b d f b b + d'hf mb-^nd-hpf 

Fop let r "* '^ T; = 1^5 *^®^ fl«ftar, c^dx^ e^fx\ 
a f 

.•.a + c+i? = &r + d:r+/r=(6-|-rf+/)^; r.x or| = ^J|t?- 

again, ma^mbxy nc^ndx^ P^-pfa'f 

.-. ma+tw+pe « (m6+we/+ «/)a:, and .r or ^ = ma±n^pe 

«o also —»_ = _, .-.^ « 6- +(/-+/' t^ +«*+/?/"' 

N.B. The above method of proof will evidently serve, what- 
ever be the number of equal fractions. 



89. We know by Division that the fraction 

=-i_ =l+.r+.r2-f-ar»+&c.+a:«-> + .— ; 
i—x i—x 

so that =-^ — will be the difference between , and the first 

l—x 1— a: 

n terms of the series : and this difference, if x < 1, becomes 

less and less by increasing n, that is, by taking more terms of the 

series; whereas, if a: > 1, it becomes greater and greater. 

Hence, when .r < 1, the fraction expresses approximately, and 

with more and more of accuracy, according as we take more terms, 
the value of the series l+.r+or'-f &c. : whereas, when .r>l, it 
does not at all express the value of the series, imless we take ac- 

count also of the remainder — ^ — . 

1 - :i' 

Thus, if a' = |, we have --— or 2«l+|+i+5H"&<5-? ^^® ^^^ 

of which series approaches more and more nearly to 2 as its 
Limit, without ever actually reaching it. But if a:«2, we have 

-i- or -l«l+2-f 4+8+&C., the sum of which series departs 
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more and more from — 1 : the error, however, will be corrected, 
if we introduce the remainder at any step ; thus 

In all such cases we may consider the sign » as expressing-, 
not the actual equality of the two quantities, but merely that the 
fraction -can be made to assume the form of the series, and there- 
fore may be used as an abridgment for it. 

90. If .r=:l in the above, then _j!_.«1-|-1+&c., that is, — = 

an infinite nimiber of units, which is, of course, an infinitely 
great quantity, and is denoted by oo , (read mfmity). 

The meaning of this result may be thus explained, li x^l 

very nearly y so that 1 — a: is very small, then will be, of 

1 — X 

course, very great, and may be made as great as we please by still 
farther diminishing 1—x, that is, by talring x still more nearly 

= 1. When, therefore, we write ^ « oo, we are not to suppose 

the denominator actually zero (in which case the division by 
which we obtained the series would be absurd), but only a very 
small quantity ; and by using the sign oo , we mean that there is 

no Limit to the magnitude which the fraction may be made 

1—x 

to attain, by sufiiclently diminishing the denominator. 

In the same sense, we may say that-^soo, where a represents 
any finite quantity whatever. 
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CHAPTER VII. 

SIMPLE EQUATIONS CONTINUED. 

91. The following equations, involving algebraical 
fractions, may now easily be solved, by help of the 
preceding chapter, after the methods in Ex. 18, 19. 

Ex. 



I, a = — — -. 2. — h =0. 3. -H-T-'*^* 

« c X c e ah 

. ax-^h a _ cx'\-d - a{(P'\-x'^) „^,ax 

*k. — • o* . etc -f- --J-. 

c o e ax a 

6 « - A =«'- J'. 7. ^J + -^ = ffx + I ifh-cx). 

bx a.v off 

a i[4a(l+x)-l(,a-x)} =i{3«(l - .r) - \\n+.T)]. 

Q 2x+S _L 4.T _ 1 , 6x+2 .r+1 
• -4- + T ~ i ■*" ~3 6 • 

»->-|('-£)-|(»-|)««- 



92. Complex fractions in an equation should first be reduced 
by (84) ; and if, in any case, the denominators contain both gimple 
and eompowid factors, it is best to get rid of the simple factors 
first, and then of each compound factor in turn, observing to sim- 
plify as much as possible after each multiplication, 

.r-fl ^ ar+2 ^ x-\'l 
Here, first simplifying the complex fractions, we get 

7b -X . 80.r+21 5 , 23_ . 
3(ar-f 1) "^6(30:+ 2) " "*" .r + 1 ' 

then, multiplying by 16, ___4.__^ « ^-^a^i ^ 

.•.,mult. by JT+I, 875 1- 6x •^•'^^^'^'l^ "^ ^^ - 75.rH-75H-345 ; 

.•., simplifying, 

24^+J03£+^^75^^5^_^ 75 ^345.3^5^ 

.•.240a:»4-303x4-63=24ar»+296^ + 90, and ar«27, or x^^r 
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Obflerve, however, the superiority of the following method, 
which may often be applied with great advantage to e(][uatioiis 
like the preceding. 

Resuming -J^%, +'|^±^« 5 + J?,, 

^® ''*''® SC^FT) " 3(I+T) "^ 6(3^2) "^^ 
or, i:^t? + 240r+63^15 

dividing nimierators by denominators. 



• • 



Ex. 43. 

"7~"2"3ar 14' • 3" 4a: "■^""^6* 

Q ar+5. 7.r-3__4a:+6 . 2(4a:+3), 3 „« 

^- "r4—*"6^T2""T~" *• ^'+3 \?+l"^' 

1- ax . hx -y /^.r — 3_l,a: — 3 

7 Qx-\-a _Zx'h g >r-|(A--l) 31_ 3-K^~2) 
4.1+6 2.r-a ' 3 "^36 6 * 

9. ^"^4-^,,^ ,«U. 10. 



fz^TT^— .-li. 10.-^^- + 



3(3-a:) 2(l-a:) ab^ax hc-hx ac — ax 

11. ^+8>+i=;r+l. 12. 2£+« . 3£-« ,2j_ 

2x-|-l 3.r 3(;r— a) 2(.r+fl) 

a3. i{3a:-|(i+^)}+lrliE=?l±i5^£:il). 

14 >T ^a-\-x Jla-h ^g _^^4.1l^?£±2 

' a+a: a: 2.r ' ' 3a: +6 ** 2a'+3* 

16. ^(llx- 13)+K19x+3)-i(5^-25|) =28j-i(17r+4). 

17 l^^"tlZ- 12.r+2 6£--4 
T8 lar-lO" 9 • 

,« .r+lj 10-a: 4-|a:_l 

^^- ""s^'-si IT" n* 

19. J(a:-l||)-i(2-ar)-a:-Jj{6a:-K10-ar)}. 
20 §?±l?-l£l^ = ?^ 21 ^--7_ 2a:-1 6 ^ 



15 5a: -26 5 a:+7 2ir-6" 2(a:+7) 
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22. 1^2x41+^^^^62. 23. ^^^«^ . ^t^+8|. 

ar+1 .1—1 .r-1 9 a:+2 • 

24. 1Z,„_,^I0 = 1. 20. 11 + 6 7 



k+2 



&i+i7 av-10 l-2x 12X+11 ' 6a-|-5 4j.-+r 

20 1- K2^-3)-K ar-l)_3 *^-|:r 

27. i'L(7a- + 61) + ^{11^ - IQo-m} - K^ + 1) + 
i(4ar-i(3-ar)}. 

00 CJ--71 o,. .l+ie'^_4s 12|-ar 

20. 4r-l(.r-2) -[2;r-(lx- jV16- |(j: + 4)})]-§(;r + 2). 

«, 6-5x_ 7-2x^ _l+3a-_23--2| , 1 
15" 14(.r-i) 21 0' "*'105' 

Qi 8-6j.'.4a'+3 ti qo 6.r-l • i* , 48 1— .r a 

^1- 2^1+^+3 °^^- ^^- SiJ-Tl+^T+y • 7+l2.r=^' 

o, 2 .r-1 1 .r-3 1 „. 4r+18| ar+^. 1 
3 2.r + l 2 A-f-1 6 4a:+5 4r-3i 4 



93. The following are additional Problems in Simple 
Equations, presenting somewhat more of difficulty than 
those given under (41). 

Ex. 1. A fish was caught whoBe tail weighed 9 lbs. ; his head 
weighed as much as his tail and half his hodj^ and his body weighed 
as miich as his head and tail. What did the fish weigh ? 

It is sometimes convenient to take .r to represent, not the 
quantity actually demanded in the question, but some other un- 
known quantity on which this one depends. It is only experience, 
however, and practice which can suggest these cases; but this 
example is one of them. 

Let .r = weight of head ; 

.'. head and tail « a:-|-9 = weight of body ; 

.'.head, body, and tail = 2 a: + 18 « the whole fish ; 

but the head = the tail -|- | the body, 

that is, a: = 9 -|- 1 (jT -f 9) ; whence .r = 27 ; 

and 2 :r + 18 := 54 + 18 = 72 lbs., the whole weight. 

£ 
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Ex. 2. A gamester at one sitting lost | of Ms money, and thai 
won 10s, ; at a second he lost | of the remainder, and then won 
3s. ; and now he has 3 guineas left. How much money had he 
at first? 

Let X » numher of shillings he had at first ; 

haying lost | of it, he had | of it, or |x remaining ; 

he then won 10s,, and had, therefore, |:r + 10 in hand ; 

losing I of this, he had | of it remaining, that is, |(f :r + 10) ; 

and he then wins Ss., and so has |(|.r+ 10) +3 shillings, 

which, by the question, is equal to 3 guineas, or QSs, ; 

hence | (f ^+ 10) -f- 3 = 63, whence x^lOOs. = £6. 

Ex. 8. Und a number such that if | of it be subtracted from 
20, and ^ of the remainder from J of the original number, 12 
times the second remainder shall be half the original number. 

Let X s the number; 
. • . 20 - |:r = 1st remwnder, and Jo: - ^(20 - f j:) = 2nd remainder ; 
. • , 12 {i^r — ^(^ "• 1"^) } ~ a^> ^y ^® question ; whence a: = 24. 

Ex. 4. A certain number consists of two digits whose differ- 
ence is 3 ; and, if the digits be inverted, the number so formed 
will be Y of the former : find the original number. 

The latter part of the question implies that the Ist digit is the 
greater: Let x « the 1st digit, ,\x—S=^ the 2nd. The 1st 
denotes so many tens, .'.its value is 10 .r; the 2nd so many units, 
,*, its value is or -3. Hence, the n<» is = 10 a: + (»r — 3) ; 
and the n** formed by inverting the digits is « 10(.r-3)+.r; 
.'.10 (^-3)+:r « ^ (10j:-far-3); whence a:«6, x-3 = 3, 
and the n** required is 63. 

Ex. 5. A can do a piece of work in 10 days ; but after he has 
been upon it 4 days, B is sent to help him, and they finish it to- 
gether in 2 days. In what time would JB have done the whole P 

Let X ~ n® of days JS would have taken, and W denote the work : 

ip" TIT 

•,_. , »_; are the portions of the work which A, B would do in 
1\J X 

otie day ; hence in 4 days, A does ._-, and in 2 days, A and B 

together do ^^5-+ — : ..^+^+ — ^W; whence x^5. 

It is jfiain that, in the above, we might have omitted W alto- 
gether; or taken uniiy to represent the work, as follows : 
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Ay Bdo ^jr, — of the work respectively in one day, and thereforei 

4 2 2 

reasoning just as before, ^7; + tTx H ^ ^® whole work = 1, 

[In all such questions the student should notice that, if a person 

m 11 

does — ths of any work in 1 day, he will do — th of it in — th of a 

day, and therefore the tvhole work in _ dajrs. 

m 

Thus if he does f in one day, he will do ^ in | of a day, and 

.*. y or the whole in | = 2| days.] 

Ex. 6. A cistern can be fUled in half-an-hour by a pipe A, 
and emptied in 20' by another pipe B : after A has been opened 
20', B is also opened for 12', when A is closed, and B remains 
open for 5' more, and now there are 13 gallons in the cistern : how 
much would it contain when full ? 

Let X — number of gallons that would fill the cistern : then, in 
1', A brings in ^:r gals., and B carries out ^^x gals. ; but A is 
opened altogether for 32', and -B for 17' ; . ' . |§a: - |J.r = 13, whence 
a:»60 gals. 

Ex. 7. Find the time between two and three o'clock, at which 
the hour and minute hands of a watch are exactly opposite each 
other. 

Let X B number of minutes advanced by the Aour-hand since 
two o'clock: then 12x =» number of minutes advanced by the 
minute-hand, since it travels 60' while the other travels 5',* but, by 
question, the minute-hand will have advanced (10 + ^) 4- 80 = a:-f-40 
min.; ,•, 12a: = x+40, whence a: = 3j^j, and the time is 2h. 43^'. 

Ex. 8. There are two bars of metal, the first containing 14 oz. 
of silver and 6 of tin, the second containing 8 of silver and 12 of 
tin ; how much must be taken from each to form a bar of 20 oz. 
containing equal weights of silver and tin P 

Let a:=n° of oz. to be taken from first bar, 20- a? from second; 
now H of the first bar, and therefore of enery oz. of it, is silver; 

and, similarly, ^ of every oz. of the second bar is silver; 
and there are to be altogether 10 oz. of silver in the compound, 
••• l5^+i?o(20-^r) = 10, whence j:=6f, and 20-^«13|. 

Ex. 9. A father was 24 years old when his eldest son was 
bom ; and if both live till the father is twice as old as he is now, 

bs 
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the son will be then 8 times as old as now. Und the father*8 
present age. 

Let .r B the father's present age : if he attain to 2x years, his 
son's age will be then 2jr- 24 ; 

but the son's present age is a:> 24 ; 
.'. 80r-24) «2a:-24; whence j: = 28. 

Ex. 10. Divide /40 into two parts, such that the true present 
worth of one of them for 3 years, at 3^ per cent, shall exceed 
that of the other for 1 year, at 4 per cent, by £25. 

Let X pounds » one part : 40 —x, the other; 

in one instance 100 is the present worth of 100+3|x3 ; 

in the other 100 is the present worth of 100-1-4 ; 

100 lOO.^Q^^ , ^5. 
iTOi'' 104^*^ ''^~-^' 

® -r-l(40-a:) = l; or, ^ar-40.f-x=2G; 



221 26^ ^ ' ' 17 

whence :r = £34 ; and40-x«=£6. 

Ex. 11. A invested £480 in the 8 per cents., and JB £405 in 
the ^ per cents., at such prices that B had 5^ per cent per an- 
num for his money more than A had, and their incomes together 
amounted to £38. Find the price of each stock. 

Suppose A has x per cent, for his money ; 

.•. - of 100, or ^., is the price of 3 per cent stock ; 

X X 

and 480 h- ^, or ?^ is A' a no. of cents.; which X 3 gives 
X o 

24a: 24r 

-4's yearly income « -^-; hence -B's income «= 38--^; 

JB has ^ f 88 - --.- j p. c. for his money, per quest = a: + ~ p. c, 

^^(38-?|?)=9.i'-|-|; whence :r = 4l; 

and B has ^+u ^^ H P®' ^^^ ^^^ ^^^ money; 
3 
.*, 2i ®^ 100 = 72, the price of 3 per cent stock; 

^ of 100*= 101^, the price of 4} per cent stock. 
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Ex. 

1. A person bought a chaise, horse, and harness for £60 ; the 
horse cost twice as much as the harness^ and the chaise half as 
much again as the horse and harness: what did he give for 
each? 

2. In a garrison of 2744 men, there are two cayalrj soldiers to 
twenty-five infantry, and half as many artillery as cavalry : find 
the numbers of each. 

3. A person dies worth £13000 : some of this he leaves to a 
Charity, and twelve times as much to his eldest son, whose share 
is half as much again as that of each of his two brothers^ and 
two-thirds as much again as that of each of his five sisters : find 
the amount of the bequest to the Charity. 

4. A farm of 270 acres is divided among AyBjC: A has 7 acres^ 
to 11 of B, and C has half as much again as A and B together :: 
find the shares. 

5. A person has travelled altogether 3036 miles, of which h^ 
has gone seven miles by water to four on foot, and five by waten- 
to two on horseback : how many did he tr<avel each way ? 

6. The stones which pave a square court would just cover a 
rectangular area, whose length is six yards longer, and breadth, 
four yards shorter, than the side of the square : find the area of 
the court. 

7. The length of a floor exceeds the breadth by 4 ft. ; if each, 
had been increased by a foot, the area of the room would have- 
been increased by 27 sq. ft. : find its dimensions. 

8. A number of troops being formed into a solid square, it was^ 
found there were 60 over ; but, when formed into a column with 
5 men more in front than before and 3 less in depth, there was 
just one man wanting to complete it. Find the number. 

9. Divide 150 into two parts, such that if one be divided by 23; 
and the other by 27, the sum of the two quotients may be 6. 

10. The value of 140 coins, consisting of florins and half-crowns,, 
is £16 5«. : how many are there of each ? 

11. A grocer bought tea at 3<. lOd, per lb., and a third as many 
lbs. again of coffee at 1«. 4</. per lb. : he sold the tea at 4«. 2d., 
and the coffee at 1«. 6J., and so gained 50«. by the bargain : how 
many lbs. of each did he buy ? 

12. Out of a cask of wine, of which \ part had leaked away, 10 
gallons wexe drawn, and then it was | full : how much did it hold F 
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18. A met two beggars, B and C, and, having a certain sum in 
his pocket, gave ^ of it to B, and | of the remainder to C: A 
had now 2(k/. left; what had he at first ? 

14. Af after spending j^lO less than | of his yearly income, found 
that he had £46 more than | of it remaining : find his income. 

16* A boy, selling oranges, sells half his stock and one more to 
A, half of what remains and two more to B, and three that still 
remain to C: how many had he at first ? 

10. A had 18«. in his purse, and B, when he had paid A two- 
thirds of his money, found that he had now remaining two-fifths 
of the sum which A now had : what had B at first ? 

17. A and B began to pay their debts : A^s money was' at first 
I of ^'s ; but after A had paid £1 less than | of his money, and 
B had paid £1 more than | of his, it was found that B had only 
half as much as A had left : what sum had each at first P 

18. In a mixture of copper, lead, and tin, the copper was 
5 lb. less than half the whole quantity, and the lead and tin each 
5 lb. more than a third of the remainder : find the respective 
quantities. 

19. A horse was sold at a loss for 40 guineas ; but, if it had 
been sold for 60 guineas, the gain would have been three-fourths 
of the former loss : find its re^ value. 

20. A person played twenty games at chess for a wager of Ss. 
to 2«., and upon the whole he gained 5«. : how many games did 
he win P 

21. A and B have the same income : A lays by a fifth of his ; 
but B, by spending annually £80 more than A, at the end of 4 
years finds himself £220 in debt. What was their income P 

22. A and B were employed together for 50 days, each at 5s, a 
day, during which time A, by spending 6d, a day less than B, 
had saved three times as much as B, and 2^ days' pay besides : 
what did each spend per day P 

23. There are two silver cups and one cover for both. The first 
weighs 12 oz., and, with the cover, weighs twice as much as the 
other cup without it; but the second with the cover weighs a 
third as much again as the first without it. find the wei^t of 
the cover. 

24. A person wishing to sell a watch by lottery, charges 6s, each 
for the tickets, by which he gains £4 ; whereas, if he had made a 
tbird as many tickets again and charged 5^^ each, he would have 
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gained as many shillings as he had sold tickets : what was the 
value of the watch ? 

26. Divide £149 among A, B, C, D, so that A may have half 
as much again as JS, and a third as much again as B and C to- 
gether; and D a fourth as much again as A and C together. 

26. A horsekeeper^ not having room in his stahles for 8 of his 
horses, built so as to increase his accommodation by one-half^ and 
now has room for 8 more than his whole nimiber: how many 
horses had he ? 

27. A sum of money was left for the poor widows of a parish, 
and it was found that, if each should receive 4«. Qd., there would 
be 1«. over ; whereas, if each should receive 6«. there would be 
10s, short : how many widows were there P and what was the sum 
left? 

28. I wish to enclose a piece of ground with palisades ) and find 
that, if I set them a foot asunder, I shall have too few by 160, 
whereas, if I set them a yard asunder, I shall have too many by 
70 : what is the circuit of the piece of ground P 

29. The first digit of a certain number exceeds the second by 
4, and when the number is divided by the sum of the digits, the 
quotient is 7 : find it. 

30. There is a number of two digits, whose difference is 2, 
and, if it be diminished by half as much again as the sum of the 
digits, the digits will be inverted : find it. 

31. Find a number of three digits, each greater by 1 than that 
which follows it, so that its excess above \ of the number formed 
by inverting the digits shall be 36 times the sum of the digits. 

32. A can do a piece of work in 10 days, which B can do in 
8 : after A has been at work upon it 3 days, B comes to help him ; 
in what time will they finish it ? 

33. A and B can reap a field together in 7 days, which A alone 
could reap in 10 days : in what time could B alone reap it ? 

34. A man could reap a field by himself in 20 hrs., but, with 
his son's help for 6 hrs., he could do it in 16 hrs. : how long 
would the son be in reaping the field by himself P 

36. A can build a wall in 8 days, which A and B can do to- 
gether in 6 days: how long would B take to do it alone? and 
how long after B has begun should A begin, so that, finishing it 
together, they may each have built half the wall P 

36. A does § of a piece of work in 10 days, when S comes to 
help him, and they take 3 days more to finish it: in what time 
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would they have done the whole, each Bepaiately, or both to- 
gether ? 

37. A cistern can be filled by twa pipes, A and -B, in 24' and 
SO* respectively, and emptied by a third, C, in 20' : in what time 
would it be filled if all three were running together P 

38. Two packages, togetlier weighing 2 cwt., are charged as 
200 lbs. net ; the deductions allowed on them being respectlTely 
9 lbs. and 13 lbs. per cwt. gross. What is the gross weight of 
each P 

39. A cistern can be filled in 15' by two pipes, A and S, run- 
ning together: after A has been running by itself for 5', B is 
also turned on, and the cistern is filled in 13' more : in what time 
woidd it be filled by each pipe separately P 

40. The sum of £330 is laid out in two investments, by one of 
which 15 per cent, is gained, and by the otlier 8 per cent, is lost; 
and the amount of the returns is £345 : find each investment. 

41. A man and his wife could drink a cask of beer in 20 days, 
the man drinking half as much again as his wife ; but, |f of a 
gallon having leaked away, they found that it only lasted them 
together for 18 days, and the wife herself for two days longer : 
how much did it contain when full P 

42. Divide £607 \s. Sd, into two sums, such that the simple in- 
terest of the greater sum for 2 years, at 3^ per cent., shall exceed 
that of the less for 2J years, at 3J per cent., by £18 IQs, 

43. A man, woman, and child could reap a field in 30 hrs., the 
man doing half as much again as the woman, and the woman 
two-thirds as much again as the child : how many hours would 
they each take to do it separately P 

44 The difference of two sums of money is £203 10«. j the 
greater is payable at the end of 8 months, and the less at the end 
of 7 months; and if the use of money were valued at 3| per 
cent, per annum for the greater sum, and at ^ for the less, 
the joint amount of their discounts would be £24 lOs, : required 
each sum. 

45. A and B can reap a field together in 12 hrs., A and C in 
16 hrs., and A by himself in 20 hrs. : in what time could (i) B 
and C together, (ii) A, B, and C together, reap it P 

46. What is the first hour after 6 o'clock, at which the two 
hands of a watch are (i) directly opposite, and (ii) at right angles, 
to each other P 
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47. A and B liare each a sum of money given them, which will 
support their families for 10 and 12 days respectively ; but ^'s 
money would support ^s family for 15 days, and ^*8 money 
^would support A's family for 7 days, with 2s, Qd. over : whut 
were the sums P 

48. A person being asked how many ducks and geese he had in 
his yard^ said, If I had 8 more of each, I should have 8 ducks 
for 7 geese, and if I had 8 less of each, I should have 7 ducks 
for 6 geese : how many had he of each ? 

^ 49. find the weight of a mass of copper and tin, 40 lbs. more 
copper than tin, to which if a quantity of copper | heavier than 
the tin be added, there will be 11 lbs. of copper for eveiy 3 lbs. 
of tin. 

50. If 19 lbs. of gold weigh 18 lbs. in water, and 10 lbs. of 
silver weigh 9 lbs. in water, find the quantities of gold and silver 
in a mass of gold and silver, weighing 106 lbs. in air, and 99 lbs. 
in water. 

51. From each of a number of foreign gold coins a person filed 
a fifth part, and had passed f of them, gaining thereby 52«. Qd.y 
when the rest were seized as light coin, except one with which 
the man decamped, having lost upon the whole | as much as he 
had gained before : how many coins were there at firat ? 

62. Fifteen sovereigns should weigh 77 dwt. ; but a parcel of 
light sovereigns, having been weighed and counted, was found to 
contain 9 more than was supposed from the weight, and it ap- 
peared that 21 of these coins weighed the same as 20 true sove- 
reigns : how many were there altogether ? 

53. A and B start to run a race : at the end of 5', when A has 
run 900 yards and has outstripped B by 75 yards, he falls ; but, 
though he loses ground by the accident, and for the rest of the 
course makes 20 yards a minute less than before, he comes in only 
half-arminute behind B. How long did the race last P 

54. A, B, C travel from the same place at the rate of 4, 5, and 
6 miles an hour respectively, and B starts two hours after A : how 
long after B must C start, in order that they may both overtake 
A at the same moment P 

55. A person invested a certain sum in 3^ per cent, stock, at 85, 
and another simi £200 greater than the former, in 4^ per cent, 
stock, at 108 ; and by the whole income thus obtained he had 4^ 
per cent, for his money : what sum did he invest in the 3| per 
GeotB.? 

m ^^^— ■—■■■■ IP I — ^^^ 

B 3 



82 SIMPLE EQUATIONg. 

Simultaneous Equations of one Dimension. 

94. If one equation contain ttoo unknown quantities^ 
there are an infinite number of pairs of values of these 
by which it may be satisfied. 

Thus in j;»10-2yi if we give any value to y, we shall get a 
conesponding yalue for x, by which pair of values the equation 
will of course be satisfied ; if, for example, we take y « I, we 
shall get jr«10-2=8; if y = 2, 0^ = 65 ify = 3, a=4j &c. 

One equation then between two unknown quantities 
admits of an infinite number of solutions ; but if we 
have as many different equations, as there are quan- 
tities, the number of solutions will be limited. 

Thus, while each of the equations .r = 10 - 2y, 4:f+4: = 8y, sepa- 
rately considered, is satisfied by an infinite number of pairs of 
yaluea of x and y, there will only be found one pair common to 
both, viz.. ^ » 2, y <= 4) which are therefore the roots of the pair 
of equations; x « 10 — 2y, and 4wr + 4 « 3y. 

Equations of this kind, which are to be satisfied by 
the same pair or pairs of values of x and y, are called 
simultaneous equations. 

If there be three unknowns, there must be three equa- 
tions, and so on : and moreover, these equations must 
all be different from one another ; i. e. must all express 
different relations between the unknown quantities. 

Thus, if we had the equation or^ 10— 2y, it would be of no use 
to join with it the equation 2ar»20-4y (which is obtained by 
merely doubling it), or any other, derived, like this, immediately 
from the former ; since this expresses no new relation between x 
and y, but repeats in another form the same as before. 

It may be observed, that if any two or more equa- 
tions be given, any equations formed by adding or 
subtracting any multiples of these equations, will be 
also true, though expressing, in reality, no new relations 
between the quantities. 

Thus if j:+3y|-4a = 9, and aa:-2y+17««26; then, subtract- 
ing the second £rom three times the firsts we hare lly — 58^2. 
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95. There are generally given three methods for 
solving simultaneous equations of two unknowns ; but 
the object aimed at is the same in each^ viz. to combine 
the two equations in such a manner as to expel5 or^ as 
the phrase is, eUmmate from the result one quantity, 
and so get an equation of one unknown only. 

First method. — Multiply, when possible, one equa- 
tion by some number, that may make the coefficient of 
X or y in it the same as in the other ; then, adding or 
subtracting the two equations, according as these equal 
quantities have different or same signs, these terms 
will destroy each other, and the elimination will be 
effected. 

Ex. 1. 4ar+y«34\ (i) 

4y+:r=16j (ii) 
Hew mult, (ii) by 4, 16y+4r = 64, 

but y+4r=34; (i) 
.•.Bubtracting, 16y =30, and .'.yB2$ 
and (ii) j7=16-4y = 16-8-8. 

Ex.2. 4r- y= 7) (i) 

3a:+4y = 29j (ii) 

Here 8^+4y«29, 

and, mult (i) by 4, lQx-4y^2S; 

.•.addmg, 19.r ==57, and .•,x=8; 
and(i) y=4r-7 = 12-7 = 6. 

Sometimes we cannot make the coefficients equal by 
multiplying only one of the equations ; but shall have 
to multiply both by some numbers, which it will be 
easy to perceive in any case. 

Ex.3. 2x+Sy^ 4| (i) 

ar-2y=-7[ (ii) 
Mult (i) by 3, 6a:+%« 12 
„ (ii) by 2, aar-4y«-14 
subtracting, 1^« 28, and .••y-25 
and(i) 2^-4-8y-4-6= -2; .•,^=-1. 
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Sometimes the solution may be simplified by first adding or 
subtriicting the given equations. 

Ex.4. •iar+ 17y«99[ (i) 



12x- lly = 38 



1(1) 
i (ii) 



subtracting, x-^- 28y = 61 
mult, by 12, 12.r+336y = 732 
subtracting (ii) 847y = 694j 

.•.y = 2, and.r«Gl-28y = 61-5G = 5. 

96. Second method. — Express one of the unknown 
quantities in terms of the other by means of one of the 
equations^ and put this value for it in the other equation. 

Ex. 5. 7j;+K2y+4) = 161 or reducing, 3oa:+2y = 76) fi) 
3y-JC^ + 2)« 8J 12y- .r = 34J (ii) 

Here from (ii) ^«12y -84, and from (i) 85(12y-34)+2y = 76, 

whence y=»3, and .'.a: = 2. 

97. Third wfMorf. — Express the same quantity in 
terms of the other in both equations^ and j)ut these 
values equal. 

Ex. 6. 5x - J(6y -f 2) « 32 ) or reducmg, 20.r - 5y = 1 30 ) (i) 

3y+i(^ + 2)« 0j 9y+ ^- 25 j (ii) 

Here in (i), y=^i(20x-im), in (u) y = i(2o - .r) ; 

. • . \l2Ox - 130) - i(25 - .r), whence .r = 7, y =» 2. 

The first of these ihethods is generally to be prefen*ed ; but the 
second may be used with advantage, wheneyer either x or y has 
a coefficient unity in one of the equations. 

Ex. ftS. 

1. 2a:-h9y-ll) 2. x+ y^a \ 3. 2.r-y = 8| 

4r+ y= 5) ax-{-hy--'P\ 2y+:i-=i9J 

4. ar+'y«6| 5. 2.r- 9y = ll| 0. hx-\-ay^h\ 

x-^-hy^a] 3x-12y«16) ax—hy^a) 

7. 2a:+3y-8-0| 8. ax^hy\ 9. 5j:4-4y = 58) 

7j:- y-5=0j x-\-y-^e J 8.r+7y»07| 

10. :r(y+7)«y(ar+l)| 11. lx+|y-13) 12. |a:+|y = 43| 
2^+20 = 3y+l J k+Jy- 5] 1-1^+ |y- 42 1 

13. 21:r-18y-901 14. 17x+30y«69] 15. iar4-lly-86\ 
26j:-.33y- 2J iar+28i^-77J 71y-14r-80j 
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a 



c a 



19. 



_y.«\ 



a 






b+y o-j-x 



17. 2x-^ 

5 

Q I x—2 



20. ^ + f «1 
6 a 



9 



18. ?+i^-l 
6 c 



ff_^« 



a 



X 

21. -+ . 
a 



1-- 
c 



a b ' 



22. K2x+%)+|.r= 8| 23. l(ar-y)+l = l(7+;i:) ) 

i(7y-ar)- y=ll| i(3-4r)+3-i(5y-7)[ 

24. |(15:r+13y)-7(*-2y+l) = 12{y-3+|(y+7§)}. 

25. x-i(y-2)-5i 26. >^.y+i(^_6y+l)=i(x-3)^ 
4y- |(x+10) =3| i(x-6y+8) .K3^-13y)+|| J 

27. i(3T+4y+8)-i(3a:-y)=5+l(y-.8) 
i(9y+&p-8)-i(x+y) = j\(7*+6) 



1 



28. 2*-y-t~ = 7 + S^ 
4 5 

A 8-^ O/ii 27/4-1 



29. :r-2y_:if .20-?^t2£) 
23 -j: 2 



y+ 



y- ^ -3Q- 73~8y 



x-18 



98. Simultaneous equations of three unknown quan- 
tities are solved by eliminating one of them by means 
of any pair of the equations, and then the same one by 
means of another pair : we shall thus have two equa- 
tions involving the same two unknown quantities, 
which may now be solved by the preceding rules. 

Similarly for those of more than three unknowns. 



Ex. 1. a:-2v-f32 = 2 

2.r-3y+ s«l 
SX" y+25«9 

From(i) 2j:-4y+6z=:4 

(ii) 2j:-3y4- s« l 

- y+5s-3 

henoe («) y = 5s-3=2, 



(i) 

(ii) Again (i) ar-Cy+ 9z»6 

(iii) (iii)ar- y+ 2«-9 



« 



.\ -5y+ 7a=-3(/8) 
but -6yH-25g« 15 («) 
.*. -18s«-18, and «»1: 

and (i) ^>2+^-as>-a 
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Ex.2. --f-«- 
X y r 



X z 



1 

9 



and otb 



b £_1 

2pqra 



(0 

(ii) 
(ui) 



From (ii) and (iii) 

X y 

ah. 
and(i)- + - = - 



1 

1 
r 



1^ 
P 



so y 



2a 

X 

2pqrb 



1^1 _ 1 ^(^-HO^-jr 



z 



2pqrc 



which latter values may be written down at once from the Sk/m- 
metry of the equations^ once it is obvious that the values of y 
and z will be of the same form as that of x, only interchanging 
(foar y) a with h, and |> with y, and (for 2) a with c, and |> with r. 



1. 2a:+3y+4a = 20 
8a:+4y+5a = 26 
3a:+6y+6a! = 31 

7. xy^x+y 
xz =2(a:+« 
y8=x3(y+« 



65) 
11 ^ 



Ex. ft6. 

2. 6a:+3y = 65 

2y- a 
ar+4«=:57> 

6. x+2y = 7 
y+2a==2 
3.r+2y=«-l 



3. 3ar4-2y- z=20\ 

2a:+8y+68=70[ 

J7- y+68=4li 

6. a^y+z\ 
b^x-^-zY 
c^x-^-y^ 



8. 2(>-y) = 82-2) 9. l^-f2y = l2-l« 

|y+|« = 8+ 
fj:+i«=10 






j;+l=.3(y-|-8) 
2.r+3z«4(l-y) 

10. y+|««ir+6 

99. We shall now proceed to problems which lead to 
equations involving more than one unknown quantity. 

Ex. 1. If 17 ducks and 20 chickens are worth 69«. 9^, and, at 
the same average prices, 15 chickens and 31 ducks are worth 
768, dd. : how many ducks are worth 14 chickens P 

Let X pence ^ the price of a chicken ; y pence a that of a duck ; 

2ar+17y- 717 (i) 

15x+31y« 921 (ii) 
subtracting, 6a; — 14y =» — 204 
mult by 3, 15.r-42y=» -612 

subtracting from (ii) 7Sy^ 1533 ; whence y » 21(f. 

«*. ;r - 18d ; and 18d x 14 -»- 21d: » 12 ducks worth 14 chickens. 
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Ex. 2. Find a proper i&action, the sum of whose numerator 
and denominator shall be 2^ times their difference^ and which 
when its numerator is increased by 1, and its denominator lessened 
by 1; shall become equal to i* 

Let X » the numerator^ and y - the denominator. 

*+y=2J(y-a-) CO 

X + 1 1 ,..v 

(i) gives 7^-%-i 0, or ?, the value of the fraction^ «f ,• 

(ii) gives 2£--y«--8 
whence a: =9, y = 21 ; and the fracHon is j^-. 

Ex. 8. A work is published in 8vo. and also in 12mo. form. If 
24 copies of the ^vo, edition with 9 of the V2ino. would exactly 
fill a box, and 27 of the 8w. with 83 of the \2mo, would exactly 
fill another box that is half as large again as the former, how 
many 12mo. copies could the smaller box contain P 

Let the size of an 8vo. copy s x measures, and that of a 12mo, 
= y measures. 

27j:+83y is the capacity of the larger box; and 24a:+9y is 
that of the smaller. 

27a:-f 38y « 1 J(24a:+9y) ; whence Ox = 13y ; 

• *. 24r-52y, and 24r+%9 or the capacity of the smaller box, 
s52y+%»61y, or 61 of the smaller books. 

Ex. *7. 

1. If 7 casks of ale with 17 of stout Cost £18 7«., and 12 casks 
of ale with 7 of stout cost £Q 12«., what are the prices per cask? 

d. A farmer parting with his stock sells to one person 9 horses 
and 7 cows for £300 ; and to another, at the same prices, 6 horses 
and f8 cows farthe eiame sum : what was the price of each P 

3. A draper bought two pieces of cloth for £12 13*., one being 
8«. and the other 9«. per yard. He sold thera each at an advanced 
price of 2«. per yard, and gained by the whole £3« What were 
the lengths of the pieces P 

4. A grocer bought tea at 8«. M. per lb., and coffee at Is, 2d, 
per lb., to the amount altogether of £12 15^ : he sold the tea at 
3«. 6dl, and the coffee at 1«. 6(f., and gained 209. by the baigain: 
how many lbs. of each did he buy P 
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5. Haying 45«. to give away among a certain number of per- 
sons, I find that for a distribution of Ss, to each man and la. to 
each woman, I shall have Is. too little, but that, by giving 2s. 6d. 
to each man and Is. Qd. to each woman, I may distribute the sum 
exactly. How many were there of men and women P 

6. A sum of £12 18s. might be distributed to the poor of a 
parish by giving ^ of a crown to each man and Is. to each woman 
and each child, or ^ of a crown to each woman and Is. to each man 
and each child, or ^ of a crown to each child and Is, to each man 
and each woman : how many were there in all ? 

7. What fraction is that, to the numerator of which if 7 be 
added, its value is | ; but iif 7 be taken from the denominator its 
value is I ? 

8. A bill of 25 guineas was paid with crowns and half guineas ; 
and twice the number of half guineas exceeded three times that of 
the crowns by 17 : how many were there of each ? 

9. A and B received £5 17s, for their wages, A having been 
employed 15, and B 14 days ; and A received for working four 
days lis. more than B did for three days : what were their daily 
wages? 

10. A girl is sent with a half sovereign to buy 3 lbs. of coffee 
aud 5 of sugar, and the change she brings home is 2id. more than 
the price of 1 lb. of coffee ; but had her errand been for 2J lbs. of 
coffee and 8 of sugar, the change out would have been 2^d, more 
than the price of a lb. of sugar. Find the prices per lb. 

11. Find three numbers, Ay B, C, such that A with half of B, 
B with a third of C, and C with a fourth of A^ may each be 1000. 

12. A person spends 2s. Qd. in apples and pears, buying the apples 
at four, and the pears at five a penny ; and afterwards accom- 
modates a neighbour with half his apples and a third of his pears 
for 13d, How many of each did he buy ? 

13. A rectangular bowling-green having been measured, it was 
observed that, if it were 5 feet broader and 4 feet longer, it would 
contain 116 feet more ; but, if it were 4 feet broader and 6 feet 
longer^ it would contain 113 feet more. Find its present area. 

14. A person having invested £2000 in the 3 per cents., and 
£3300 in the 3^ per cents., derives therefrom an income of £211 6s, 
If his investments had been £550 more in the fonner stock and 
£550 less in the latter, his income would have been just 2s, Qd, 
more. What were the respective prices of stock? 
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15. A party was composed of a certain number of men and 
T^omeny and, when four of the women were gone, it was observed 
that there were left just half as many men again as women : they 
came back, howeyer, with their husbands, and now there were 
only a third as many men again as women. What were the ori- 
ginal numbers of each P 

16. The sum of the two digits of a certain number is six times 
their difference^ and the number itself exceeds six times their sum 
by 3 : find it. 

17. There is a number of two digits, which, when divided by 
their sum, gives the quotient 4 ; but if the digits be inverted, and 
the number thus formed be increased by 12, and then divided by 
their sum, the quotient is 8. Find the number. 

18. "Fhid a number of three digits, the last two alike, such that 
the number formed by the digits inverted may exceed twice the 
original number by 42, and also the number formed by putting the 
sinffle figure in the midst by 27. 

19. A party at a tavern, having to pay their reckoning, and 
being a third as many men again as women, agree that each man 
shall pay half as much again as each woman ; but, a man and his 
wife having gone off without paying their joint share, 7* Id, 
each man and woman remaining had to pay, respectively, 3d and 
2d more. What was the reckoning ? 

20. Divide the numbers 80 and 90, each into two parts, so that 
the sum of one out of each pair may be 100, and the difference of 
the others 80. 

21. A and B play at bowls, and A bets 'B Sa to 2$ on every 
game: after a certain number of games, it appears that A has 
won Ss ; but had he ventured to bet 5« to 2«, and lost one game 
more out of the same number, he would have lost 80^. How 
many games did they play ? 

22. There is a number of three digits, the last of which is 
double of the first : when the number is divided by the sum of 
the digits, tlie quotient is 22 ; and when by the product of the last 
two, 11. Find the nimiber. 

23. An express train left Cambridge for London with a certain 
number of passengers, 40 more second-class than first-class ; and 
5 of the former would pay together Ss less than 4 of the latter. 
The fare of the whole was £44 5«. But they took up, half-way, 
26 more second-class and 10 first-class passengers, and the whole 
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faxe now Teoeiyed was | ajs much again aa before. • Wliat waa the 
fiist-daaa fate, and the whole number of passengers at first P 

24. Some smugglers found a cave, which would just exactly 
hold the cargo of their boat; viz. 13 bales of silk and 33 casks of 
rum. While unloadiag, a revenue cutter came in sight, and they 
were obliged to sail away, having landed only 9 casks and 5 bales, 
and filled one-third of the cave. How many bales separately, or 
how many casks, would it hold P 

25. A and B can do a piece of work together in 12 days, whicli 
B working for 15 days and C for 30 would together complete : 
in 10 days they would finish it, working all three together; in 
what time could they separately do it P 

26. A person rows from Cambridge to Ely, a distance of 20 
miles, and back -again, in 10 hours, the stream flowing uniformly 
in the same direction all the time ; and he finds that he can row 
2 miles against the stream in the same time that he rows 3 miles 
with it. Find the time of his going and returning. 

27. If I give 25 barrels of flour in exchange for 18 quarters of 
wheat I shall gain 4 per cent ; but if I give 16 barrels for 11 
quarters, I shall lose 49. Find the prices of wheat and flour. 

28. A certain number consists of two digits, and if the sum of 
the digits be added to ^ of the number, the digits will have 
exchanged places. By what fraction of the number must the 
diflerence of the digits be multiplied that the result may be their 
product P 

29. A person invested a certun sum of money in the 4 per cents 
at 86|, and on the stock rising to 90 he sold out, and reserving 
£40 of the proceeds, invested the remainder in 4} p^r cent stock 
at 97|, from which he derived the same income as he had at first. 
Bequired his original investment. 

30. A, B, C, sit down to play : in the first game, A loses to 
each of B and C as much as each of them has, in the second B 
loses similarly to each of A and C, and in the third C loses simi- 
larly to each of A and B : and now they have each 24s. What 
had they each at first P 



Dl 



CHAPTER Vin. 

INDICES, AND SURDS. 

100. It was stated in (45), that, when any root of a 
quantity cannot be exactly obtained, it is expressed by 

the iise of the sign of Evolution, as VS, \/2aCy S/a^ + c^, 
and called an Irrational or Surd quantity* 

It was also stated in (46) that there cannot be any 

even root oi^L negative quantity ; but that such roots may 

be expressed in the form of surds, as a/— 3, ^— a% 

4/ — {a? + i*)j and are then called impossible or imaginary 

quantities. 

These we shall consider more at length in this chapter. 

It was seen in (20)^ that powers of the same quantity were 
multiplied by adding their indices ; we shall now prove this rule 
to be generally true, which was there only shown to be true in 
particular instances. 

101. To prove that a^ x a'* = a'"*", when m and n are 
any positive integers* 

Since by (9) a^^axa x'&c. {m factors) 
and a*=a x a x &c. (n factors), 
it follows that 

flW X a*= a X a X &c.(m factors) x a x a x &c. (n factors) 
= a X a X &c. (m + n factors) = a'"*% by (9). 

102. Hence («'")"= a*"* =(««)"•; 

for (a'»)~= a^fl^a'". &c. n factors = a'»^«'+'«^&c.«terms«. ^«n^ 
and (a*y=^a\a\a\ &c. wi factors = a~+"'^»**^'"^™'= a***; 

.•. since a'^^ssa*"*, we have (a'*)"=a'""=(fl"^'"; 
that is, the n^ power of the m*^ power of a^^the m** 
power of the n^ power of a, and either of them is found 
by multiplying the two indices. 

103. Hence also Va'"=(Va)'": 

for let y a~=:r, the^ a«=^(a:'»)"i=(^T ^y (102); 
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hence a=sx*, and ,*,Va=ar, and (ya)'*=a:^; 
but also, by our first assumption, V a'*=:p^ ; 

hence we have V «*" = ( V «)"* ; 
that is, the n*** root of the m*^ power of 9,^ the m^ power 
ofthevf^ root ofz^ 

104. These results refer as yet only to positive in- 
tegral indices, whichA(9) were first used to express 
briefly the repetition of the same factor in any product 

But now, suppose we write down a quantity, with a 

positive/rac^i'e^n for an index, such as a*, and agree that 
such a symbol shall be treated by the same law of Mul- 
tiplication as if the index were an integer ^ viz. al^.a = 
^w+n . — -iirhat would such a symbol, so treated, denote ? 
. Since it follows from this law, in the case of positive 
integer Sy that (a'*)"=a'"'*, we should have here also 

(ji^y^cfl^aFi and hence it appears, that a* would 
denote such a quantity as, when raised to the q*^ power ^ 
becomes equal to a^. But that quantity, whose q^ 
power =«'*, is (10) the q*** root of a^; and, therefore, 

a^=«/a^ or=:(Vay by (103). 

• Hence, when a fractional index is employed with 
any quantity, the numerator denotes a power^ and the 
denominator a root to be taken of it. 

Thus fl2 « 2"** root of 1«* power of « = Va, «* = v^«, a* « 4/ a, &c. 

2 

a» « cube root of square of a « «y a^ 
or = square of cube root of « = (v^«)' J 

S 1 9 S 

Boa'*«4/a»or«/a)'; «3» «*««« = &c., or ^/^ = 'V «' » 4^ «* « &c, 

105. Again, if we write down a quantity with a 
negative index, as a"* (where p may now be integral 
or fractional), and agree that this symbol shall be 
treated by the same law of Mult** as if the index were 
positive, what would such a symbol, so treated, denote? 
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By this law we should have a'^+^x a"^=a'"*'*~*'=a'"; 

but we have also a™+P-s- dF = ~ — = -^ = a^ : 

dF aF ' 

so that, to multiply by /i""'*, is the same as to divide by a^; 

and, therefore, 1 x a~''= l-r-a'*, or a^ = — . 

a** 

Hence, any quantity with a negative index denotes 
the reciprocal of the same with the same positive index. 

Thus «-' = —, a-* = — , o-i = --- = -— or = ^/a-^ « . / - • 



9 

ar-'i 



= i, = J_. or =4^«-' = ^l 



a 3 v^«^ 

Hence also any 'power in the numerator of a quantity 
may be removed into the denominator, and vice versa, 
by merely changing the sign of its index. 

106. Lastly, if we write down a quantity with zero 
for an index, as a% and agree that this symbol shall be 
treated as if the index were an actual number,— what 
then would it denote ? 

Since, by this law, a*^ x a'^^a^^^^a^, it follows that 
ufi is only equivalent to 1, whatever be the value of a. 

In actual practice, such a quantity as a® would ouly occur in 
certain cases, where we wish to keep in mind from what a cer- 
tain number may have arisen : thus (a' -f 2a' + 3fl + &c.)-s- a' 
s=a + 2 + 3<r-*-i-&c., where the 2 has lost all sign of its having 
been originally a coeff. of some power of a ; if, however, we write 
the quotient o-f 2a*^-f3a--'+&c., we preserve an indication of this, 
and have, as it were, a connecting link between the positive and 
negative powers of a. 

IL p 

The quantity a' is still called a to the poicer of — , and simi- 
larly in the case of «""•, «^ ; but the word power has here lost its 
original meaning, and denotes merely a quantity totth an index, 
whatever that index may be, subject, in all cases, to the Law, 
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Ex. 

Expressy with fradioiMd indices^ 

Express^ with negative indices, so as to remove all powen, 
(i) into the numerators, and (ii) into the denominators, 

Q 1,2 .8 ,4a, 66 «» , Sa^ 6a . 46 . 2ft» 

. a» . 4<^ , 26c . 1 . a6 26gc' . 8 . 6c 
• 86V'**555"*" a ■^3a6c' 2-yc"^ 3>v/a' 44/S5J5i"^aii^6»' 



Express, with the sign of Evolutionf 

5 a* , a'6* , 2a*c* , 6*c' , 6^c* 
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6. aa+2a8+3a*+4a»-|-a*; -^+"^+ — r+— r+-x- 

6* 2ca 36a 4at 6a* 

Express, with positive indices, and with the sign of Evoluiian, 
6. a-»6c+a6-«c+a-»6--»c-'»+a-'6-V; a-|+«a 6-|+flrf 6l+6~t- 
^ a-«6-« _j_ 2a , 86-»c-^ , 1 a-« 6"^ 6"^ , o"^ 

107. It follows, then, that, whatever be the indices, 

a~ X a"= a***'*, — = a™ x — = a"* x a"* = a***, (a~)*=: a*"*; 

a'* a* 

80 that (i) to midtiply any powers of the same quantity, 
we must add the indices, (ii) to divide any one power 
of a quantity by another, we must subtract the index of 
the divisor from that of the dividend, and (iii) to obtain 
any potcer of a power of a quantity, we must multiply 
together the two indices. 

Thus 

1 84-1 ^ _1 _i .14.* X 

a*xa-2 = a«-« = a, a»-i-a~i = a 2:5:02, a ^-^a^^^a a^aa"» 

■ 1 8 / —1 9 I —19 
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Ex. 1. MuU^Ucation. 

B 119 1 4 B 



8 1 9 8 j| 1 6 

fl' • • • • • — J« 
Cx. 2. Dividon, 

3 ISxBl ii i/^l 

^ -4iiara+2«V ^ - «V - 4iM:a+6fl«.r - 2a'd:« ^ar-o«;r» 

B S 8 

£^ — 4aj:^+2g^a : 

It is well to observe that no algebraic operation with homo- 
geneous quantities can destroy the homogeneity (59), which will 
be found existing throughout in all the products, remainders, quo- 
tients, &c. Mareover, in all such products and quotients, the 
Law of Dimensions will be observed, as indicated by the formulce, 
fl« X a» = «»+», a*» ■+- a» = o»--« : thus, in Ex. 2, the quotient is 
of I - 1 = 1 dimension, and all the products of |+1 = f dimensions. 
This observation will often help us to detect errors in Mult% 
Diy°, &c.^ especially in dealing with fractional indices. 

Ex. 49. 

1. Simplify . 

2. Simplify 

3. Simplify 

4 Multiply .r+2t^+3588by:r-2y2-|-3«3. 

5. Multiply a*4-aa6a4-fl45+68bya*-6a, 

6. Multiply «l-2a26^-|-4aM-8fli+16aM-826^byaa+26i. : 

881^ 8 % 1 .8 

7. Multiply aa-a'+« *-« « by ria+a»-a J^-a «. 

8. Multiply a-^+ar^y 8-|-ar8y 4+^y '^-^^y "^iT^ 

8 1 _1 1 J. ^ 

hjx^-x*y ■+.T«y *-y •. 
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9. Divide Idr-y* by 2jf*-ya^ and ar^-ij-^ by x'^-y'l. 

10. Divide a-»-046» by a »+26^, and x-^2x^+l by x^ -2:^+1. 

11. Divide 8««+ft"^-c+6<ia6"»c»" by Sfl'+ft'a-cl 

12. Find tbe cubes of a^'^ + a~ »6 and fdr^y" ^ - ^a:" ^ys^ 

13. Find the cube of a'+2«»6«+3*i 

14. Write down tbe square of o8-2o» +3- 2a~3+fl"' a, 

16. Find the fourth and fifth powers of o-^-ya, and a^b'^-a'^b^. 

16. Find the square root of o'ft-»+2aft-H3+2a-i6+fl-«&». 

17. Find the square root of 

af-8rt+8_3fll_21aH45-63«"H90a"?-i08a"*+81a~i 

18. Ilnd the cube root of 

a" ^x^ - S€t-^x-\-6a'*x^ - 7+eaa;r"« - Sax^^ -^-O^x'k 

19. Find the fourth root of 

_1 6 1 t IB n 

20. Find the fourth root of 

lOi* - 96.1 2y?+ 2iar»y5 - 216A«y* + 81y». 



108. Since every fractional index indicates by its 
denominator a root to be extracted, all quantities 
having such indices are expressed as surd^. 

When a negative quantity has the denominator of 
its index (reduced to its lowest terms) even (46), the 
expression will be imaginary. 

Thus >/-3 or (— 3)a, i^ - 9 or (-9)*, are imaginary quan- 

iSties; but (-4)« is not so, since it is the same as (—4)% where 
the root to be taJren is odd, 

109. In the case of a numerical surd, expressed with 
a fractional index, should the numerator be any other 
than unity y we may take at once the required power, 
and so have unity only for the numerator, and a simple 
root to be extracted. 

Thus 2^ » (2«;^ «4^ or -^4, 3""« = (3-»)i = (^\)i or ^^, 
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110. Quantities are often expressed in the ybrm of 
surds^ which are not really so, i. e. when we can^ if we 
please, extract the roots indicated. 

Thus ^a, ^7y (a^-\-ah-{-h'^y are actudUy surds, whose roots we 

canuot obtain; but >/a', v^27, (4a* -|- 4fl6 + 6^)* are only appo" 
rently so, and are respectively equivalent to o, 3, 2a+&* 

Conversely, any rational quantity may be expressed 
in the form of a surd, by raising it to the power in- 
dicated by the denominator of the surd-index. 

Thus 

111. In like manner a mixed surd, Le. a product 
partly rational and partly surd, may be expressed as an 
entire surd, by raising the rational factor to the power 
indicated by the denominator of the surd-index, and 
placing beneath the sign of Evolution the product of 
this power and the surd-factor. 

Thus 2a/3 = a/4x v^3=^12, 3.23 = 3s/4 = -y27 x 4^4- s/108, 

Conversely, a surd may often be reduced to a mixed 
form, by separating the quantity beneath the sign of 
Evolution into factors, of one of which the root re- 
quired may be obtained, and set outside the sign. 

Thus V20 = V4X5 = 2 v'o, \/24 « -^8 x'S = 2^/3, 
\^\\c^h = \a VS^, </ ip6 V - lab i/2d^. 

112. A surd is reduced to its simplest form when 
the quantity beneath the root, or surd-factor, is made 
as small as possible, but so as still to remain integraL 

Hence, if the surd-factor be ^^fractioriy its num^ and 
den*" should both be multiplied by such a number, as 
will allow us to take the latter from under the root. 
^ /2 /2.3 1 ,, 5 3 /24 ^ V3 » /3.6» 
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These latter fonns allow of our calculatiDg more easily tlie 
numerical values of the surd quantities. Thus to find that of ^/l, 
we should have had to extract both V'2 and //3, and then to 
divide one by the other, a tedious process, since each would be 
expressed by decimals that do not terminate ; whereas in ly/6, we 
have only to find >/6, and divide this by the integer 3. 

Similar surds are those which have^ or may be made 
to have^ the same surd-factors. 

ThuS; d^/a and >/a; ^at^c and Sb^^c, are pairs of similar 
surds ; and \/8, v^50, v^ 18 are also similar, because they may be 
written 2^2, 5>/2, 3v/2. 

Ex. so. 

S 9 9 8 1 S 

1. Express 4*, 9», 8" 3,2"*, (§)"*, (1)"* with indices, whose 
numerator is unity. 

2. Express 6, 2|, fa, fa', |(a+^)f as surds, with indices 1 and |. 

3. Express 3-«, (3|)-', ar-^, ab-^c^, with indices | and - J. 
Reduce to entire surds 

4 6v^6, 2 VI, |.8t, IVlf, |(|)-5, 26(li)-t. 

6. 3^2, 8.2-^4.2? S-S"*, |(|)-», i(f)-i. 

6. 2v/<J, 7«V2a-, a(aJ)->, (a+6)(o»-i»)-*, (0-6) (a»-J»)->, 

_ /2* o /2a 2o»/36 2o»/9 , . /(i-.r 

7. a^ -, Sax^ 3J ' SlV 2^ ' "S V 4^' («+*)V ^+^- 

Reduce to their simplest form 

8. >v/46, v/125, 3v/432, 4/135, 34^432, v^|, 24^1, S^^f, 44^3f. 

9. 8*, 32t, 72t, (l|)-5^ (201)-*, (30|rM^y, ^4^4^, f^^f. 

10. Shew that >v/12, 3V'75, Ja/147, f^/^ <^^, and (144)4 
are similar surds. 



113. To compare surds with one another in mag- 
nitude^ express them as entire surds^ and then reduce 
their indices, if necessary, to a common denominator, 
simplifying as in (109): their relative values vnll be 
now apparent. 
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Thus 3 a/2 and 2^S, expressed as entire surds, are a/18 and 
iv/12y and it is at once plfun whicli is greatest : but 3 a/2 and 2v^3, 
or their equivalents v/18 and ^^24, in which diffei^eiit roots are to 

1 s 

he taken, cannot he at once compared; here then 18^ » 18^ » <y 5832, 

and 24^ » 24^ » 4^576, and now their comparative values are 
evident. 

114. To add or subtract surds^ reduce them, when 
similar, to the same surd-factor, and add or subtract 
their rational factors. 

Thus a/8+v'60- a/18 = 2a/2+5 a/2 -3a/2=:4a/2, 
^a^^¥ -f Is/ Mb - «yi25fl«6* = 4a^^h + 2a%^h - ^a^h^h 

Dissimilar surds can only be connected by their signs. 

115. To multiply surds, reduce them (113) to the 
same surd-index, and multiply separately the rational 
and surd factors, retaining the same surd-index for the 
product of the latter. 

Thus a/8x3a/2 = 3a/16-12, 2a/3 x 3a/10 x 4^/6=24a/180 
= 144a/6, 2A/3x3-^2=:2.e/27x3^4:=:6-yi08. 

Compound surd quantities are multiplied according 
to the method of rational quantities. 

Ex. 1. (2±a/3)« = 4+4 a/3+3 = 7±4 a/3. 

Ex. 2. (2+a/3) (2-a/3) = 4-3 = 1. 

Ex.3. (2+a/3) (3-v'2)=6+3a/3-2a/2-v/6. 

Ex. 4. (1 + a/2)* = 1+4a/2+12+8a/2+4 = 17+12a/2. 

116. Division of surds is performed, when the divisor 
is a simple quantity, by a process similar to that for 
multiplication. 

Thus (8a/2-12a/3+3a/6-4)+2a/6 = 4a/^-6a/|+|~;^q 

-|^3-3A/2+|-iA/6, 
(2 a/3 - 64/2) -4- a/6 = 2 a/I - 6.5/^ = a/2 - 4^864. 

117. But, if the divisor be compoundy the division is 
not so easily performed. The form, however, in which 

f2 
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compound surds usually occur. Is that of a binomial 
quadratic surd, t. e. a binomial, one or each of whose 
terms is a surd, in which the square root is to be taken, 
such as 3 X 2 \/5, 2\^S — S v/5, or, generally, Va± ^/ft, 
where one or both terms may be irrational ; and it will 
be easy in such a case, to convert the operation of 
division into one of multiplication, by putting the divi- 
dend and divisor in the form of a fraction, and multi- 
plying both num' and den' by that quantity which is 
obtained by changing the sign between the two terms 
of the den*". By this means the den' will be made 
rational: thus, if it be originally of the form \/aHh \/ft, 
it will become a rational quantity, a— J, when both 
num' and den' are multiplied by Va± Vb, 

F 1 2±_^^ « (?^+y^) (3 -a/3) C+3a/3-2^/3-8 

' 3 4-V3 (S+v"-}) (3-V3) 9-3, 

_34-\/3 
-• 

17^ 9 1 2v^+>/3 2V24-A/3 

^^' "' w;/2^vi — 8^3 — — 5 — 

Fractions thus modified are considered to be reduced 
to their simplest form, for the reason mentioned in 
(112). 

Ex. SI. 

1. Compare 6^/3 and W7 , 3*^3 and 2^/10; 2-^16, 4-^2, 
and 3s/5; V5 and ^11; \^'2 and \4/27 -, V5,' 2^§, and 

3 (4D4 

2. Simplify A/128-2v/50-f ^/72- ^/18, -^40- 1-^320-1-4/ 186. 

3. Simplify 8v'|-|^12-f4v'27-2^/j, -^72- 34^1+ 64^21 1. 

4. Multiply 3V'8 by 2^6, 3^15 by 4-v/20, and 2-^4 by 3-^54. 

5. Find the continued product of ^^Q, 2^Q, and 31^54; and 
of2>>/24, 3-yi8, and 44/24. 

6. Multiply 3v'3-|-2V'2 by >v/3-^/2, and 2./16-v'6 by 
v/5-h2.v/2. 

7. Find the continued product of 4+2^/2, 1-^/3, 4— 2\/2, 
V2+^Z, l-*-'v/3, and -v/2->v/3. 

8. Div. 2v'3+3v^2-f v'SO by SVQ, and 2v'3+34/2-h'y30 
by 3^2. 
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9. Eationalize the denominators of 

1 4 8 8-5y2 3+^5 4^/7+3^/2 

2V2-A/3' V'S-l' a/5+^2' a^2A/2' 3-V6' 5^72T2v^7• 

10. Divide 2+4^7 by 2v^7-l, 3+2^/5 by 2v/5-l, ftnd 
5-2^6 by 6-2>v/6. 

Simplify 

11. "^g+^+V^*- ^ 1 ^1 ar+'/i^ITi 

^+ a/.i^— i* 

A-s. — .- ■ .., — tt:— .— + -y.^^ 7r.=r-, and t 

^/A^^^l-^/x'-l ^/x'-^l + ^/x^-l 4(1+ V^r) 



4(1-V'.r) '2(1+^) 



118. The following facts should he noticed. 

(i) The product of two dissimilar surds cannot be 
rational. 

Let ^/a^x \/y^my a rational quantity: ,'.xy^w?i 

, m^ m^ :i , ^ m , 

hence y = — = -^x, and >/y ^ — \/ar, 

XX X 

or Vy may be made to have the same surd-factor as 
Vx\ that is, ^/a^ and Vy must be similar surds (112). 

(ii) A surd cannot equal the sum or difference of a 
rational quantity and a surd, or of two dissimilar surds. 

For let Va=ix± \/y, .•.a=ar*+2ar \^y + y; 

whence +2ar v'^y = a— o:^— y, and ± \/y= — ^ — -, 

2ir 

or a surd = a rational quantity, which is absurd. 

Again, let v'a= \^x± ^/y, .•.flr = .r + 2 ^xy-^-y^ 

whence +2 Vo^yssa— ar— y, and ± v^a:y = ^(a— x— y), 
or the product of two dissimilar surds = a rational 
quantity, which is impossible. 

(iii) ijf a+ \/br=x+ \/y, theri a=x, and \/b= ^y. 

For8incea+ v'i=ar+ >/y,wehave\/6 = (a:— fl)+ vy, 

BO that, if X be not equal to a, we shall have V ^sssum 
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of a rational quantity and a surd, which is impossible ; 
hence a:=tf, and .•. >/6= \/y. 

Hence also, if a + v J=ar+ A/y,thenfl— y/b^x^ \/y; 
and, if a+ Vft=0, we must have separately a =0, and 
i=0; otherwise we should have Vb=—a^ or a surd 
= a rational quantity. 

(iv) If v/a+ v^b=x+ Vjftlien ^^a— \/b=x-- Vy. 

For since ^^a-i- v/i=:x+ y/y^ we have, squaring, 
a-f Vi=ar*4-2x\/y-fy, .-.flfsx' + y, and v'J=2x v^j/; 
whencea— v/i=^^""2x \/y+y,and v'a— v'ft=ar— \/y. 

So also, if s/a-\- \/^= \/x+ \/y, then A/a— a/6 
= ^/J:— Vy. 

119. To extract the square root of a binomial surd, 
one of whose terms is rational, the other a quadratic surd» 

Let a+ Vb represent the given surd ; 
assume \^a+ Vb=s yfx-\- A/y,.'. v^a— V J= a/jt— \/y; 
hence, multiplying these equations, ^a^^b^x-^y ; 
but, since a+ \/6 = a:+y + 2 A/ory, .'.also (118, iii) 
a=sa:+y : .*., adding and subtracting, «-f a/a*— i=2x, 
a— a/o*— i=2y; 



.•.x=i(a+ A^a2-J),y = i(a- A/a«-6), 



and A/(a± A/t)= A/3r± >/y= %^{i(a+ ^a* — i)} 

± A/{i(a-A/«'~^)}. 

Ex. Find the square root of 7+2a/1CL 

Let v'T+Sv'lO = V'.r+ A/y, . *. V'7-2V'10 = Vx—Vy ; 
and a/49— 40 = .r— y, whence 3 = a: — y ; 

but, since 7+2\/10=.r+y+2V''.TyJ .', also 7 = x+y ; 
.•.10 = 2j:, 4«2y, or.r = 5, y = 2j and A/7T2ViO = a/5+ -v/2. 

Ex. sa. 

Hnd the square roots of 
L 4+2^/3. 2. 11-*-6a/2. 3. 8-2>v/16. 4. 38-12^10. 
6. 41-24v^. 6. 2J-V6. 7. 4J-|>v/3. 8. JH-|a/2. 

Find the fourth roots of 
9. 17+12V2. 10.66-24^5. 11. 1^/6+81. 12.48^+^53-^16. 
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CHAPTER IX. 

QUADRATIC EQUATIONS. 

120. Some equations involying surds are reducible 
to simple equations, as in the following examples. 

Ex.1. Vl2+i-2-fVj:. 
Squaring, we have 12-fa: = 4+4 >/ J7+^' ; . * • ^*Jx = 8, and >Jx = 2, 
or x = 4. 

Ex.2. 3+a:-'/?+9 = 2. 

Here v^ar^-f9al+j:: [observe in other similar cases to take 
this step, when possible, by which we get the surd 6y iUelf on 
one side; and so it will disappear upon squaring :] 

hence ar'-f-9 = l+2j:-f:i'*, and a; = 4. 

Ex. ss. 

1. 'i/5(.r+2) = >/6a +2. 2. 'Jx - Vo+i = W^- • 

^f X 

8. Vi^4.v/6(fl+j:)=:ri, 4. ^i?+a?^ = l+a:. 

5. i4^17x-26+| = l^. 6. a^-x-s/a^o^^h. 

7. ^x^^'Jx^JT^. 8. -v/d:+>/:r+2Vai+^->/a. 

9. fl+a:-\/2aa>H?=^6. 10. a+a:+ V^+S^T? = *. 



121. Quadratic Equations are those in which the 
square of the unknown quantity is found. (X these 
there are two species : 

(i) Pure Quadratics, in which the square only is 
found, without the first power, as a:*— 9=0, &c. ; 

(ii) Adfected Quadratics, where the first power enters 
as well as the square, as a:'— 3ar+2=0, &c 

122. Pure Quadratics are solved, as in simple equa- 
tion, by collecting the unknown quantities on one side, 
and the known quantities on the other. We shall thus 
find the value of or^, and thence the value of j*, to which 
we must prefix the double sign ( ± ). 



104 QUADRATIC EQUATIONS. 

Such equations therefore will have two equal roots^ 

with contrary signs. 

Ex.1. a-'-O^O. Here .r« = 9, and or =+3. 

If we had put +:ra+3y we should still have had only these 
ttffo different values of .r, viz. a- =+3, x=— 3; since -a:«-f-3 
gives x^ -3, and -j:« —3 gives x^ +3. 

Ex.2. |(aF»+5)-|0i^+21) = 39-5ar». 

Reducing, 121a:»»1080 j .'.or* =9, and a:- +3. 

^'^' 7^T^:^"c' Here (86. VI) —^—-j::^; 

The above method of reduction from (85« vL) may always be ap- 
plied with advantage to an equation of the above form, when the 
imknown quantity does not enter in both sides of it. 

Ex. 84. 

1. Ix' = 14-ac*. 2. .rH5 = V-r* - 16. 3. (:r+2)« -4r+5. 

>i3,3flK3 17 f. f.^,7 Q6x 

l4-:r 1-x 4x^ 6.1^ 3 j: 7 

4 " * ' 5 li5 ** " 25 ' 

Q 8j:«-27 , 90+4r»_7 i^ 42'»+5 2j«->5 7a^-25 

^'^ ~m^s'^ i^+s'" 'To~""Tr"^ 20" • 

^, 10A-^-hl7 12^*+2^5.r'-4 ,« M3r^+16_ 2:t^+8 2a.-3 
^^* l8~"m'«-8 9 ' '21 &r»-ll""3"' 

2 2 

13. r-^-- + ^7...=- = a:. 

x+v2-.r' x-V2-a:* 

T^ 1 _ 1 ^g 

123. An adfected quadratic may always be reduced 
to the form, x^ +px'i-q=^0, where the coeff. of or* is + 1, 
and p, q, represent numbers or known quantities. 

Now, in this equation, we have x^+7?a:=s— y, and, 
adding {ipf to each side, wc get x^-^px + ^p^ = J^«— y. 
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by this step, the first side becomes a complete square ; 
and taking the square root of each side, prefixing, as 
before, the double sign to that of the latter, we have 

j:+ip=± ^i/?^ — ?j and x=z—^p± ^^p^—q; 

which expression gives us, according as we take the 
upper or lower sign, tw:o roots of the quadratic. 

124. From the preceding we derive the following 
fiule for the solution of an adfected quadratic : 

Seduce it to its simplest form ; set the terms involving 
X* and X on one side (the coeffl of x^ being + 1 ), and the 
known quantity on the other ; then, if we add the square 
of half the coeff. of a to each side^ the first will become 
a complete square ; and taking the square root of each, 
prefixing the double sign to the second, we shaU obtain, 
as above, the two roots of the equation. 

Ex.1. x'-6x^7. Here a'3-6;r-h9 = 7+9^16; 

whence ar-8=4:4, and j: = 3+4«7, or j: = 3-4=» —1; 
so that 7 and - 1 are the two roots of the equation. 

Ex.2. :r'+14a7«95. Here .t-^ f- 14:r +49 = 96+49 = 144; 
whence aM-7 = +12, and x^ -7+12 = 5, or x^ -7-12= -19. 

Ex. 88. 

1. a:»-2Lr = 8. 2. aH10j:=-9. 3. ar»-14a: = 120. 

4. a:«-12ar«-35. 5. x»+32a:=320. C. a:'+100.r = 1100. 



125. If the coefficient of x be odd, its half will be a 
fractioiL In adding its square to the^r^^ side, we may 
express the squaring, without effecting it, by means of 
a bracket. 

Ex. 1. :r«-5:r= -6. Here r» - 5a: + (|)« = -6+V 
»i(- 24+25)=!; 

whence .r-| = +|, and a: = f+| = | = 3, or .r=5-5- = J = 2. 
Ex.2. A'»-.r = f. Here a:«-a:+(i)» = J+i = l; 

whence J^-|"±l and xe|+l«l§, or a:»|-l = — |. 

F 3 
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1. a^+7ar=8. 2. ar^- 13a: -68. 8. a^+26:c« -10©. 

4. A«+iar- -12. 6. x34.19j;=,20. 6. ir'+lll:r=3400. 



126. If the coefficient of x be a fraction, its half wiD, 
^of course, be found by halving the numerator, if pos- 
sible — if not, by doubling the denominator. 

Ex. 1. ar^+J^PjT-ia Herea^+^:r+(|)««19+V-=H^; 
whence :r+| = + V-, *^d x^ -1+^ -8, ojx^ — |- r*" -6f. 

Ex. 2. r»+-»far = 74. Heiea;«-|-V-^+(i§)«-74+f5|= T^f. . 
whence J^+ff = ±|5; wid ^r = - 1| + f 5*= 7f , orx^ -H-f5« - 10. 

Ex. S7. 

1. j;»-Ja:=34. 2. .i^-|.r«27. 8, a;a+|a:«86. 

4. ar«-i»^ar-144. 5. .rH^^=146. 6. a^-|fA'-147. 



127. In the following Examples the equations will 
first require reduction; and since the Kule requires 
that the coeff. of x* shall be + 1, if it have any other 
coefF., we must first divide each term of the equation 
by it. 

Ex. 1. 3a:« - 20jr=6. Here .r» - f a:=|, and r» - f ar+*§^=H-* 5 
whence j:=| (10+ >/115)y the roots being here turd quantities. 

Ex 2 8^-g.ll-2^--oi 

Multiplying by 2, we have ^^^+?^LZ^=7. 

Dividing numerators by denominators, 

_6+?l+l- «=7;or ^ _ ^ -2;' 
o-o: 2.r-5 o— x 2j7— 5 ' 

whence 4r» - 23.r= - 80, otx^- \*a:= - 'f ; 

^^-'V^+¥f=lf;.'-^=2or8|. 

Ex. S8. 

1. ir=|4-J5^. 2. 2.r=4+?. 3. ^a:»-|a=i (lU+lS) • 

4 lU'»-9.r=lli. 6. 37.r-7a:»=47f 6. 2z3+l=ll (ar+2). 
7. 50.r-21^=16. 8. |:i:'+H'''=%V ®- | (ar'-8)«J(«-a), 
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o df 2 j:-1 2a: * 

16. l.^=^f. • 17. ^-8+ g(^+8) -ag-H0 

2j:+1 ar-2 .r-5 x-f-4 ;r+l 

2(2a:-l) 2(a:+l)'~4-ai' ^^' s"^ * 85* 
90 ^ ^ <n»— 4a» ^- j:4-3 :r-8_^ 

^* 3m -.2a"" 2 -4a -6m" ^^- Jirs-i+S 

22. mx^ - SlzlWl. 28. Or- ?^*=:6(a- 6).(2±*)'. 

24. f{j:*+a(a+6)}+J&r=Jr(20a+76). 



128. An equation of the form a.r*+J.r-f <?=0, or^ar*-!-^*-— <J> 
(where a, &, c, are any quantities whatever) may, however, be 
solved as follows, without dividing by the coefficient of a^. 

Multiply every term by 4a, and add 5^ to each side ; 

then 4a»j:«+4a6ar+i» = fc«-4ac, whence x^ ""^^^^"^ 

2a 

Ex. 1. 2a.'»-7:r+8=0, or2:r»-7:r» -3. Here, mult, by 4x2 

»8, and add 7^»49to each side; then iar^-6ar+49=»49-24 

= 25;.-.4v-7s»±5,anda: = l(7±6) = 3or|. 

The advanced student will find it well to accustom himself to 
apply at once (by memory) the formula above obtained for x. 

Ex.2. (ar-2)(l-a:)«4, or3^«-&r+6 = 0. 

Herea:=|(6+\/25r72)«|{5±^-47|,theroot8beingtm;?oM*fo. 

Ex. S9. 

J 1 _ 1 ^ 1 2 48 _ 165 g 

'x-l""x+3 36* 'JHF3 a:+10 

3 ^E±^-.Zzf =l£i:7-l 4 ^-7 , 4r-10 _g. 

' 3 ar-s"" 9 "" ' ' x x+6 " *' 

K 2:r . 2jr-5 qi ^ 2ar+9 . 4r-3 q , 3a:-16 



7. 



.r-4 ' a:-3 * «• 9 " 4a:+3 ' J8 

6x- Bx-^2 o Q 4.r+7 , 5— ar '4:r 

x+4 2ar-3 T5^^3+ar 9 
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129. The roots of ar* + 7?ar+?=0 arc(123) -i/?± 
V^p^-^q: hence, (i) if ip^>gy we shall have ^p^ — y 

positive, and .•. V^p^—q a, possible quantity: andsince^ 
in one root, it is taken with + , and in the other with — , 
the two roots will be real and different in value ; 

(ii) if i7?^=5', we shall have ^p^—qz=Oy and, there- 
fore, the two roots will be real and equal in value ; 

(iii) if i/?*<5'5 we shall have ip^^q negative, and 
V\p^^q impossible, and so the two roots will be 
impossible. 

Hence^ if any equation be expressed in the form 
x^-\-px'^q^O, its roots will be real and different, real 
and equal, or impossible, according as 79' > , = , or < 4y. 

So also in the more general equation, ax^ + ^x + c = 0, 
the roots will be real and different, ^eal and equal, or 
impossible, according as J^>, =, or <4ac. 

1 30. Jf a,fi represent the two roots of x^ + px -f g = 0, 
then —p^a+fi, and q=^aP. 

Fora=-i;>+ ^Jf^q, fi=- -^P" ^^Jp^l 
.•.a+/8=— /?, and a^=ip^-'{ip^ — q) = q. 

Hence, when any quadratic is reduced to the form 
x^-^px + q^O, we have 
coeff. of 2°* term, with sign changed, = 5e/m of roots, 

and 3'** term ^product of roots. 

Thus, in (124), the equation, when expressed in this form, is 
a:'- 6»r -7=0, and the roots are there found, 7 and - 1 j and here 
+6 = 7+(-l) ^8um of roots, and -7 = 7 x ( -1) =producto{ roots. 

»So also a3^ + bx + c=0, expressed in this form, becomes 

a:*+-ar+-=0; .'. = sum of roots, - = product 

a a a ' a ^ 

131. Tfa, ^ be the roots of x^-\-pX'\-q=^0, then 



QUADRATIC EQUATIONS. 109 

For, (130)j:*+7)x + g=a;'— (a4-)9)ar + a/9 

= x^— ax— ^j:-j-a^=(a:— a) (or— ^). 

So also if a, ^ be the roots of ax^ 4- J^r + c=*0, we have 

132. Hence we may form an equation with any- 
given roots. 

Thusjwithroots 2 and 3, we liave(x-2) (a:-3) =.r«-5.r+6 = 0; 
with roots -2 and J, we have (a:4-2) (j^-J) =.r'+|.r-| = 0, or, 
clearing it of fractions, 4i*-f 7a: -2 =» 0. 

This law is not confined to quadratics, but may be 
shewn to be true for equations of all dimensions. 

Thus the biquadratic whose roots are — 1, 2, — 2, 3, is 
(»+l) (a:-2) (a:+2) (a:-3)=:r*-2a^-7A^+ar+12 = 0. 

133. If one of the roots be 0,. the corresponding 
factor will be or— or x. 

Thus,withroots0,l,3,wehavea'(x-l)(a--3)=a'»-'4r'+3j: = 0. 

In such a case then x will occur in every term of the 
equation, and may therefore be struck out of each ; but 
let it be noticed that, whenever we thus strike an x out 
of every term of an equation, it must not be neglected, 
since such an equation, as it originally stood, would be 
satisfied by x=0, which is therefore one of its roots. 

Thus, in the nhove equation, we may strike an .r out of erery 
term, and thus reduce it to .1^-4x4-3 = 0, which gives us the two 
roots, 1 and 3 j but, besides these, we have the root x=0. 

Ex. 60. 

Form the equation with roots 

1. 7 and-3. 2. \ and-?. 3. 3, -3, |, -f. 

4 0, 1, 2, 3. 5. 6, -I, 11, -1. 6. 0, -1, 2, -2, \. 
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We shall now give a few examples of quadratic 
equations of two unknowns. The solution of these is 
generally more diffieult: but there are three cases of 
frequent occurrence, for which the following obser- 
vations will be useful. 

134. (i) Express, when possible, by means of one of 
the equations, either of the unknowns in terms of the 
other, and put this value for it in ,the other equation. 



Ex.1. ^r+l=?-5ty 



(i) 



X 2 



j (ii) 



From (i) we get y^x-\'\\ and, putting tliis value for y in (ii), 

we have — 1-_ = ___-, whence x^2 or-J, and .'.y*a:-|-l = 3 
x 2 

orf. 
The given equations have, therefore, two pairs of roots, 

x^2 andys3, or jr= -landysf. 

135. (ii) When either of the two equations is honuH 
ffeneous (59) with respect to x and y, in all those terms 
of it which involve x and y, put ]/=vXy by which means 
we may generally, without difficulty, obtain an equation 
involving v only, which being determined, x and y may 
then be found. 

Ex. 2. Jr»+^4-y'=«7| (i) 

2.r+3y = 8J (ii) 
Here putting vx for y, ^'(1 -j- w-f i^) = 7, (a) 

.r(2-f3r)=8; 03) 
«\ dividing (a) by the square of Qi), the x* disappears, and we have 

!+£+£!» |_, whence r=2 or 18j 

and fix)m (/3), a:(2f6) = 8, orx^l, andy»tur»2, 
or a:(2-f 54) =8, or a: = J, and y = rjr ■= 2}. 

(iii) When each of the two equations is symmetrical 
with respect to x and y, put u-^v for x and t£— t; fory. 
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Def. An expression is said to be symmetrical with respect to x 
and y, when these quantities are similarly involved in it : thus 

a^+^'^+y', 4^+6a:-f-6y-l, 2a^-arV-ary»+2y*, 
are 83rmmetrical with respect to x aud y. 

Ex. 3. ar'+y»«ia?y| (i) 

a:+y = 12 / (ii) 

Put«+»for^, andti-i;fory; 

then (i) becomes («+t;)»+(fi-i;)8»i8 (u^-v) Ctt-t?), 
ortt»+3«i;3,9(^,_^). ^^^' ^' 

and (ii) becomes (w+ ») -f (w - v) « 12, whence « = 6 : 
putting this for u in (a), 216-f-18ir» = 9 (36-.t;«), whence v^ +2 • 
.•.j:=tt+r = 6+2 = 8or4, andy=M-t? = 6+2 = 4or8. "" ' 

136. The preceding are general methods for the solution of 
equations of the kinds here referred to, and wiU sometimes succeed 
also in other equations j yet in many of these cases a little ingenuity 
wiU-often suggest some step or artifice, by which the roots maybe 
found more simply, but for which no rules can be given. 

The methods pursued in the two following examples are worthy 
of notice in this respect 

Ex.4. 3:r«-2.ty = 16^ (i) 

ar-f.3y=12J (ii) 
Mult (i) by 3, . ar»-aiy = 46, 

.... (ii) by 2.r, 43r»+6.iy «24j: ; 

.-. adding, 13jr» = 46-f-24i, or iai'2-24a:«46, whence a:«3 or 
-Ijfj and from (ii) y «! (12-2a?)=:2 or 4i§. 

Ex. 6. a^+f^^h\ (i) 

2:iy-24j (ii) 

Here adding, a;*-f 2:iy-f y» = 49, whence .r+y = +7 ; 
subtractings .r»-2a;y-f.ys= 1, whence a? -y=+l : 

if^+y=+7) .r+y«4-7\ 

and a:~y=.flj ,r-y=-lj 

.*. 2a: = 8, anda:«4, 2ar = 6, and .r =- 3, 

2y*=6, andy=*3; 2y«8,andy = 4: 

similaify, by combining the equation x-\-y^, - 7 with each of the 
two a?r-y = Hhl, we should get the other two pairs of roots, 

a:= -4, y= -3, and.r= -3, y» -4, 
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Ex. 61. 

ax'»+2y»-179J x+t/^ IJ 4y+ar = 24) 

A'^+.iy«66| 6. a:-y=2 1 

A-^ - y3 = 11 j 15(a^ - y«).T= Idty ) 

- .r»^85 4x) 8. ;ry = (x-f)(y+|)| 9. .r+y-=6| 

?"■ 9 " y a:»y»-(:i^H-3) (y«-4)J a^+y» = 72j 
.r-y = 2 ^ 

10. aTy+2.r4-y = 435) 11. .r-y- 1) 12. A^H-y3=,i89| 

3.r = 2y ) ar^-i/^=>19\ • a'»yH-.?3/« = 180J 

13. .r+y = a 1 14. .ty«o«] 15. 4/.r-»-^y = 31 16. A^+.ry-a«| 
a-24-y««6«) .r-y-6 ) A'-fy = 9) yH.iy^ft'J 



4. 2(.r-y)-ll| 5. a'24-.iy«66| 6. a:-y=2 \ 

.ry = 20j 



137. In the solution of Problems, depending on quadratic and 
higher equations, there may be two or more values of the root, and 
these may be real quantities, or imjjossible. In the former case, 
we must consider if any of the roots are excluded by the nature of 
the question, which may altogether reject frcuAmud, or neffotive, or 
surd answers : in the latter case^ we conclude that the solution of 
the proposed question is arithmetically impossible. 

Ex. 1. What number, when added to 30^ will be less than its 
square by 12 P 

Let a: be the number; then 30+»r = .r*-12, whence x^7, or 
—6: and here the latter root would be excluded^ if we require 
only positive numbers. 

Ex. 2. A person bought a number of oxen for jS120 ; if he had 
bought 3 more for the same money, he would have paid £2 less 
for each. How many did he buy P 

Let X be the number he bought : then the price actually given 

120 l^ 1*^0 

for each was — , and .•.— ^«~^— 2, whence a:«12, or — 15, 

which latter root is rejected by the nature of the Problem. 

Ex. 3. The sum of the squares of the digits of a number of two 
places is 26, and the product of the digits is 12. Find the number. 

Let :i', y be the digits, so that the number will be lOor+y ; then 
A^+y' = 25, and xy = 12, from which equations we get .r =« 3, y « 4, 
or J- «4, y = 3, and the number will be 34 or 43. In this case both 
the roots give solutions. 
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Ex. 4. find two numbers such, that their sum, product^ and 
difierence of their squares may h% all equal. ' 

Here assume a:-fyanda:-y for the two numbers: [this step 
should be noticed, as it simplifies much the solution of problems of 
this kind:] then their sum=»2j:, their pi'oduct«j:*-y', and the 
difference of their squares « 4xy ; . • . (i) 2j: = 4jy, (ii) 2,r = :r'— y' ; 
from (i)y«J, from (ii) 2a: = x*--J, whence x^l (2+^/5); and 
. • . ^+y = I (3± a/5), »r— y = 2 (1± 'v/^)* ^® numbers required. 

"Rt, 6. Find two numbers whose difference is 10, and product 
one-third of the square of their sum. 

Here, by halving 10, we can assume j:+6 and x—b for the two 
no8.j then jr»-25 = |A'», or a'» = 25x-3, whence x=^±6^-S, 
. • . x-^6 = 5(1+ -s/ — 3, which are impossible. The question in fact 
amounts to asking for two unequal numbers x and y, such that 

•'*'y ~ iC''^"^y)^ or Sxy^a,^-\-2xy-^y*, or xy^a^-\-y*, which may be 
easily shown to be impossible: for Or— y)', or a**— 2j:y-fy', is 
necessarily positive (being a square quantity) whatever x and y 
may be, and. '.jr^+y^ must be greater than 2^, unless X'^y, 

Ex. 6. What are eggs a dozen, if 2 more in a shilling's worth 
would lower the price a penny a dozen P. 

Suppose X eggs cost 12rf; .*. price of 1 =» — , and of 12 =■ * 

X X 

but if j:+2 cost Ud, then, price of 1 = —^, and of 12 = i^ , 

^-l^^-l; whence ar=16: and 1^ = 9^ 
X x-y2 X 

£Ix. 7. A man bought for £1920 a number of £50 railway shares, 
when they were at a certain discount. Afterwards, when the shares 
were at a premium equal to half the previous discount, he sold 
them all but 10 for £1530. How many shares did he buy P 

1920 
Suppose he bought x shares at £ each, and, therefore, sold 

*-10 share, at :8 15^ each. Then^-(60-l?20)=i530 g^ 

x — \0 2 \ X / or—lO 

whence x » 40 shares. 

Ex. 8. A and B have each a quantity of flour, A having 4 
barrels more than B, Thev sell their flour to each other at dif- 
ferent prices per barrel ; and the account between them is settied 
by B giving to -4 £7 \Qs, B'a quantity sold at A'a price would 
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hare amounted to £28, and A'a quantity at ^s price to £S4, 
Find how mucli was sold by each, and the rates per barrel. 

Let X'^A'a no. of barrels, y^Bs no.; then Ai rate =2^ 

y 

8Wlling8,5'«rate=.??2 ahiUingsj . hence A should receive ^^ 

X y 

shillings, and B ^l j and therefore 5?^_?§% « lee ; 

whence - = 7, or y^-^x. Also, we have j:-y = 4. Thus it will 
y 4 ^ 6 

be found that A sold 20 biurrels at 36^, and B 16 barrels at 349. 

Ex. 9. From a sheet of paper, 14 inches long, a border of uni- 
form width is cut away all round it, and the area is thereby reduced 
I ', but had the sheet been 3 inches narrower, and a border of the 
same width had been cut away, the area would have been reduced 
$ ; what was the breadth of the paper P 

Let 4r « the breadth in inches, y = width of border ; 
I of 14x4rs21jr, the reduced area. 
(14-2y)(4r-2y)-21ar; (i) 
f of 14 X (4r - 3) B 16Lr - 12, the reduced area of the smaller sheet ; 

.•.(14-2y)(4r-2y-3)-iaF-12; (ii) 
subtracting, 3(14 - 2y) = bx-\- 12 j whence y « 6 - fa: j 
(L) (14-10+|aO(4r-.104-ix) = 21r5 
or, (12+Rr) (17j:-30) = 189jr; whence .f = 3 j 4r = 12in. 

Ex. 62. 

1. There are two numbers, one of which is triple of the other, 
and the difference of their squares is 128 : find them. 

2. There are two numbers, one of which is } of the other, and 
the difference of their squares is 81 : find them. 

3. The difference of two numbers is | of the greater, and the 
sum of their squares is 356 : find them. 

4. There is a rectangular field, whose length exceeds its breadth 
by 16 yards, and it contains 960 square yards : find its dimensions. 
" 5. Li a certain court there are two square grass-plots, a side of 

one of which is 10 yards longer than a side of the other, and the 
area of the latter is ^ of that of the former. What are the lengths 
of the sides ? 
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6. A draper bought a piece of silk for £16 48, and the number 
of shillings which he paid per yard was | the number of yards. 
How much did he buy P 

7. What number is that, the sum of whose third and fourth 
parts is leas by 2 than the square of its sixth part P 

8. What two numbers are those whose difference is 5, and their 
sum multiplied by the greater 228 P 

9. There are two square buildings, paved with stones, each a 
foot square. The side of one building exceeds that of the other by 
12 feet, and the two pavements together contain 2120 stones : find 
the sides of the buildings. 

10. A detachment from an army was marching in regular 
column, with 5 men more in depth than in front ; but on the enemy 
coming in sight, the front was increased by 845 men, and the 
whole was thus drawn up in 5 lines : find the number of men. 

11. There is a number such that the product of the numbers 
obtained by adding 3 and 5 to it respectively is less by 1 than the 
square of its double : find it. 

12. A labourer dug two trenches, one 6 yards longer than the 
other, for i^l7 16«, and the digging of each cost as many shil- 
lings per yard as there were yards in its length : find the length 
of each. 

13. Bought two flocks of sheep for £15, in one of which there 
were 5 more than in the other ; each sheep in each flock cost as 
many shillings as there were sheep in the other flock. How many 
were there in each P 

14. What two numbers make up 14, so that the quotient of the 
less divided by the greater is fg of the quotient of the greater 
divided by the less P 

15. The sum of two numbers divided by their differ^ice gives 
the same quotient as if the greater number were divided by the 
less. Find the quotient. 

16. The difference between the hypotenuse and two sides of a 
right-angled triangle is 3 and 6 respectively : find the sides. 

17. A person bought a certain number of oxen for £240, and, 
after losing 3, sold the rest for £8 a head more than they cost him, 
thus gaining £59 by the bargain : what number did he buy P 

18. A tailor bought a piece of cloth for £147, from whidi he cut 
off 12 yards for his own use, and sold the remainder for £120 5s, 
charging 5 shillings per yard more than he gave for it. Hud how 
many yards there were, and what it cost him per yard P 
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19. The plate of a looking-glass is 18 inches by 12, and it is to 
be framed with a frame of uniform width, whose area is to be 
equal to that of the glass : find the width of the frame. 

20. A and B distribute £5 each in charity : A relieves 5 persons 
more than By and B gives to each 1« more than A. How many 
did they each relieve ? 

21. The fore- wheel of a carriage makes 6 revolutions more than 
the hind- wheel in going 120 yards ; but if the circumference of 
each were increased by 3 feet, the fore-wheel would make only 4 
revolutions more than the hind one in the same space. What is 
the circumference of each ? 

22. By selling a horse for £24, 1 lose as much per cent as it 
cost me. What was the prime cost of it P 

23. At what price per yard did I buy 80 yards of cloth, if having 
sold I of it at a profit of as much per £100 as 8 yards cost me, and 
the remainder at a profit of as much per £100 as 7^ yards cost me, 
my total gain was 17« 3«^ ? 

24. A and B take shares in a concern to the amount altogether 
of £500 : they sell out at par^ A at the end of 2 years, B of 8, and 
each receives in capital and profit £297. How much did each 
embark P 

25. Find three numbers, such that if the first be multiplied by 
the sum of the second and third, the second by the sum of the 
first and third, and the third by the sum of the first and second, 
the products shall be 26, 50, and 56. 

26. A and B derive equal incomes from investments in 3 and 
3 J per cent, stock, respectively. B invested £20 more than Ay 
and paid £12 15« more than A for £100 stock. Now, if A had 
invested £1855 more than he did, and the price of 3 per cent 
stock had been 2| higher than it was, his income would have ex- 
ceeded B'b by £72. Find each investment 

27. The sum of £15050 is divided between A and B. A'b 
money is invested in the 3 per cents, at a certain price; J9'« money, 
which exactly equals As amount of stock, is invested also in the 
3 per cents., when the price has risen £3 ; and B^s annual income 
is £87 lOf. more than As, Find each investment. 

We have seen that when we have only one equation 
between two unknowns, the number of solutions is 
unlimited^ and the equation is indeterminate. We shall 
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here make a few remarks upon the simpler kinds of 
such equations* 

138. If one solution be given of the equation 
ajr + Jy=:c, all the others may be easily found. 

For let x=a, y=^, be one solution of the equation 
ax + b7/ = c; then ax •\-by^ c^^aa-\-b^y or a{x—a) 
+ Hy "■ ^) = ^> which equation is satisfied by ar — a = — 6^, 
y^/3=aty where t may be any quantity whatever, po- 
sitive or negative. Hence the general values of x andy 
are given by the expressions x=ia—bty 7/=^ + at 

If the given equation be of the form ax^bt/^c, we 
should obtain in the same way, ar = a-f"i^5 y=j8 + a^, 
the same as we get by writing —i for ft in the above. 

If we require only integral values of x and y, the 
n° of solutions will be limited ; the above results will 
still apply, only we must now have a, ^, t all integers. 

139. It may be shewn however that there can be 
no integral solution of aar + fty=c, if a and ft have any 
common factor, not common also to c. 

For let a=^mdy ft = nd, while c does not contain rf; 

then mdx±^ndy^Cy or 7war + wy=-=a fraction, which 

is, of course, impossible for any integral values of x 
and y. 

We shall suppose then in future that a is prime to ft. 

140. To solve the equation ax±^by^c in integei'S. 
If we can discern one solution, we may apply (138). 

Thus 13a? -9y = 17 is satisfied by .r«2, y«l; 
whence iar-9y-17«13x2-9xl, OP 13 (;r-2)=9(y-l), 
which is satisfied hy a: - 2 = 9^, y - 1 = 13^, so that the solution is 
.r = 2-i-9<, y «1+13<, where t may have any integral value. 

But the following examples will shew the simplest 
general method of solving such an equation. 
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Ex. 1. Find the integral solutions of 3.r -f % - 73. 

Divide by the lowed coefficient, and express the improper frao* 
tions which may arise as mixed numbers ; 

then ar+y+|y-24+|, or j:+y-24«|-iy= ^y. 

1 — 2i/ 
Now, since :r+y- 24 is integral, so also is — ^, and any mul- 

o 

tiple of it ', multiply it then by such a number as will make the 
coeff. of ^ div, by the den' with rem' 1, t. e, in this case, mult, it by 2 ; 

then " y or — li^-y is int., •'.— i^ i« int. =^ suppose; hence 

2-y = 3^, ory«2-3^, andj:=|(73-5y)»21+6^. 

Thus, if we take <«0, then a:-21, y = 2 ; 
if <«l,.r=26,y=-lj if <« -1, j; = 16, y = 6; &c. 

If we require only positive integral values of x and y, then we 
cannot take t positively >|, nor therefore >0, or negatively > ^ , 
nor therefore >4; hence the values for t range from - 4 to inclu- 
sively, and thus there will be only 5 positive integral solutions. 

N.B. It may be shewn that it is always possible to find such a 
number for multiplier as we have employed above, which shall be 
less than the denominator : and this is the reason why we divide 
by the lecist of the two coefficients, in order to have the multiplier 
as low as possible. But when the denominators are both large, a 
little ingenuity will save the trouble of searching for such a num- 
ber, by some such reasoning as that in the next Ex., it being 
noticed, that the point to be aimed at is, to get the coefficient of 
y (or of Xy as the case may be) in the numerator to be unity, 

Ex. 2. Solve in positive integers 39:r— 56y all. 

Here ^-y-i|y-||; .-. 1^11 is int., and .♦. ?^^, and 

. v-^+?? or ^-^ and • ^-176 or v-4+y^- 

lety^ = <; .•.y=39<+20,anda: = JL(ll+66y)=6«+29. 

If we take < = 0, then x « 29, y = 20, which are the least positive 
integral values they admit of: but the number of such values is 
here unlimited, since we may take any positive value for t, 

Ex. 3. Find the least number which when divided by 14 and 6 
will leave remainders 1 and 3 respectively. 
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Let the number required N^ 14r + 1 s 5y +3 ; then 14r - 5y » 2, 
and Here 2ar+|a: — y = §, or 2j: - y = "" ; hence — ^ — is integral, 

8 •- 16:r 3 — :r 

and. \ also — = — , and —-^ which put =<; 

o o 

whence ;r = 3 — 5<, and y « J (14a:— 2) =8 -14^. 

If we take ^ » 0^ we have .r » 3, y « 8, which are the least positive 
integral values they admit of; and therefore the least value of N 
is 14.3+1 = 5.8+3 =s 43 ; but the n° of positive values is unlimited, 
since we may take any negative value for t 

N. B. It appears from Ex. 1, 2, 3, that when only positive integral 
solutions are required, the n° of them will be Htnited or not, ac- 
cording as the equation is of the form aa7+5y » c, or oo:— 5y = c. 

Ex. 4. Find the least integer which is divisible by 2, S, 4, with 
remainders 1, 2, 3. 

Let iV=2.r+l = 3y+2=«4«+3: then (i) 2a:-3y = l, whence, as 
before, .T = 3<-1, y = 2^-1; and (ii) 2a:-4z = 2, or 3^-22«2, 
whence t^2t\ 2 = 3^'- 1; .•. x = Gf-l, y = 4^-.l, « = 3^-l, 
whence, putting ^^ = 1, we get a: = 5, and iV= 2a:+ 1 = 11. 

Ex. 5. In how many ways may £80 be paid in pounds and 
guineas? 

Let .r = n° of pounds, y = n° of guineas ; then 20j:+21y = n° of 
shillings in £80 = 1600, and a:+y+^ = 80: put iy-<; .•.y = 20<, 
and A' = 2^5 (1600-21y) = 80—21^, which gives /o?^r solutions, or 
rather three, if we omit the solution < = 0, which gives y = 0. 

[In the Answers we shall omit all zero-values for x or y.] 

Ex. 63. 

1. Find the positive integral solutions of 

2a:+3y = 9, 4r+29y = 150, ar+29y = 151, 7a:+15y'=226. 

2^ Find the least positive integral solution of 

19a:-.14y = ll, 17a: = 7y+l, 2ar-9y=929, 8.1 =23y+19. 

3. find the number of positive integral solutions of 
8a:+4y=39, 8a:+13y = 500, 7.r+13y*40o, 2.i'+7y = 125. 

4. Giveno:— 2y+a = 5 and 2a:+y-z = 7, find the least values of 
X, y, 2, in positive integers. 

5. A person distributed 4s 2d among some beggars, giving 7d 
each to some, and Is each to the lest : how many were there in all F 
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6. Id how many ways could 12 guineas be made up of half- 
guineas and half-crowns ? In how many ways, of g^uineos and 
crowns? 

7. How many fractions are there with denominators 12 and 18, 
whose sum is || ? 

8. A wishes to pay B a debt of £1 12«, but has only half-crowns 
in his pocket, while £ has only fourpenny-pieces ; how may they 
settle the matter most simply between them P 

9. What is the least number, which, divided by 3 and 5, leaves 
remainders 2 and 3 respectively? What is the least^ which, 
divided by 3 and 7, leaves remainders 1 and 2 ? 

10. A person buys two pieces of cloth for £15, the one at &8, 
the oiiier at 111 per yard, and each containing more than 10 yards: 
how many yards did he buy altogether ? 

11. In how many ways can £1 be paid in half-crowns, shillings, 
and sixpences^ the number of coins used at each payment being 18 P 

12. A person counting a basket of eggs, which he knows are 
between 50 and 60, finds that when he counts them 3 at a time 
there are 2 over, but when he counts them 5 at a time, there are 
4 over : how many were there in all ? 

13. If I have 9 half-guineas and 6 half-crowns in my purse, how 
may I pay a debt of £4 11« 6d? 

14. A person in exchange for a certain number of pieces of 
foreign gold, valued at 29« each, received a certain number of sove- 
reigns under fifty, and Is over : what was the sum he received ? 

15. A French htiis contains 20 francs, of which 25 make £1 ; 
how can I pay at a shep a bill of 45 fr most simply, by paying 
Eng. and receiving Fr. gold only? Shew that I cannot pay a 
debt of 45tf. 

16. A person bought 40 animals, consisting of calves, pigs, and 
geese, for £40 ; the calves cost him £5 a piece, the pigs £1, and 
the geese a crown : how many did he buy of each ? 

17. Find the least integer which, when divided by 7, 8, 9, 
respectively, shall leave remainders 6, 7, 8. 

18. Three chickens and one duck sold for as much as two geese ; 
and one chicken, two ducks, and three geese were sold together 
for 26s : what was the price of each ? 

19. Find the least odd number which when divided by 3^ 5, 7, 
shall leave remainders 2, 4, 6. 

20. Find the least multiple of 7, which divided by 2, 3, 4, 5, 0, 
leaves always witti/ for remainder. 



121 
CHAPTER X. 

ABITHMETICAL^ GEOMETRICAL^ AND HARMONICAL 

PROGRESSION. 

141. Quantities are said to be in Arithmetical Pro- 
gressiauy when they proceed by a common difference. 

Thus 1, 3, 6; 7, &C., 8, 4, 0,-4, &c., a, a+d, a-f 2rf, a-\'Sd, &c, 
are in a. p., the common differences being 2, — 4, <^ reepectively; 
which are found by subtracting any term from the term folUnoing, 

142. Given a the first term^ and d the common dif- 
ference of an AR. series, to find 1 the n^ term, and S the 
sum ofn terms. 

Here the series will be a, a + rf, a'\-2d, a + 3rf, &c., 
where the coefF. of d in any term is just less by one than 
the No. qf the term : thu^ in the 2"* term we have rf, 
i.e. Irf, in the S'^, 2d, in the 4*^*, 3rf, &c., and so in the 
n*** term we shall have (n — l)rf; hence Z=a + (w — l)rf. 

Again 
5 = a + (a + rf) + (« + 2rf)+ &c. H-(Z-2rf)4-(/-rf)+ /, 
and also 
^=Z + (Z-.rf) + (Z-.2£f)+&c.4-(a + 2rf) + (a + rf) + a; 

.•.25=(rt + r)-f(a+Z)4-(a + /)+&c.=(a+0«5 
.•.S'=:(« + Z)|={2a + (w-iy}5, since /=a + (n-l)rf. 

Ex. 1. Find the \0^ term and the sum of 10 terms of 1, 6, 9, &c. 
Here a - 1, <f =: 4, n = 10 ; 

.•./«H-(10-l)4 = l+9x4 = 37; ^=(l+87)xV** = l^- 
Ex. 2. Find the 9*»» term and the sum of 9 terms of 7, 5 J, 4, &c. 
Here a = 7, «?= -f, » = 9; 

.•.?«7-f(9-l)x-| = 7-8x|=-5j >S=(7-5)x| = 9. 

Ex. 3. Find the 13'»» term of the series -48, -44, -40, &c 
Here «« -48, rf=4, « = 13 ; 

... /« -48+(13-l)4- -48+12x4 = 0. 

G 
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Ex. 4. Find the sum of 7 terms of J+J+J+&C. 
Here os^, <fai-|, n^?; and here we are not required to find / : 
• fusing the second formula, iS«(l4-6x -DI^G-l) i»0. 
In this case the series, continued^ is ^, }, f, 0, -}, -f, ^^, Sec 
where the first 7 terms together amount to zero. 

Ex. 64. 

Find the last term and the sum of 
1. 2H-4+6+&C. to 16 terms. 2. 1 -|-34-6+&c. to 20 terms, 
3. 3+9+16+ &c. to 11 terms. 4. 1+8+16+&C. to lOOterms. 
5. -5-3-1-&C. to 8 terms. 0. l+«+f +&c. to 16 terms. 

find the sum of 

7. |+^4.j^+&c. to 21 terms. 8. 4-3- 10-&C. to 10 terms. 

9. l+J+l+&ctol0term8. 10. ^ - 1 - V ■*"&«. to 13 terms. 
11. 1+2I+4J+&C. to20terms. 12. 2-ii_-Ji-&c. to 10 terms. 

143. By means of the equations (i) Z=a + (n— l)rf, 
(ii) 5=(a + Z)^, and (iii) 5^= {2a + (w-l)rf}|, when 

any three of the quantities a, d, /, n, jS are given, we 
may find the others. 

We may also employ them to solve many problems 
in A. p., as in the following examples : — 

Ex. 1. The first term of an ab. series is 3, the IS^ term, 65 ; 
find the common difference. 

Since /«66, a-3, »«13, we have by (i) 66«3+12rf, and.*. 
(f=4i. 

Ex. 2. What No. of terms uf the series 10, 8, 6, &c. must be 
taken to make 30 P and what No. to make 28 P 

(1) S^SO, ««10, /f«-25 .'.by (iii) 30 - {20-2(«-l)} |? 

and the roots of this quadratic are 5 and 6, either of which satisfies 
the question, since the sixth term of the series is zero : 

(2) 8^28, a«10, <^>- -2; and the values of n are 4 and 7^ 
either of which also satisfies the question, since the 6***, 6^, and 7^ 
terms of the series, viz. 2, 0, — 2, together » zero. 

Ex. 3. How many terms of the series 3, 6, 7, &c. make up 24 P 
Here iS«24, a -3, dm2; whence ns4 or —6, of which the 
first only is admissible by the 'conditions of the Question. 
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£bL 4. Insert 3 ab. means between 6 and 26. 

Here we have to find three numbers between 6 and 26, so that 
ihejive may be in a. p. This case then reduces itself to finding <f, 
when fl = 6, /«=26, and » = 5; we have then by (i) 26~6-h4i^, 
whence (/a5, and the means required are 11^ IQ, 21. 

Ex. 6. The sum of three numbers in A. P. is 21, and the sum of 
their squares, 179 ; find them. 

Let fl-rf, <i, a+J, represent the three numbers, (which is often 
a conyenient assumption in problems of this kind) ; 

then (a-«0+a4-(a+rf)=21, and (a-rf)*+«'+(rt+^^ = 179, 
firom which equations « = ?,</= +4, and the Nos. are 3, 7, 11. 

Ex. 6. Find four numbers in a. p. such that the product of the 
first and fourth nuiy be 13, and that of the second and third 45. 
Put x-Sy, x—y, x-^-y, .r-f 3y, for the numbers ; 

then.T«-9y«-=13, and.T»-y« = 45; .•.8y« = 32; 

hence y' = 4, and or* = 49 ; or a: = 7, and y = 2. Accordingly the 
numbers required, -ar-3y, &c., are 1, 6, 9, 13. 

Ex. 7. The sums, to n terms, of two arithmetical series are as 
13+n to 3/» - 1. Show that their second terms are as 2 to 1, and 
their fourth terms identical. 

The given ratio being for all values of n, we have the first terms 
as 13+1 to3-l, orasttolf also the sums of the first two terms 
as 13+2 to 6- 1, or as 3 to 1, and those of the first three as 13+3 
to 9—1, or 2 to 1. Choosing, therefore, 7 and 1 as first terms, 
let X and y be the common difierences, and we shall have 

14+j: : 2+y::3 ; 1 -"| whence ar=»l, 
21+3j: : 3+3y::2 : 1 J y = 3. 

• *• the 2nd terms, 7+.r and l+i/, are 8 and 4, or as 2 : 1 ; 
and the 4th terms, 7+3r and l+3y, are 10 and 10, or identical. 

Ex. 8. Find the sum of 2.5- 4.7+6.9 -8. 11 +&c., to 2/- terms. 
The wth term of the series 2+6+10 &c. = 4n -2 ; of 5+9+13 
&c.=4»+lj .•.thatof2x5+6x9+&c. isl6^i'-4«-2. 

Again, the general term of 4+8+12 &c. a4n ; that of 7+11+15 
&c.»4ii+8; .•.thatof-(4x7+8xll+&c.)is -16»«-12«. 

Hence, by addition, the general term of (2.5 - 47) + (6.9 - 8.11) 
+&C. is — 16fi-2, or — 2(8n+l) ; and we are to find the sum ol 
the8eriea-*2(9+17+25+&c.) to r terms; which is 

-r{18+(r-l)8), or -2r(4r+5). 

o2 
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Ex. 9. Find tHe 0Um ofn ternteof the series P+3>-f 6? -f'T^+^c, 
The nth tenn of 14-3+5+&C is 2»-. 1. For 1, 3, 5, &c -write 
Aj Bf C, &c., and for 2» - 1 write m. We are to find »the sum of 
^»+^+C^-i- «... +«»«, where ^=-4+2, C=-B+2^&c. 
Now, -B3« ^s « (^^2)» -u4» -6AHl^^+8 
C--B» = (5+2)»--B»»6^2+12-5+8 
i)«-C» = (C+2)»-C» = 6C2+12C+8 

(m+2)5-m'« 6mH 12w+8 

Hence^ by addition of columns, 

+12(^+5+ C+. . . +w)+8»; 
that is, (2jefl)»-l = a»+ 12(1+3+5+ . . . +2»-l)+8n; 

8«»+12n2+6»* « 6«+12nH 8« 5 
.\« = |(4?»3-w)«1m(2«+1) (2»-1). 

The preceding example is only partially connected with the 
subject of Arithmetical Progression, but is one of a kind which 
deserves the student's attention in this part of the course. It 
shows how he mny find the sum of such a series as 3.8+6.11+ 
9.14+ &c., in which the terms are not equidifferent, but which 
proceeds by equidifferent multiplicands and midtipliers ; so that by 
multiplying together the nth terms of 3+6+9 &c. and 8+11+14 
&c.^ there will be obtained the general foim of the terms of the 
supposed series, viz. 3(3n^+5;0* By then assigning to n the 
values 1, 2, 3, successively, the series is made to assume the form 
3 {3(P+22+32 &c., to n terms) +5(1 +2 +3 &c. to n terms)}, and 
is found = 3n(n + 1) (n + 3). 

Ex. 6S. 

1. The first term of an ar. series is 2, the common difference 7, 
and the last term 79 ; find the number of terms. 

2. The sum of 15 terms of an arithmetic series is 600, and the 
common difference is 5 ; find the first term. 

3. The first term is 13 j\, the common difference -|, and the 
last term | : find the number of terms. 

4. The sum of 11 terms is 14f, and the common difference is f ; 
find the first term. 

6. Insert 4 ar. means between 2 and 17, and 4 between 2 and — 18. 

6. Insert Q A. H. between 3 and 9, and 7 between - 13 and 3. 

7. Insert 1 A. H. between - 7 and 114, and 8 between - 3 and— }• 

8. How many terms of the series 15, 13, 11, Sec,, amount to 60 P 
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9. find th.e 3 Noa in A. p., whose sum aliall be. 21, ond the snm 
of the finst lOvt second « | that o£ the second and third. 

10. There are 3 Nos. in A. r,, whose sum is 10^ and the product , 
of the second and third 33| : find them. 

11.^ Find 3 Nos. whose common difference is 1, such that the 
product 6f t^e second and third ^exceeds thai; ol the first iind second 

12. The first term is n*— »+l, the common difference' 2: find 
the sum of n terms. 

13. The first term is 41, the common difference ~ 2; and the. 
sum of the series 425 : find the last term. . > - 

14. How many strokes does a common clock make in 12 hours P 
' 16, A debt can be. discharged in a year by paymg. one shilling 

the £r8t week, three the second, five the third, &c, : rec^uired the 
last payment, and the amount of the debt 

16. One hundred stones being placed on the ground at tbe dis- 
tance of a yard from one another, how far will a person travel, who 
shall bring them, one by one, to a basket, placed at the distance of 
a yard from the firat stone P > 

17. The sum of 3 Nos. in a. p. is 42, and the difference of the 
squares of the first and last is 616. What are the numbers P* 

18. Find 4 Nos. in a. p. whose sum is 36 and product 3465. 

19. Divide unity into five parts in A. p. so that the sum* of their 
squares may be ^. 

20. The 21st term of an ar. series is 225, and the sum of the 
first nine terms is the square of the sum of the first two : find 
the series. 

21. What common term of the two series 3, 7, 11, &c,, and 5, 
11, 17, &c, is 50 less in the former than in the latter P 

22. What AR. series has its with term = 5 - 2m, for all values of 
m ? and what is the sum of n teims of that series P 

23. Find the 8th term of an ab. seiies of n terms^ the sum of 

which is-K'g'+l). 

24. The sums of n terms of 2 ar. series are as 11 -5n : 11 -|-dn.. 
Find the ratio of their sixth terms. . , 

26. Sum 2.5- 3.9 -h4.13- 5.17 +6.21 -7.25, &c. to 2m terms. 

26. Find the sum of 1.3+4.6+7.7+10.9 &c. to n terms. 

27. Sum to n terms the series 2H6«+82 &c. 

28. JIf and iV set out at the same time, to meet each othei, fronon 
two places 343 miles apart, their daily journeys being in arith- 
metical progression ; M^a common difference being an increase of 
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2 miles, and N^s a decrease of 5 miles. On the daj at the end of 
which they met^ each travelled exactly 20 miles. Find the dura- 
tion of each journey. 



144. Quantities are said to be in Geometrical Pro^ 
ffression, when thej proceed bj a common /actor. 

Thus 1, 8, 9, &c 4, 1, if &c« -jfYSf" Hf ^^ ^ ^i ^i ^^' a^® 
in e. p.; tJie common fiictors or ratios (as they are called) being 
3, if — {, r, respectively, which may be found by divufing any term 
hy the term pr^xding, 

145. Given a the first term and r the common ratio 
of a GEOM. series, to find 1 the v!^ term and S the sum 
cfn terms. 

Here the series will be a, ar, or^, ai^y &c., where the 
index of r in any term is just less by one than the 
number of the term : thus*, in the 2*** term we have r, 
i.e. r^ in the S'^, r*, in the 4***, r*, &c., and so in the 
n^ term we shall have r*^' ; hence /=ar*"*. 

Again 5'= a + ar + ar^ + &c. + ar*"*, 
und r. rS = ar + ar*+ &c. + ar^'^ + or* ; 

.*. riT— 5'=ar*— a, the other terms disappearing; 

n. a ar^-^a r*— 1 rZ— a . « - 

Jhence S= = a --, or = , smce rl=zai^» 

r— 1 r— 1 r— 1 

vEz. 1. Plnd the 6*'' term and the sum of 6 terms of 1, 2, 4, &c. 
Here o = l, r«=2, n-6; 

r./=lx2«-' = lx25»lx32 = 82; and S»^~^QS. 

Ex. 2. Find the 8^ term and the sum of 8 terms of 81, - 27, 9, &c. 
Here o « 81, r = - J, n = 8 ; . 

.•.«-81x(-iy-3«X- l.-l.-ljand S.U.-^^ 



iSO 



3^ 3» 27' -J-1 

Ex. 3. find the sum of 3-6+12-&C to 6 terms. 

Here a8>3, ra-2, ns6; therefore, without finding /, 
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Ex. 4. Find the sum of 1 - 1+ V - &c. to 4 terms. 
Here a = l, r= -|, ««4j 



IX-^ / M 



4^ 1 4*-8* 
3*" ""S^ 

3 



• o-i^ ^ ""y J^ \ ^J 3^ 256-81 

175__ 35 
"7.3» 27' 

Ex. 5. Find the sum of 2^ - 14.|- &c. to 6 terms. 
Here « = f, r= -§, w«5,- 

• 9 ^ V 5/ 5 5^""^ 5 6^" 
••'^'"2* -1-1 2-_.|-l ~2 '"T" 

^5 6 324-3125 ^3167 ,,oi 
2*7' 6* 14.6'"^^' 

Ex. 66. 

find the last term and the sum of 
1. 1+4H-16+&C. to 4 terms. 2. 5 +20+ 80 +&c. to 5 terms. 
3. 3+e+12+&c. to 6 terms. 4. 2 -4+8-&C to 8 terms. 
5. 1-4+16-&C. to 7 terms. 6. l-2+2«-&c. to 10 terms. 

Find the sum of 

7. HHi5+&c- ^ ® ^erms. 8. l+i+|+&c. to 6 terms. 

S. f +1+H&C. to 6 terms. 10. 3-|+i^-&c. to 6 terms. 

11. 0-6+4- &c to terms. 12. 100 - 40 + 16 -&c. to 6 terms. 



146. If r be a proper fraction, that is, if r be < 1, its 
powers, r^, r^, &c., r" will, a fortiori, be also < 1, and, 
therefore, or" will be < a : hence, instead of writing 

5'= — , in which fraction both numerator and 

r— 1 

denominator are negativcy we may write, in this case, 

a a--ar^ a ar^ 

1 — r 1— r 1— r 

Now the greater we take the value of n (that is, the 

more terms we take of the series), the less will be the 

value of flr** ; and, by taking n sufficiently great, we 

may get ai^ as small as we please, only never so small 
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as actually to vanish. If af^ vanished, we should' have 

the sum of the series = ; but since, however small 

1— r 

may be the value of ar^, the second fraction will never 
actually become zero, it follows that the sum of the 
series will never actually reach the above value, though^ 
by increasing n, that is, taking more terms of the series, 
it may be made to approach it as nearly as we please. 

On this account is said to be the Limit of the 

1— r 

sum of the series, a + ar + ar^ -f &c., ot sometimes (but 
less correctly) the sum of the series ad infinitum. 
It is conunon to denote the Limit of such a sum by S. 

Ex. 1. Find the Limit of the sum of the series l-|-§-|-J-h&c. 
Hereasl, r«|; ,\ 2=— -j=«A =2; i.e. the more terms we 

1 2 2 

take of this series^ the more nearly will their 8um»2, but will 
never actually reach it. 

Ex. 2. Sum2|-|+JL-&c. a£/i>t/&»i^«m. 

8 B 5 

Hafa as2I r«-l' • !£:r= _I_^ -~2_ ^.?.=z2Ar. 
xiere %*—^^y r g , . . fUTriY — \ -l.1 ^^5 ^ 

Ex. 67. 

Find the Limit of the sum of the following series : 
L 4+2+1+&C. 2. 1+1+1+ &c. . 3. i-/s+54-&c. 
^ |-l+f-&c. 6. 1-2+1-&C. 6. l-|+/y-&c. 

7. HA+A+&C. 8. 1+I+JL+&C. 9. 2-f+^-&c. 

10. 2-li+|-&c. n. 8|+2J+li+&c. 12. -3i+lf-|+&c. 



147, By means of the equations of g.p., we may 
solve many problems respecting series of this kind. It 
is not, however, generally easy to find w, when the 
other quantities are given, because this quantity occurs 
in the form of an index. The Student may be able to 
guess at its value in the simple instances we shall here 
give ; but, in other cases, it could only be found by the 
aid of logarithms. 
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Ex. ]. Find a esoM. series, whose 1*^ term is 2 and 7^ tenn^. 
Here fl = 2, '=§a>»=»7; .•.5\ = 2r% and i*^-^, whence r«+i, 
and the series is 2, +1, i, +1? &c. 

Ex. 2. Given 6 the second term of a oeoh. series and 54 the 
fourth^ find the first term. 

Here 6 = «r, 54 = «r'; .-.^^^if, or = r»; hence r- +d, /i= ^ 
' o ar — r 

= ±2. 

"En. 3. Iii'sert 3 geoh. metos between 2 and 10|. 

Here " is the 5^ term of a series^ whose first term is 2 ; 

.•.^=2r*, and r*«fj; whence f^+f, and the means are ±3, 
4i,±6f. 

Ex. 4. Prom a vessel containing 182J gallons of brandy a cer- 
tain quantity is daily drfiwn off and replaced with water. When 
this has been done for 6 days, there are only 16 gallons of brandy 
remaining. How much is drawn off per day P 

The ddly quantities of brandy left in the vessel form a decreas* 
ing e. p. of 7 terms, the first term being 182^, and the last 16 ; 
hebee, 182}Xf^«16; .•.r=.64*-+.72d*«f : or the quantity drawn 
off daily is J of the whole »60f gall. 

Ex. 6. The sum of five numbers in gf. p. is 121^ and thd' sum of 
their squares is 7381 : find the numbers. 

Here we have ^ven a:(l+y+y*-f y'+J^) = 121, (i) 
and :r»(l+y'+y*+y«+|^; = 7381. (ii) 

Now, i+y+ . . . +y*-^^; and i+y*+ . . . +y«-yl!£^; 

' squaring © and dividing by (ii) (3^J)'x^}=.^; 

ory'"iv;y+i-i2i.o, y*-hy»+y*+y+l _i2i. 

y-1 y* + l 61' y4-yS+y^.y^l 61' 

a quadzati^ we obtain y + - >> 3| ; whence y > & or | ; tuA ttierefore 
x»l ; and the numbers fire 1, 3, 9, 27^ 81. 

Ex. 6. What three numbers in 6. p. have their sum » l^, and 
the sun of their reciprocals s 3/3 ? 

a 3 
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Here we liave (i) x (1+y+y') = 14|, 

imd(ii)l(H-l+4)-3jV 
a; y \r 

multiplying (ii) by 0:^, ^(y*+y-f-l) =* ^/a-^y' : 

.•.ar+:iyH-Ay, or j:+2H-4-i-a;«14|; whence ar = 12or }: and 
the three numbers are 12, 2, and |. 

Ex. 7. Find four numbers in A. P., which being increased re- 
spectively by 5, 7, 11; and 18, will become a geometrical series. 

Let X, jy, .ty', .ry*, be the sums in g. p. ; then jr-S, :iy— 7, 
a:y' — 11, xxj^ - 18, will denote the equidifierent quantities. 

jy«-18-(:ry«-ll)=^»-ll-(ay-7); or, ay(y-l)««3; (i) 

xy'^W-ixxj - 7)=jy - 7-(a: -6); or, A'(y-1)««2; (ii) 

dividing (i) by (ii), y^lf; hence, from (ii) x^%\ and the Bum* 
bers are 3, 5, 7, 9. 

Ex. 68. 

1. How many terms of the series 2, - 6, 18, &c. must be taken 
tomake-40? 

2. The fifth term of a geox. series is 8 times the second, and 
the third term is 12; find the series. 

3. The fifth term of a geom. series is 4 times the third, and the 
sum of the first two is — 4 ; find the series. 

4. The population of a country increases annually in g. p., and 
in 4 years was raised from 10000 to 14641 souls ; by what part of 
itself was it annually increased P 

5. The difference between the first and second of 4 numbers in 
G. p. is 12, and the diflTerence between the third and fourth is 309; 
find them. 

6. Insert 3 g. m. between 2 and 32, and also between \ and 138. 

7. Insert 4 o. m. between-^ and 3|, and also between | and -6^. 

8. The sum of an infinite geo^c. series is 3, and the sum of ite 
first two terms is 2| ; find the series. 

9. The sum of an infinite geoh. series is 2, and the second term 
is— I ; find the series. 

10. If 2|, 1, be the first and third terms of a g. p., find the sum 
of the series ad hvfiniixim, 

11. The population of a parish in 1841 was 7200, and in J861 
it was 7660 \ supposing it to increase in a uniform ratio, what 
was the population in 1861 ? 
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12. Find four numbers, the first three of which are in geometrical, 
and the last three in arithmetical progression, and such that the 
product of the first and fourth may be 576, and that of the second 
and third 1458. 

13. A vessel is filled with a mixture consisting of 7 gallons of 
brandy and 4 of water. If a gallon be drawn off each day and the 
vessel filled up with brandy, how muuh brandy will be in it at the 
end of 4 days P 

14. At the beginning of the year ^ and -B invest equal sums of 
money in different concerns. A gains 10 per cent, every three 
months, and at the end of that period applies the profit to augment 
his capital ; B gains 15 per cent every four months, and does like- 
wise J and at the year's end ITa gain is 2271 francs more than A's. 
Knd the original investment of each. 

15. Find three numbers in g.p. whose sum is 13, and sum of 
their squares 91. 

* 16. The sum of four numbers in G. p. is 45, and the sum of their 
squares is 765 : find the numbers. 

17. ^and B set out at one time, to travel in one direction. In 
each succeeding minute A travelled 1^^ as many yards, and 5 1 as 
many, as in the preceding minute : and at the end of five minutes, 
Bf having gone in the fifth minute the same number of yards that 
A went in the first, was 297 yards in advance of A, How many 
yards did each travel in the first minute P 



148. Quantities are said to be in Harmonical Pro- 
gression, when their reciprocals are in A. P. 

Thus, since 1, 3, 5, &c., i, - i, - J> &c. are in a. p., their recipro- 
cals 1, 1, \y &c., 4,- 4, - 1, &c., are in n. p. 

The term Hannontcal is derived from the fact that musical 
strings of equal thickness and tension will produce harmony when 
sounded together, if their lengths be as the reciprocals of the ar. 
series of natural numbers, 1, 2, 3, &c. 

We cannot find the sum of ant/ No. of terms of an 
HARM, series ; but many problems vdth respect to such 
series may be solved by inverting the terms, and treat- 
ing their reciprocals as in A. p. 

Ex. 1. Continue to 3 terms each way the series 2^ 3, 6. 
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Since ^, |, | are in A. p. with common differeiioer- J, 

the AB. series continued each way is 1, |, |, J, J, |, 0,-|, -f*; 
.•.the HABH. series is 1, f , |, 2, 3, 6, oo , —6,-3. 

Ex. 2. Insert 4 habh. means between 2 and 12. 
Vfe must here insert 4 ar. means between ^ and ~, which 
heing Y29 hifi) l^ence the fabh. means .^quired are 2|, 3; 4, 6. 

Ex. 69., 

1. Continue to 3 terms each way 2^ |, 1 ; 1^^ 2^^ 3 j ; ly ih If* 

2. Insert two H. means between 2 and 4, and six between 3 and ^. 

3. Find a fourth habm. proportional to 6^ 8, 12. 



149. To find A, Q, H, the ab.^ oeom.; and kabu.' means between 
Bondh. 

(i) By(141)6-u4 = ^-a; .•.2^ = fl+ft, and ^ = i (a+6) : 
(ii) by (144) -g = -^ , . ' . ^ = «i, and G = Vab, where, however, 
unless a and b have the same sign, Vab will be impossible : 
Cm) by(148) 3 - i-^-^; .•.«/r-«6=«i-J^,orJr=^. 

IIK). To prove that G is the geok . mean betvieen A and H ; 'and 
that A, G, H, are in order of magnitude, A being greatest, 

[We use the sign > for greater than, and < for less than."] 

c. ^ «+^ , ^ 2aft ^^ 0+6 2ab _ ^_^ 

Smce ^«-2~' and H^ -^^r.AH — g^X-^-pj^^^-G^j 

• *• (? 13 ^/AH, or (? is the oeom. mean between .^ aud A . 

a4-6 2a& 
. Also^>J5r, if -^>-^i,, or if a«+2«5+5'>4fl6, 

or if a^-\-b^>2ah ; and, this being the case (137), 

•*• A^H, and, of course, '^G, whose value (being the gbox. 
mean between them) lies between those of A and J7. 

151. Three quantities, a, b, c, are in ab., oeoh., or hash. -^bog. 

according as 

a—b a a a 

J- — = -, or .*i-j:, or «-. . '- ' 

b—c a b c 

(0 h^'^a "^' .'.a-b^b^c, and a, b, c, arein a.p. : 

(ii) ab^i^^ab-^ac, ox l^^ac; «*•- » r, anda, &, c,aieine.p.: 
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(iii) ac—bc^ab — ac, OT (dividing each by abc), 5""^ "" ^""I 
whence - > > 9 - > are in a. p^ and therefore a, 5, c, are in h. p. 

Ex. 7D-. 

1. Find the ab.^ geom., and harm, means between 2 and 4|. 

2. Find the ab., geom., and habm. means between 3| and 1^. 
^. The sum and difference of the ab. and gbom. means between 

two numbers are 9 and 1 respectively : find the numbers. 

4. The HABH. mean between two numbers is — of the ab.^ and 
Giie of the numbers is 4 : find the other. 

5. The difference of the ab. and habm. means between two 
numbers is 1| : find the numbers, one being four times the other. 

6. find, two numbeiis whose difference is 8^ and the habm. mean 
between them 1|. 

7. find three numbers in harmonical progression such that the 
difference and the product of the second and third tenns may be 
2 and 24 respectively. . 

8. The sum of three numbers in harmonical progession is 13, 
and the sum of their squares is 61 : find the numbers. 
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CHAPTER XL 

RATIO, PROPOKTION, AND VARIATION. 

152. The Ratio of one quantity to another is that 
relation which the former bears to the latter in respect 
of magnitude, when the comparison is made by con- 
sidering, not by how much the one is greater or less 
than the other, but what number of times it contains it, 
or is contained in it, i.e. what multiple, part, or parts^ 
or, in other words, what fraction^ the first is of the 
second. 

This is, in fact, the way in which we naturally, and, as it were, 
unconsciously^ compare the magnitude of quantities. Thus the 
mere numerical difference between 999 and 1000, is the same as 
between 1 and 2; but no one would hesitate to say that 999 
is much greater^ compared with 1000, than 1 is, compared with 2. 
The reason is, that the mind consTders intuitively that 999 is 
a much greater fraction of 1000 than 1 is of 2 ; and this is what 
we should express by saying that the ratio of 999 tc^ 1000 is 
greater than that of 1 to 2. On the other hand, we should say at 
once that 1001 is much less, compared with 1000, than 2 is, 
compared with 1, the fraction in the former case being less than 
in the latter. 

The ratio, then, of one quantity to another is repre- 
sented by the fraction obtained by dividing the former 
by the latter. 

Thus, the ratio of 6 to 3 is | or 2, that of 15 to 40 is Jf or |, 

4a 2a 
that of 4a to C6 is ^7 or 57. 

Of course the two quantities compared (if they are 
not mere numbers, or algebraical quantities expressing 
numbers) must be of the same kind, or one could not 
be a fraction of the other 
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Thus, the ratio of £9 to £12 is the same as that of 9 cwt to 
12 cwt, or of 9 to 12, or of 3 to 4, or of | to 1 ; since, in each of 
these pairs of quantities^ the first is f of the second, and hence | is 
the Tidue of each of these ratios; in saying which we may suppose, 
if we please, a tacit reference to 1, ». «. in saying that the ratio of 
£9 to £12 is I, we may either imply that £9 is f of £12, or that 
the ratio of £9 to 12 is the same as that of | to 1. 

153. The ratio of one quantity to another is expressed 
by two points placed between them, as a : & ; and the 
former is called the antecedent term of the ratio, the 
latter the consequent 

A ratio is said to be a ratio of greater or less in- 
equalitj, according as the antecedent is greater or less 
than the consequent. 

The ratio of a* I ft* is called the duplicate (i,e. 
squared) ratio of a I b, cfi I P the triplicate ratio of 
a : by &c. 

154. Problems upon ratios are solved by represent- 
ing them by their corresponding fractions, which may 
now be treated by the ordinary rules. 

Thus ratios are compared with one another, by re- 
ducing the corresponding fractions to common den", 
and comparing the num" ; and, if these fractions be 
multiplied together, the resulting fraction is said to be 
the ratio compounded of the ratios represented by them. 

Ex. 1. Compare the ratios 5 : 7 and 4 : 9. 

'^^' Jl> ft 5 whence 5 : 7 > 4 : 9. 
Ex. 2. Fmd the ratio of f : |. Atis. f ^| « f x f = §|. 

Ex. a What is the ratio compounded of 2 : 3, 6 : 7, 14 : 16 ? 

Ans. |xfxi|-^or8: 15. 

155. A ratio of greater inequality is diminished, and 
of less inequality increased, by adding the same quan- 
tity to both its terms. 

For -r , as flft + (za: ^ aft + bx, as ax ^ bx, 

ft<ft+x < < 

as a ^ ft* 
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In like manner it may be ahown that a rdtio of 
greater inequality is increased, and of less diminished, 
by subtracting the same. quantity from both its terms. 

Ex. 71. 

1. Compare tlie ratios 3 : 4 and 4:5; 13 : 14 and 23 : 24 ; 3:7, 
7 : 11, and 11 : 15. 

2. Of a+d J o— Jand a*-f*6^ : a'— 6*^ which is >^ supposing a >& ? 
8. Which is less of x-\ry : y and 4r : x-Vy ? of ^+y' : x-^-y Mid 

a;5-fy5 : x^-fj/^? of a^-\-y^ and a:^H-y* : a.'*-:r^+a:^y* — .ty' 

+/? 
" 4. Find the ratio compounded of 3:5, 10 : 21, and 14 : 15 ; 
of7: 9, 102: 105, and 15: 17/ - 

t^-^fjlX^X^ ' (t^'-(tX-\~X^ 

5. Rnd the ratio compounded ^^ffzra \v^ax^-3fi ^^ a+x ' 

6. Compound x* - 9ar4-20 : .r' - Ox and x'^ - lar +42 : .r» - 5.r. 

7. Compound the ratios w+ft : a-ft, a^+h^ : (a-f &)«, (a^^^y : 

8. What is the ratio compounded of the duplicate ratio of 
a +6 : a-bj and the difference of the duplicate ratios of a : a 
and a : b, supposing a>b? 

9. What quantity must be added to eadi term of the ratio a : b, 

that it may be equal to the ratio c : d? 

10. Showthata-6: o+ft^o'-ft' : o*+ft', according as a : 6 is 
a ratio of less or greater inequality. 

156. When two ratios are equaly the four quantities 
composing them are said to be proportional to one 

another : thus, if a : ft = c : rf, Le. if - = --, then a, ft, c, d 

a 

are proportionals. This is expressed by saying that 
a is to b as c is to d, and denoted thus, a \ b::c x d. 

The first and last quantities in a proportion are called 
the ExtremeSy this other two the Means, 

Problems on proportions, Jike those on ratios, are 
solved by the use of fractions. 

157. When four quantities are proportionals , the pro^ 
duct of the extremes is equal to the product of the means, 

Forif T = -i* then ad = be. 
d 
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Hence, if three terms of a proportion ai^ given, we 
can find the other ; thus 

be 1 Cfd ad J he- 

d c b te 

Cor. If a : 5 :: b : c, then ac = ft^ 

158. If the product of two quantities be equal to that 
of two others^ the four are proportionals ^ those of one 
product being the extremesy and of the other the means. 

. For if ad = be. then ^ = -,, or - = - ; 

^ b d^ c d 

and .•. a : b :: c : d, ovale :: ft : rf, in which propor- 
tions a^d are the extremes, and ft, c the means. 
So if ac = ft*, « : ft :: ft : c. 

159. If 3 quantities are prop^^ the first ha^ to the 

third the duplicate ratio of that which it has to the second* 

XI •r ^ h ,x^ a a b a a a^ 
For if - = -, then -=-x-=~x-==^5 
'be e b e b b 0* 

.*• a : c is the duplicate ratio of a : ft (153). 

1 60. When four magnitudes are proportionals , if any 
equimultiples whatever be taken of the first and third, 
and any whatever of the second andfourthy then, if the 
multiple of the first fte >, =, < that of the second^ the 
multiple of the third shall be >, =, < that of the fourth 

For if - = -, we have — - = — -. , where m and n 
b d nb nd 

may be any quantities whatever ; and hence it follows 

that, if ma > , =, < nft, so also is ?wc> , =, < nd, 

161. Conversely, If there be four magnitudes , such 
that, when any equimultiples whatever of the first and 
third are taken, and any whatever of the* second and 
fourth, it is found, that if the multiple of the first be 

>, ::s, < that of the second, that of the third is always 



138 PROPORTION. 

> , =, < that of the fourth^ then these four quantities 
are proportionals. 

For, let «, i, c, d be such that, any equimultiples, 
ma, mc, being taken of the first and third, and any, 
nby nd, o^ the second and fourth, it is found that ac* 
cording as ma>y =, <nJ, so also is mo, =, <nd; 
and let e be the fourth proportional to a, &, c. 

Then, since -r = -, .*• — r = — for all values of m 

be no ne 

and n ; suppose m and n to be taken such that ma=^nb, 
then also mc = ne: but when ma = nb, by our hyp., 

7WC = nrf ; hence nd = n^, or rf = e ; and .•.-- = -., or 

b d 

a, by e, d are proportionals. 

162. if a : b :: c : d, and b : e :: d : f, then 
a : e :: c : f. 

^r:^ a c ^ b d a b c d 

b d ^ f b e d f 

a ^ c 

This is the proposition ex cBqualiy referred to in Euc. v. 

163. If a, : h :: c : dy and e ! f :: g : h, then 
ae : bf :: eg : dh. 

For? = - andl--'^- • ?£ - ^5^ 
J?or---,and--.-, ;.^.-^- 

This is called compounding the two proportions, and 
s<5 we may compound any number of such proportions. 

1 64. If 4 quantities form a proportion, we may derive 
from them many other proportions, all equally true. 

Thus, if -- = - , then — - = - , or ma : mb::c : d; 
b d mb d 

similarly 

ma : b :\ mc : dy a : mb :: c : md, a : b :: mc : md; 
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and^ in like manner,— : — :: c : rf, a : — :: c : — , &c. ; 

mm mm 

tiiat is, either the Jirst or fourth terms of any proportion 

may be multiplied or divided by any quantity, provided 

that either the second or third be multiplied or divided 

by the same. 

Hence we may get rid of fractions, when occumng in propor- 
iioDB, by multiplying the 1'* and 2»**, or I" and 3'**, &c. terms by 
theiMCK. of their den"; thus, if J« : is^ir/o • ^ (multiplying 
!•» and 2«* by 36, 3"> and 4»'> by 200), we have 4a : 36 : : 16 : 16. 

165. Again, all the results of (85-88) may be applied 
to proportional quantities. 

Thus, Ua:h::c : d, then »/i»., b : a :: d : c, or alt., a: c::b :d; 

80 also, a-i^b : a :: c+d : c, a+b : b:: c+<? : d, 

«-f6 : a— 6::c+<?: c—djfna-^-nb : ma—nb:unc+nd: wic— ncf,&c. 
with similar prop"*, having a", i^, c", d*, in the place of a, b, c, d. 

In like nuinner, M a :b:\c \ d::e\f\: &c., by which it is meant 

that a:b\:c : dj or a : 6 : : e : /, or c : <? : : e : /, &c., so that 

ti c ^ 

^=^«j = &c.,thenwehavea : 6 :: a+c-|-e+&c. : 6-|-<?-|-/-f &c.; 

that is, If any gtumtitiea be in continued prcportion, as one of the 
anUcederds is to its consequent, so is the sum of all the antecedents 
to the sum of all the consequents. 

So also a : 6 : : ma + «c + ;?c + &c. : mb + fwf +1?/ + &c., 
tf" : 6- : : wa"+ «c-+ j»«"+ &c : w»6"+ *^ + J*/'+ &c., 
with other similar proportions, which may be proved as in (88). 
Ex. 1. Find a fourth proportional to ^, J, and {. 

Since <f = ^, (167) this is ^ = i. 

Ex. 2. Find a mean proportional to 2 and 8. 

Since 6» « ac, (157) this is ^/(2 x 8) « a/IC = 4. 

Ex. 3. If a : 6 « c : <?, express (a -f cQ - (6+c) in terms of 
a^hyC only. 

Here 



140 PROPORTION. 

Ex. 7a. .-.::.. 

1. Find a fourth proportional to 3, 5, 6; to 12, 5, 10 ; to f/f, |. 

2. Find a third proportional to 4, 6 ; to 2, 3 ; to {, |. 

3. Find a mean proportional to 4^ 9; to 4, || ; to 1}, l|*g. 

4. If a : h::b ; c, ithenfl'+ft* : aH-c::a»-6' : «-c. 

6. If i «~, show that (a+b) (c+rf)=t(^+<0'= r(«+^)'- 
b a a ' 

6. If a : 6::c : (^ and m :n::/i : q, 

then ma+«6 : fiw - w6 : : pc-\' qd :pc- qd, 

7. If fl : 6::6 : c, thenfl'-6« :a::6«-c« :c. 

8. If a :b::c: d::e :f,theua-e : b-f::c:d, 

9. If a : ft : : 6 : c, then ma^ - nb'^ : wrt - nc : :/w*+ j^ft* : pa-\- qc. 

10. lfa:6::6:o,then«--26-|.c«^5L::^^«(!^i:^. 

..»j.i,..»(i4)-a4)-^%^- 

12. Ifa : b^b : <»,thena+ft+c : £i-6+c::(aH-6+c)« : aH6'+A 

13. Solve the equations 

(i) A/.r+ ^b : \/.r- /v/ft - « : *• 
(ii) x+a : 2a:-6 :: Sx-\-b : 4r-a. 

(iii) A'+y+l:.T+y+2::6:7 1 

y+2.r : y-ar :: iar+6y-3 : 6y-12a:- 1 / * 

(iv) X : 27 ::y : 9 ;: 2 : x-ij. 

14. What number is that to which if 1, 5, and 13 be severally 

added; the first sum shall be to the second as the second 
to the third ? 

15. Find two numbera in the ratio of 2^ : 2, such that^ v^heiv 

diminished each by 5, they shall be in that of 1| : 1. 

16. A railway passenger observes that a train passes him, moving 
in the opposite direction, in 2'', whereas, if it had been 
moving in the same direction with him, it would have parsed 
him in 30^^ : compare the rates of the two trains. 

17. A and JB trade with difierent sums : A gains £200, JB loses 
£50, and now A'a stock : £'s :: 2 : ^j but if A had gained 
£100, and B lost £85, their stocks would have been as 15 : 3i ; 
find the original stock of each. 

18. A hare is 50 of her leaps before a greyhound, and takes four 

leaps to his three; but two of the greyhound's leaps are as 
much as three of the hare's : how many leaps must the grey* 
hound take to catch the hare P 
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19. Divide £500 among A, B, C in tHe proportion of 3, 4, 5, and 

also in the proportion of |f I, |; rjid if A^s portion be to 
^8 :: 9 : 8, and to Cs :: 6 : 6, show that the shares of A, JB, 
Care in the proportion of 1^, I39 1?* 

20. A quantity of milk i» increased by watering in tihe ratio of 

4 : 6, and then three gallons are sold ; the rest, being mixed 
with three quarts of water, is increased in the ratio of 6 : 7 ; 
how many gallons of milk were there at first P 



166. The value of any Alg. quantity will, of course, 
depend on the values we give to the letters it contains. 

Dep. When two quantities are such, that their ratio 
is constant, that is, remains the same, whatever values 
we give to the letters they contain, one of them is said 
to vary as the other. 

The sign used to denote variation is a (read varies as). 

Thus, ar^+Sx x 2r»+ar, since '^i"-^^' = 1, whatever be the 
value of .r. 

167. Hence it AxB (where A and B are used to 
denote, not numerical or constant, but algebraical. or 
variable quantities, such as admit of different values by 
giving different values to the letters they contain), then, 
according to the above definition, the value of the ratio 
A : B will remain constant, whatever may be the values 
of the quantities A and B themselves. If then we put 

A 

m to denote this constant value, we have -^ = tw, or 

B 

A=^mB; so that, when one quantity varies as another, 
they are connected by a constant multiplier. 
Thus .r^+Sx =« \{2x^-\-Qx)y from which it follows necessarily that 

^- ?T^ = 7? i for all values of j:, or, as above stated, .x-^-f S^oc 2x^-\-Qx» 
2.r-f 6.r 2 

168. Hence also if A(xB, and a, b, be any pair of 
values of A and B, then for any other values of A and 
B, we have A : B = m = a : b, that is, when ojie 
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' quantity varies as another^ if any two pairs of values he 
taken of theniy the four will he proportionals : or since 
AiaiiBibyWe may state this by saying that if one 
of them be changed from any one value {A) to any 
other value (a), the other will be changed in the same 
proportion from the value {B) corresponding to the 
first to the value (h) corresponding to the second. 

169. The following are terms used in Variation : — 

1. If -4 = mBy then A is said to vary directly as B ; 

2. If -4 = ^ , ^ is said to vary inversely as B ; 

3. If A =s mBCy then A is said to yoxy Jointly as 

5 and C; 

4. 1£ A = ?n — , then A is said to vary directly as 

By and inversely as C. 

170. The following results in Variation are notice- 
able : — 

(i) If -4oc5 and B(x C, then A(x C. 
For let A = mBy B = nC; then A = mnCy and 
.\A(x C, since, m, n being constant, so also is mn. 

So also, if A(xB and Bo:-^, then A^~^, 

(ii) If ^ oc C and 5 a C, A±B ^ Cy and 
V {AB) a C. 

For let A = mCy B = wC; 
then A±B—mC±nC^{m±n) C, and .\A±B<x C; 

and V{AB)= ^/{mCxnC)= V{mnC^)— V{mn)C, 
and therefore \/(AB) oc C 

(iii) If ^aZ?C,then5a4^ and (7a^. 

C B 

For let ^ = mBCy then J5 = 1 , 4, or iBa — : so 

7w (7 C 
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(iv) If u4 a 5, and Ca A then A Co: BD. 

For let A = mB^ C= nD; then AC = mnBDy or 
ACcxBB. 

(v) If -^ a 5, then A"" a J5«. 

(vi) If Ace By and Pbe any other quantity, 

then APo: BP, and ^ a ^. 

171. ij^ A, B, C i^ variable quantities , depending on 
one another y and it is observed that, ichen C is kept con- 
stant, A a B, and when B is kept constant, A a C ; 
then, generally, that is, when all three are allowed to 
change their values together, AaBC. 

For since A^B, when C is kept constant, A must 
be of the form mB, where m is some constant, and may, 
therefore, contain the constant C, but not B. 

[From this we see that A must contain £ as a factoi;^ 
but not B'^, B^^ &c,, and may contain C] 

Again, since A(x C, when B is kept constant, A must 
be also of the form n C, where n is some constant, and 
may, therefore, contain the constant B, but not C. 

[From this we see that A must contain C, as a factor, 
but not C^, C^, &c., and may contain B, as, in fact, we 
have already shown it doesJ] 

Upon the whole then, it appears that A must contain 
both B and C as factors, but no other powers of B or 
C, and therefore must be of the form pBC, where p is 
a constant, containing neither B nor C; hence, since 
A^pBC, we have Ao:BC^ when all three are allowed 
to change their values together. 

The above result may similarly be proved for any 
number of quantities, B, C, D, &c. ; so that, if any 
quantity vary separately as each of several others, when 
the rest are kept constant, it varies as their product, 
when all are allowed to change their values together. 
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Ex. 1. If a X 5% ftiid 1, 2, S, be contemporaneotiB ralues of 
a, b, Cy express a in terms of h and c. 

Since a oc i&V, , * .a = mi'c, where we have to find m ; now^ when 
& M 2 and c = 3, a becomes 1 ; .'.If 12m, or m = j\, and. • .a * j^^V. 

Ex. 2. If yathe sum of two quantities, one of which x x and 
the other x ^t^, and when or » 1, y « 6, when a* » 2, y » 20 ^ express 
y in terms of x. 

Here y = ww+fu-*, where we have to find m and « : 
now, by the Question, when x-\ y = 6, .'.(i) 6»m+w, 
and when a; = 2, y = 20, .'. (ii) 20 = 2m+4n; 
from which equations m = 2, w = 4, and . • . y = 2.i'+4a-'. 

Ex. 78. 

1. If :Ky X a:^+y^ And 8, 4, be contemporaneous values of x and 
y, express xy in terms of a^-^+y'. 

2. If y = the sum of two quantities, whereof one is constant and 
the other x x inverseli/f and when .r = 2, y = 0, when a«3, y = 1, 
find the value of y, when .r ar6. 

3. If y s the sum of two quantities, whereof one is constant and 
the other x xy, and when a: = 2, y =s -.2|, when x = — 2, y = 1, ex- 
press y in terms of .r. 

4. If y = the sum of three quantities, which vary as Xy .r*, a.-* 
respectively, and when x = 1, 2, 3, y = 6, 22, 64 respectively, ex- 
press y in terms of x. 

6. If y =»the sum of three quantities, of which the first ccx^, 
the second x Xj and the third is constant } and when x » 1, 2, 3, 
y = 6, 11, 18, respectively, express y in terms of a\ 

6. Given that z x .r+y, and y x a.', and that when x^s^, the 
values of y and 2 are | and ij express z in terms of x. 

7. If a: X -s- and s' x ?^, show that a: x — x -• 

y« .f y 2 

8. The area of any triangle varies jointly as any side, and the 
perpendicular let fall upon it from the opposite angle ; express the 
area of the right-angled triangle ABCia terms of the sides AC^ 
jBC, containing the right angle, it being found that, when the sum 
of the two sides is 14 feet and the hypothenuse 10 feet, the area is 
24 square feet 
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CHAPTER XIL 

VARIATIONS, PERMUTATIONS, AND COMBINATIONS. 

172. The Variations of any No. of quantities are 
the different arrangements which can be made of them, 
taking a certain No. at a time together. 

Thus the Var°' of o, 6, c, tioo together, are «5, ha, ac, ca, be, cb. 

When all are taken together, the Var°® are called 
Permutations: but this distinction is not always ob- 
served, the words Variation and Permutation being used 
by some as synonymous. 

173. The No. of Vaf of n different things^ taken r 
togetliery is n (n — 1) (n— 2) .... (n— r4- 1). 

Let there be n different things, a, i, c, dy &c. 

The No. of Var"' which can be formed of these n 
things, taken singly y is, of course, n. 

Now let us remove « ; there will then be n— 1 things, 
by c, rf, &c., and the Var"* of these, taken singly ^ will (as 
before) be w — 1 . If then we set a before each of these, 
there will be w— 1 Var°** of n things, a, i, c, rf, &c., 
taken two and two together, in which a stands first ; 
similarly there will be w — 1 such Var°', in which h 
stands first ; and so of the rest : therefore, on the whole, 
there will be n (/i— 1) Var"' of n things taken tico and 
two together. 

Let us again remove a; there will be n— 1 things, 
b^ c, rf, &c., and the Var"* of these, taken two and tioo 
together, will be (/i— 1) (« — 2) by what precedes ; and, 
by the same course of reasoning, it will appear that, on 
the whole, there will be w (w — 1 ) (» — 2) Var"' of n things 
taken three and three together. 

H 
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Suppose then this law to hold for the No. of Var"" of 
n things a, b, c, d, &c. taken r — 1 together, which would 
be, therefore, n(»—l) (»— 2) .... {ti— (r— 1) + 1}, or 
»(»-!) («-2) {n^r + 2). 

Now remove a ; there will then be w— 1 things J, c, rf, 
&c., and the Var°" of these, taken r — 1 together, would 
be found from the preceding result, by writing in it 
«— 1 for n, and would, therefore, be 

(n-1) (n-2) (7i-r + l). 

If now we set a before each of these, there would be 
(n-1) (w-2) .... (w-r + 1) Var°» of n things 
a, J, c, rf, &c. taken r together, in which a stands first ; 
similarly, when b stands first, and so of the rest : there- 
fore, on the whole, there would be « (ti — 1 ) (w — 2) . . . . 
(n— r + 1) Var^ of w things taken r together. 

If then the formula represent correctly the No. of 
Var°" of n things when taken r—\ together, it would 
also when they are taken r together; but we have 
shown it to be true when they are taken 1, 2, or 3 
together; therefore when taken 4 together; and, there- 
fore, when 5 together, &c., that is, it is generally true 
for all values we can give to r. 

174. Hence denoting by Fi, Fj, F3, &c. Vr the No. 
of Var^ of n things taken 1, 2, 3, &c. r together, we 
have, from the preceding formula, 

V^-n, F2=»(7i-1), 1^3=71 (7i-l)(?i-2),&c. 
I^=n(w— 1) .... (w— r+1). 

Cob. If r =71, or a/Zthe quantities are taken together, 
then the No. of Perm™ (P) of n things, is 

w(7i— 1)(«— 2)...(7i— « + l)=w(7i— 1)(»— 2)... 1; 

or, reversing the order of the factors. 
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175. The No, of PenrC^ of n letter s^ whereof p are 
a'5, q are b'*, r are c'*, ^c^ is 

X.A.O • ... II 

1.2.3 .... p X 1.2.3 . . . . q X ^fc. ' 

For let Nhe the No. of such Perm"". Suppose now 
that in any one of them we change the p «'s into different 
letters ; then these letters might be arranged (174. Cor.) 
in 1.2.3 . . . . j9 different ways, and so instead of this one 
Perm**, in which/; letters would have been a% we shall 
now have 1.2.3 . . . /? different Perm"". The same would 
be true for }each of the N Perm"" ; hence, if the p «'s 
were changed to different letters, we should have alto- 
gether 1.2.3 . . . . pxN different Perm"" of n letters, 
whereof still q are J's, r are c's, &c. 

So if in these the q i's were changed to different 
letters, we should have 1.2.3 . . . . y x 1.2.3 ....pxN 
different Perm"" of n things, whereof still r would be 
c's, and so we may go on until all the n letters are 
different ; but when this is the case we know (174. Cor.) 
that their whole number of permutations = 1.2.3 . . . . n ; 
hence 
1.2.3 . . . . j9 X 1.2.3 .... 7 X &c. X i\r= 1.2.3 . . . . w, 

"" 1.2.3 . . . . J9 X 1.2.3 . . . . y X &c. ' 

Ex. 1. How many changes can be rung with 5 bells out of 8 ? 
How many with the whole peal ? 

Here F5 -8. 7. 6. 5. 4=6720, P-8. 7. 6. 5. 4. 3. 2. 1-40320. 

Ex. 2. How many different words may be made with all the 
letters of the expression cfilPc ? 

Of these 6 letters, 3 are a's, and 2 ft's : . * . iV = ' ' ' i ' o = ^' 

' . ' ' 1. 2. 3 X 1. 2 

Ex. 3. What No. of things is that, whereof the No. of Var»% 
taken 3 together, is 20 times as great as the No. of Var"' of half 
the same No. of things taken 2 together P 

Here, if « denote the No. of things required, we haye 
n (w-1) («-2)=20 (in) (J«-l); whence n= 6. 

H 2 
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Ex. 7«. 



1. How many changes may be rung with 5 bells out of 6, and 
how many with the whole peal P 

2. In how many different ways may 7 persons seat themselves 
at table P 

3. How many different words may be made of all the letters of 
the words divtsiofi, indncerej commencement, bacccUaureus ? 

4. Hqw many different words may be made of the letters of th6 
expression a^b^c^d? 

6. The No. of Var", 3 together : the No., 4 together : : 1 : 6 ; 
find the No. of things. 

G. How many different words may be made of all the letters of 
the words mamnudiaj caravatuera, Oroonoko, Mississippi ? 

7. The No. of things : the No. of Var"», 3 together : : 1 : 20 ; 
find the No. of things. 

8. The No. of Var"* of n things, 3 together : the No. of Var»* 
of n+2 things, 3 together : : 5 : 12 ; find n. 

9. The No. of Var°' of n things, 4 together : the No. of Var°" 
of |n things, 4 together : : 13 : 2 ; find n. 

10. If the No. of Var°' of n things, 3 together, be 12 times as 
great as the No. of Var"' of Jn things, 3 together, what is the No. 
of Perm"* of the same n things P 

11. Of what No. of things are the Perm« 720 P 

12. There are 7 letters, of which a certain No. are a's ; and 210 
different words can be made of them ; how many a*s al*e there ? 



176. The Combinations of any No. of quantities are 
the different sets that can be made of them^ taking a 
certain No. together, without regard to the order in 
which they are placed. 

Thus, the Comb"' of a, b, c, d, 3 together, are abc, abd, acd, bed. 

It is readily seen that each Comb^ will supply as 
many corresponding Vai^ as the No. of quantities it 
contains admits of Perm"". 

Thus, the Comb" abc supplies the 1.2.3 or 6 Var"' abc^ acb, bac, 
bca, cabf cba. 
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177. The No, of Comh^ ofn different thing s^ taken r 
together^ is 

n(n— 1) (n— 2) (n— r-f-1) 

l»A«o • • • • p 

For (176) each Comb^ of r things will supply 
1.2.3...r Var^ of r things; hence, if C^ denote the 
No. of Comb"" of w things, r together, we have 

1.2.3 .... r X Ci.=No. of Var°" of n things, r together 

= Vr=n(n—l)(n—2) (wr+l); 

, ^_n(7i— l)(n--2), .. .(w — r-f 1) 

l.iS.O . • • . 7* 

Cor. Hence 

Cl-y, C, j^^, C3 j-^;^^ , &C. 

X ow it will be seen hereafter that these are the same 
as the coefficients of the binomial (1 + a:)", so that 

(1+ a:)'*= 1 + CiO: + C^^ + &c. + CnX^. 

Hence, putting x = 1, we have 

2»=1 +C, + C, + &c +C;; 

o'r the sum of all the Comb*" that can be made of 
n things, taken 1, 2, 3, &c. n together = 2"— 1. 

178. The expression for Cr (by multiplying both 
num' and den' by 1.2.3 . . . (w — r)) may be put into the 
form 

n(w— 1) (y^ — 2) .... (?z— r+l)x(w— r). . . . 3.2.1 
1.2.3 r X 1.2.3 (?*— r) 

1.2.3 n \n 



1.2.3 r X 1.2.3 (w — r) [r [jr-rj 

if we use |n to denote the continued product 1.2.3 . . . n 
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Hence^ writing 71— r for r, we have 



n \n 

n J— -1=. U =(7. 

*^ [n— r |r \r\n—r ^^ 

or the No, of Comb"" of n things taken w— r together 
= the No. of them taken r together. 

The Comb"* of one of these sets are said to be 
Supplementary to those of the other. 

Ex. 1. Find the No. of Comb»* of 10 thingS; 3 and 6 together. 

Here C, =lg|-120,and Ce = C,«igg = 210. 

Ex. 2. How many words of 6 letters might be made out of the 
first 10 letters of the alphabet, with two vowels in each word P 

In these 10 letters, there are 7 consonants and 3 vowels ; and in 
each of the required words^ there are to be 4 consonants and 2 
vowels : now the 7 consonants can be combined four together in 
35 ways, and the 3 vowels, two together, in 3 ways ; hence there 
can be formed 35x3 = 105 different sets of 6 letters, of which 4 
are consonants and 2 vowels : but each of these sets of 6 letters 
may be permuted 6.5.4.3.2.1 = 720 ways, each of these forming a 
different word, though the whole 720 are composed of the same 6 
letters : hence the No. required = 105 x 720 = 75600. 

Ex. 75. 

1. How many Comb"" can be made of 9 things, 4 together ? how 
many, 6 together P how many, 7 together ? 

2. How many Comb"* can be made of 11 things, 4 together ? 
how many, 7 together P how many, 10 together P 

3. A person having 15 friends, on how many days might he in- 
Tite a different party of 10 P or of 12 P 

4 How often might a common die be thrown, so as to expose 
■five different faces P 

5. Find the whole No. of Comb"' of 8 things, 1, 2, &c., 6 to- 
gether. 

6. Four persons are chosen by lot out of 10 : in how many ways 
can this be done P and how oft^ would any one person be chosen P 

7. How often may a different guard be posted of 6 men out of 
60P on how many of these occasions would any given man be 
taken P 

8. The No. of Comb" of |» things, 2 together, is 16 ; find n. 
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9. The No. of Comb" of n things, 3 together, is ^ of the No., 
5 together; find n, 

10. The No. of Comb"* of n+1 things, 4 together, is 9 limes the 
No. of Comb"* of » things, 2 together ; find n. 

11. The No. of Comb" of in things, 4 together, is 3f of the No. 
of Comb*^' of |n things, 3 together ; findn. 

12« How many words of 6 letters may be made out of the S6 
letters of the alphabet, with 2 out of the 5 vowels in eyery word P 
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CHAPTER XIIL 

THE BINOMIAL THEOBEM. 

179. The Binomial Theorem is a formula^ discovered 
by Sir Isaac Newton, by meane of which any binomial 
may be raised to any given power, without going 
through the ordinary process of Involution. It may 
be stated as follows: Whatever be the value of w, 
positive or negative, fractional or integral, 

i. i*A 

^ 1.2.3 "" ^ + &c., 

where the coefficient of an-y^^(^-l)->> (^-r+1) 

1.2. ..r ' 

and this, being the coefficient of the (r + 1)*^ term of the 
expansion, where r may represent any positive integer 
whatever, is called the coefficient of the general term. 

It will be noticed that the coeff" of x, x^, &c. ar*", in 
the above, when tz is a positive integer, areno other than 
the Nos. of Combinations of n things taken 1, 2, &c. r, 
together. On this account we will use the letters 
Ci, Ca, &c. Cri to denote these coeff** in all cases; and 
so we may write the formula 

(a -f- xf = a" + C^a'^^x + C>"- V + &c. + C^"- V + &c. 
In this expression, a and x may stand for any quan- 
tities whatever ; so that 

(a— ar)" = {a + (— ar)}* 
= «« + C,(^'\-x) + C^a'^X-xf + &C. 
= fl~ -- C^a'^^x . 4- C,a*-V - &c., 
where the terms are alternately positive and negative : 
and (1 ±a:)" = 1 ± C^x + C^x^ ± C^x^-^- C^a^ ± &c. 
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180. To prove the Binomial Theorem when the index 

is a POSITIVE INTEGER. 

We sliall find, by actual multiplication^ that 

(x-f-a) (x+h) (ar+c) =a:»+(a+6H-c) ar»-f(fl5+«j+6c) x-^abc. 
Assume this Law of Formation to hold for n - 1 factors, so that 

"where p^ '- fli+ Oj+^s + ^^'f P2 ~ ^1^2 + ^i*'s+ ''2^3+ ^^'f ^^* ~ ^^' 
then^ multiplying by another factor, x-{'a„, we have 

&c. — &c. 

that is, if the Law holds for the product of n — 1 factors, it holds 
also for that of n factors : but we have seen above that it does hold 
for three factors, therefore for /owr, and therefore for Jive, and so 
on ; that is, it holds generally, when n is a positive integer. 

Now, it is easily seen that the terms in q^^ q^, q^y &c., are the 
different Comb**' of the n letters a^, a^, a,, &c. a^y taken one, two, 
three, &c. together ; and, consequently, the No. of terms in q^ is Cj, 
in q^ is C,, &c., as in (177). Let us put a for each of a^^ a,, &c. : 
then the first side becomes (x-\-ay, and each of the terms in q^, q^ 
q^ &c becomes a, a^, a^, &c. respectively ; and therefore we have 

(x-^-ay = ar+ C^ax^^+C^a^x^-^-hScc. 

And, of course, it will follow in like manner, that 

{a+xy = a'+ C^xar-^ + C,r»a— 3+&c. 

« ar^C^(r-^x+ Ca«r-V+&c. 

181. There are only w+1 terms in the expansion of 
(1 + j:)*, when the index is a positive integer. 

H 3 
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Since the coeff. of the (r+1)*^ term= C^^ we see that 
if r be such that the last factor of the num% n'^r+ 1 =0^ 
then the (r+l)*** and all i^n^ following terms (all of 
which would involve this factor) will vanish, i. e. the 
series will have endi^d with the r^ term. Now if 
n— r+,1 = 0^ then r:=in'\- 1 ; and the series will have 
ended with the (w + 1 )*** term. 

182. In the expansion of (1 + ar)*, the coeff* of terms , 
equally distant from the beginning and end, are the SAME, 
when the index is a positive integer. 

The (r + 1)*** term from the end (having r after it) 
will be the {(» + l)-r}*^ or (»— r+1)*^ from the be- 
ginning, and its coeff. will therefore be C„^; but, (178) 

n(n-l)...(yi-^r+l) !l _ |^ _^ 

^^- 1.2... r -|7|^-I^3^-^^ 

or coeff. of (r+1)*^ term from beginning = coeff. of 
(r + 1)*^ term from the end. 

N.B. The number of terms^ n+1, being odd or ei>en aa n is 6Mm 
or odd, it foUdws that, if n be even, there will be one middle temiy 
but if odd, ttoo middle term^, which, by (182), will have equal 
coeff', and on each side of which the fiome coeff' will occur in 
order. When, therefore, in expanding a binomial with a pos^ive 
integral index, we have passed the middle term or terms, we shall 
find all the coeff' repeating themselves ; and, instead of calculating 
fJiose of the remaining terms, we may write down, in inverted 
order, the coeff' already found, as in the following examples. 

Ex. 1. (l+a;)* = l+Y^+44-'«^+&c.»l+4r+6j»+4i'»+a:*. 

We shall not, however, give any more examples of the 3'', 4^, 
and 5*^ powers of a binomial, whidi the Student should be able to 
write down as in (42). 

Ex.2. (l-:r)7«^l«[ar+-j2^-545*'''*"^ 

- 1 - 7«+2ia«- S&i:»+35i* - 2Lc»+7a!«-«». 



THE BINOMIAL THEOREM. 155 

« (ar)« - 1 (ar) * (Jy) + g (3:r) * (iy)«- g| (ar)»(}y)»+&c 

= 729j:*-6x243ar5xiy+16x81j**xiy«-20x27a:»xiy» 
+15x9a:«xiy*-6xarxJ5y»+^y» 

Ex. 76. 

1. a+^)'. 2. (a+.r)^ 3. (l-a:)». 4. (a-a:)» 

6. (l+a:)^». 6. (l-2a:)'o. 7. (a-ar)«. a (ar+a)». 
9. (3a-ary. 10. (l-Ja:)^ H. (l-|a:)". 12. (Ja:-|y)»«. 



183. To prove the Binomial Theorem, when the index 

is FRACTIONAL OT NEGATIVE. 

It mil be sufficient if we can prove the Theorem for 
the expansion of (1 +x)% that is, if we can show that 
for all values of n, (1 +ar) = 1 + CiX+ C^ + &c. 

For then, since a-^x i= a rl + -j, we shall have 
(.+.V=. (a(l +£))"=: a-(l +?)• 

= 0"+ C^tf^^x-^- Cia^'V-f- &c., as required. 

Let then the series 1 + ^ ar + ^^^ "* — ^ x^ + &c, 

whatever be the value of m, be denoted by the symbol 
f{m). Now, when m is a positive integer, we know 
that this series represents the expansion of (l+ar)**, 
that is, /(m)=(l -far) , when m is a positive integer 
We jshall now show liiat this is the case for all values 

of lit. 
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Since /(m)=l+^3: + '"^"'~^V + &c. 

.•./(n)= 1 + ? X + ?l(?--i);c*+ &c. 

and f{m) xf{n)== 1 +^ :p + "'^7~^V +&c. 

X X*^ 

1.2 



= l + aar + i:r^ +&C. 

where we use a, ft, &c. to denote the coeff% found by 
addition, of or, or', &c., so that 

a^m-\-ny b — -\- — ^^ + mn + — ^-— — % &c. 

Now J, c, &c. might be reduced to much simpler 
forms than these, but the process would be tedious : we 
may find them however, immediately, by the following 
consideration. Since the above multiplication does not 
at all depend upon the actual values of m and n, we 
should still have, by the addition, the same values as 
above for a, 6, &c., whether m and n stand for positive 
or negative, integral or fractional, quantities. 

But when m and n are positive integers^ we know that 

/(m)=(H.2)", /(w)=(l + x)% 

and.-./(?w)x/(w)=(l+x)«x(l + x)»=(l+x)«*~; 

and since m -f w is here a positive integer, we know 
also that 
(1 + x)"*» = 1 + ^« X + l<^ + n){m + n-\)^ ^ ^^ 

JL X.^ 

Here, therefore, we have the values of a, J, &c. when 
m and n are positive integers : hence also they will be 
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the same^ whatever be the values of m and n^ and we 
have, therefore, in all cases, 

/(>>»)x/(«)=l+^z+(^^±^K y"-^ ):rH&c.; 

or, since this series would be denoted by f{rn + n), we 
havey(w2) xf(n)=f{m + ?i), for all values of m and n. 

The student may easily satisfy himself that the values just 
ohtained for <i, b, c^ &c. are identical with the former^ though 
simplified in form ; thus 

, _ m (m -1) , , 71 (« -1) _ m ( m^ 1 ) +2 mw+w (^ ^ 1) 
■~L2~~ ■*■ '"'* "*" ~L2 1.2 

_ m (w~l+» )-f w (m+n - 1) __ (m+ w) ( m-fn— 1) 
L2 1.2 

Hence 

/(?72) x/(w) xf(p)=f(m + 7i) xf(p)=f(m + n+p\ 
and similarly for any No. of such factors ; i. e. the pro- 
duct of any two, or more, such series, as that denoted 
hj f(jn)y produces another series of precisely the same 
form. 

Now, (i)^ let there be n factors, each =/(—], where 

m and n are positive integers ; then 

f\J^j ^/(""j ^ &c. 72 factors ==/f-+ — + &c.7z terms J, 

since ?n is a positive integer ; 
.-. taking the n!^ root on both sides, (H-a:)^ =/(—). 

• 

Hence f{rri) is the series for (1 +a;)*", so long as the 
index is positive y whether it be integral or fractional. 

Again, (ii), let w = — wi, where m is positive^ but may 
be integral or fractional ; then 

/(m) x/(-»i)=/(m-m)=/-(0)=l. 
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(since the series becomes = 1, if we put for m in it) ; 

1 1 

.'.f{-m)^—-=, since m iapositivey 

= ( 1 + a:)"~, by the Theory of Indices. 

Hence /(— wi) is the series for (1 +ar)~*, where the 
index is negative, and may be either integral or 
fractionaL 

It follows then that for all values of the index^ we 
have 

(1 +;rf =/(7z)=l + Jx + ^(^)x» + &c. 

184. We have seem (181) that^ when the index is a 
positive integer^ this series will stop after n + 1 terms ; 
when fractional or negative, it will never terminate, but 
consist of an infinite number of terms, since we cannot 
then find any value of r, which wiU make w— r + 1 =0. 

Ex.1. 

(1+.)- . i+:^2^+^2^^+^^o^^ 

In this Ex. there is some trouble in simplifying coeff% and 
getting rid of superfluous signs : to save this, it will be useful to 
remember the result of the following general example : — 

Ex.2. 

(i±;r)--=i±:^+r?Ir^:r«+:^^ 

Ex.3. (l+^)-»-l-|*+?;|a:«-|i|x»+&c 

= l-&F+ar»-.10a:»+&c 

Ex.4. a+^)*-i+f^+^^:t«+i(i:^^^ 
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Here also it will be well to notice the following gmeral results : 
Ex.6. 

(i±x). ^i±y^3l^a^±%^i J^y Ig^^s^ 

' P P-q P p^q P'2q 

So also 

(1+*7J ^i:^Er.^JP^±l)^:r P(p-^q) (p+2g) ^ ^ 

^ — ■ q l,2.j« ^ LSia^ ^-t-«c...(m;. 

Ex. 6. (l-a?)"^=l+i^+.^:ra+-?!M_a^4.&c 

-l+|r+|a:»+|f^+&c. 

Ex. 77. 

1. (l+ar)-«. 2. (l-ar)-«. 3. (l+&r)-». 4. (l-^r)-*. 
6. (l-ia:)-«. 6. (l+Ja:)-». 7. (l+2a:)*. 8. (l-ar)i. 

9. (1-^)"^. 10. (1-0^?. 11. —=.. 12. -=L==. 

^1-a: >/l+^ 

"'-^)-'-.--^C-3-'--{'+ie)4'©"+*»-} 

- a"a+3a"a d:+-y-fl"i A-»+-SAa-| ^4.&C. 



Ex. ya. 

1. (2-a:)-». 2. (3-2a:)-V 3. (a+&r)-». 4. (a-i«x)-». 
6. (a4-&i) «. 6. (a«-x»)l. 7. (a-i+i-i)-^ a (o-ar)l. 
9. («*-a*)-i 10. (i^-:i:»)t. 11. (a»-^)-f. 12. (ar-«»)-|. 
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CHAPTER XIV. 

NOTATION, DECIMALS, INTEREST, &C. 

185. Notation is the method of expressing numbers 
by means of a series .of powers of some one fixed num- 
ber, which is said to be the radix or base of the scalcy 
in which the different numbers are expressed. 

Thus in common Arithmetic, all Nos. are expressed in a scale 
whose hase is 10 ; for 8578 denotes 8000 + 600+70 + 8, i.e. 
8.10»+6.10»+7.10+8 ; so also 876, when expressed in a scale 
whose radix is 12, is 274, since 2.12^7.12+4 = 288+84+4 = 376. 

186. Ifxhe any integer y any No. IS may be expressed 
in the form N = pnr" + Pn-i^""* + &c. + p^r^ + p^r + p^, 
where the coefficients p^, pn.^, &c. are integers all less 
than r. 

For divide Nhy the greatest power of r it contains, 
suppose 7^ ; and let the quotient be p^ (which will, of 
course, be < r), and the remainder iVj : iiien 

N-pX-^^v 

Sunilarly N,^p^,r^' + N,, N,=P^^r^* + N^, &c., 
and thus continuing the process until the rem' becomes 
< r, Pq suppose, we have 

N—p^" +;7n-i^*"* + &c. +/?2^* + J^i'" +;^o* 

Some of the coefficients p^, pp p^y &c. may vanish, 

but none can be >r. Their values then may range 

from to r— 1, and these different values are called 

the digits of the corresponding scale. Hence, including 

zeroy there will be r digits in the scale of r. 

Thus in the scale of 12, the digits will be 0, 1, 2, 8, 4, 6, 6, 7, 8, 9, 
t and Cf where t and e are used to denote the digits 10 and 11. 

187. In the Binary scale, the radix is 2 ; in the 
Ternary y 3 ; in the Quaternary y 4 ; in the Quinary y 5 ; 
in the Senary y 6 ; &c. ; in the Denary or Decimaly 10 ; 
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in the Undtnary, 11 ; in the Duodenary or Duodecimaly 
12; &c. 

All Nos. are supposed to be expressed in the com- 
mon or denary scale, unless the contrary is mentioned. 

188. To express any proposed No. in a given scale. 

Let N be the given No. which is to be expressed in 
the scale of r, in the form N=-p^j'^'\-&LC.'\'pjr^-\-p^r 
'■\-p^ : we are to show how the digits j5„, /?^p &c. may 
be found. 

Divide iV by r ; then we shall have 

K r^p^r"^^ + &c. -{-pj- + J5i + -^ , 
r r 

L e. we shall have an integral quotient, j9„r"~^ + &c. +/?, 
( =i\r,, suppose), with remainder p^ ; hence the remain- 
der, upon dividing iV by r, is p^, the last of the digits. 
Again, divide iV, by r ; then we shall have 

^=:p^r^^ + &c.+p^+P-^=zN^+P}; 
r r r 

hence the rem', upon dividing N^ by r is j9p the last 
but one of the digits, and so dividing iVj by r, we get 

P29 &c. 

Ex. Express the common number 3700 in the quinary, and 
amvert 87704 from the nonary to the octenary scale. 



Ex. 1. 6) 3700 

5) 740 ... 



Ex. 2. 8) 37704 



8) 4311 ...5 
8) 480 ... 1 
8)54 ... 4 
6...1 
Ans. 61415. 



6)148...0 

5) 29 ... 3 

5) 5 ... 4 

Ans. 104300. 1...0 

Notice that in Ex. 2, the radix is 9, and therefore^ when, in 
beginning the division, we are obliged to take the two figures 37, 
these do not mean ^AiWy-«er«», but Zx^-^-l — thirty-fouri hence 
8 in 37 will go 4 times with 2 over ; 8 in 27 (not tioenty-sevenf 
but 2x9+ 7 ^txcenty-five) will go 3 times with 1 over; and 
BO on. 
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Ex. 79. 

1. Ezpiess 1828, 34705 in the septenary scale. 

2. Express 300 in the scales of 2, 3, 4, 5, 6. 

3. Express 10000 in the scales of 7, 8, 9, 11, 12. 

4* Tnuuform 444 and 4321 from the quinary to the Beptenary^ 

5. Transform 27t and 7007 from the undenary to the octemuy. 

6. Tnmafoim 123 and 10000 from the nonary to the quaternary. 

189. Hie common processes of Arithmetieare carried 
on with these^ as with ordinary Nos.^ observing that 
when we have to find what Nos. we are to carry in 
Addition^ &c., we must not now divide by 10, but by 
the radix of the scale in question. 



AddUian, 



Ex.1. 



r=4 


r=7 


32123 


65432 


21003 


64321 


83012 


43210 


22033 


1444 


31102 


65001 



832011 



226041 



Sttbtraction, 



r=3 

201210 

102221 

21212 



r«12 

7^348 
&g6^ 
1^864 



Ex. 2. Multiply together 68 and 71 in the undenary scale ; 
express also and multiply these Nos. in the nonary scale, and com- 
pare the results, by reducing each to the other scale. 

Here 68 and 71 in the xmdenary = 82 and 86 in the nonaiy : 



68 


82 


9)4378 


11) 7823 


71 


86 


9) 533...3 


11) 642...8 


68 
431 

4378 


543 

727 
7823 


9) 65...2 

7...8 


11) 52... 7 
4...3 



It will be seen that in the last two operations we have shown 
that 4378 in the undenary » 7823 in the nonary^ and vice versdj 
as it should be. 

Ex. 3. Divide 234431 by 414 (qumaiy), and extract the squaxe 
root of 122112 (senary). 



414) 234431 (310 
2302 
423 
414 

'41 
There is a rem' here in each case. 



\i2\\i (252 
4__ 

45)421 
401^ 

542)'2012 
1624 

44 
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Ex. 80. 

1. Take six tenns of the series 1, 10, 10^, &c. ; express and add 
them in the senary scale, and reduce the result to the denary. 

2. Multiply the common Nos. 64 and 83 in the binary and 
quaternary, and transform each result to the other scale. 

3. Transform 1756 and 345 from the octenary scale to the 
nonary; multiply them in both scales, and divide the result in 
each case by the first of the two numbers. 

4. Divide 51117344 by 675 (octenary), 37542627 by 42« (un- 
denaiy), and 29^96580 by 2U9 (duodenary). 

5. Extract the square roots of 25400544 (senary), 47610370 
(nonaiy), and 32^75721 (duodenary). 

6. Express in comm9n Nos. the greatest and least that can be 
formed with four figures in the scales of 6, 7, and 8. 

7. The common number 12109 expressed in c^ different scale 
becomes 50206 ; required the radix of that scale. 

8. In what scale will 567 express the value of the commoH 
number 678 ? 

9. Reduce the septenary fraction ^— ^ to its lowest terms in the 
sme scale. 



190. A decimal fraction may be considered as a 
vulgar fraction, whose den' is some power of 10, the 
No. of decimal places pointed off from the right being 
the same as the index of the den^ Hence, if P repre- 
sent the digits, or, as they are called, the significant 
port, of a decimal of p places, its equivalent vulgar 

fraction iV= — . 
1(F 

It is obvious that decimals, having the same signifi- 
cant part, P, may differ much in value, in consequence 
of the difference in the value of /?, i. e. in the position 
of their decimal points. 

Thus 1.28-^, .0123=^, 12.3 «^. 
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191. To prove the rule for pointing in MuLt^ of 
Decimals. 

Let M and N be two fractions, which, expressed as 
decimals, give the significant parts P and Q, with p 
and q places of decimals respectively ; then 

jtf=Z , JV= _§- , and ilf xiV=,^ x^ ==-^. 
10'' 10« 10^ .0« 10»'*« 

Now --; , represents a decimal, whose significant 

part is PQ (the product of the two decimals as whole 
Nos.) and having p-^-q decimal places : hence the rule : 

Multiply as in whole Nos. ; and in the product point 
off as many decimal places as there are in the Multiplier 
and Multiplicand together. 

192. To prove the rule for pointing in Div^ of 
Decimals. 

Let Ji", Ny P, Q, py q be the same as before ; 
., M _P _Q_P lO^'^P lO^' 

. M P \ P P 1^- p ^ 

hence -^=_-.-j^^, or = -^-, or=:-. 10' ^ as^^y. 

P • 

Now - is the quotient obtained by dividing P by Q, 

as in whole Nos. ; hence the rule : 

Divide as in whole Nos. ; then 

(i) If the No. of places in the dividend exceed that in 
the divisor, point off in the quotient a No. of decimal 
places equal to that excess; 

(ii) Jff' the No. in the dividend be the same as that in 
the divisor y the quotient will have no decimal places ; 

(iii) If the No. in the dividend fall short of that in 
the divisor y annex to the quotient a No. of ciphers equal 
to that defect 
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Notice that any ciphers^ annexed to the dividend 
in the process of Division, must be reckoned as so 

many decimal places; thus 1-5-12.5= 'o"- ^•^^" 

A simpler rule, however^ for pointiiig in division of decimals 

P Q / P \ 

may be deriyed from regarding ^^-^. h- --^-^. = / __ x 10«j-4-Q, 

wMch directs to make the divisor integral by multiplying it by its 
denominator, thus removing its decimal point altogether, and then 
to multiply the dividend by the same denominator, which will 
shift its decimal point as many places to the right as there were 
decimal figures in the divisor. We have then simply to place a 
decimal point in the quotient when that in the dividend is arrived 
at in the process of dividing. 

Thus .1646 + .047 - 164.5 +47 = 3.6 j 

also, 1-1-12.5, or 1.0+12.6, = 10.00 h- 126 = .08. 

See Arithmetic (67). 

193. To prove the rule for reducing a circulating 
decimal to a vulgar fraction. 

We need here consider only the fractional part of a circulating 
decimal. If there be any figures before the decimal point, these 
may be kept separate, and connected with the vulgar fraction 
equivalent to the other part, so making a mixed No. 

Let iV be a circulating decimal^ in which P re- 
presents the figures not recurring, and Q the period or 
recurring part ; and let P and Q contain p and q digits 
respectively. 

Then N=^ .PQ Q &c. and lO^.N^ P.QQQ &c. 

and 10^' .i\r=PQ .QQQ &c. 
.:. (10^*«-10P) N-PQ-P, 
PQ^P _ PQ-^P 

^^ lOp+^'-io" i(F(io«-iy 

Hence the rule — (since 10^—1 will be expressed by 
q nines, and 10'* is 1 followed by p ciphers)— 
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For the numerator^ set down the decimal to the end of 
the first period^ and svbtract from it the Tixm^recurHng 
part; and for the denominator , set down as many 9'« as 
there are recurring fiffures, followed by as many ciphers 
as there are non^-recurring figures, 

194. Let Y- be a proper fraction in its lowest terms, 



Then if b can be put in the form 2"*5 , L e. the pro- 
duct of any powers of 2 and 5, the fraction may be 
reduced to a terminating decimal, in which the number 
of places will be the greater of the two, m and n. 

For if m>n, 1ihen^^^^^^^^=^-^^, 

which, expressed as a decimal(190),has m decimal places; 

^ T ^ ^x. « a.2"-^ a.2*-" 
and if m<n, then _„= ^^^ -^^ . 

which, expressed as a decimal, has n decimal places. 

195. If b be not of the form 2™5", the fraction cannot 
be reduced to a terminating decimal. 

For here no factor, by which we could multiply both 
numerator and denominator, will make the denomina- 
tor a power of 10 ; since all powers of 10 contain only 
factors 2 and 5, whereas the denominator here contains 
some factor different from these. 

In such a case it may be shown that the figures of 
the decimal will recur, and the No. of figures in the 
period will be less than b. 

196. To find the Amount of a givefi sum, in any 
given time, at Simple Interest 

Let P be the principal in pounds, n the length of 
time in years, r the interest of £1 for 1 year ; then the 
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interest of P pounds for 1 yeax will be /V, and for 
n jeajcSf will be Prn, which is the whole interest re- 
quired; and the Amount, MssP+Pr7i=sP(l + rn), 

If M=2Py or the original sum has doubled itself, we 
have 2P=P(H-r7z), and w=lH-r, r=l-5-w. 

Thus at 4 per cent, since here we should have r=Y5o' <^d 
• * . n s ^^ - » 25; it appears that any given sum will double itself in 
25 years ; but to have doubled itself in 15 years, it should be put 
to interest at 6| per cent, since then we should have n - 16, and 
.•.r = ^, andl00r = 6|. 

Cob. Hence the Simp. Int on any sum is pro- 
portional^ (i) to the Principal^ when the Bate and 
Time are given, (ii) to the RatCy when the Principal 
and Time are given, (iii) to the Time, when the Prin- 
cipal and Bate are given {Arithmetic, 96); but the 
Amount only in the first case. 

Ex. 1. Find the amount of £2S7 I2s. 6J. in 3 years at 4} per 
cent, per annum, Simple Interest. 

Here P= 237f , « = 3, r = ^§5 of 4J = 550 5 *<> ^^^ ^' 
M= P (1 +nO = 237| X liio = ^69 14*. 1^. 

Ex. 2. In what time will £91 13«. 4d. amount to £105 8s. M, 
at 3 per cent, per annum, Simple Interest P 

Here P= 91§, r = ^Jg, M^^ lOSj^j ; to find « : 
105^=91? (1+^n), or 1265 = 11 (100+3»), .-.n^Syrs. 

Ex. 3. What sum will in 9 months amount to £600, at 5 p. c. 
Simp. Int. ? 

Here ilf =600, r = 55-=A,n-|; to find P: 

P=3fH-(l4-ni)=600H-lg»5 = £578 6«. 3||rf. 

197. To find the Amount of a given Sum, in any 
given time, at Compound Interest, 

Let P, n, denote, as before, the Principal and Time ; 
R the amount of £1 with its interest for 1 year = 1 + r ; 
then PR will be the amount of £P with interest for 
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1 year, and this becomes the Principal for the 2nd year i 
. • . PR xR= PiP will be the amount of £P for 2 years, 
and this becomes the Principal for the 3rd year : 

.-. PR^ X R = PIP will be the amount of £P for 
3 years, &c. ; hence 

M = PiP = P(l + rf, the amount of £P for n years : 

and the interest =PJ?'»-P=P(i?»-l). 

Cor. Hence the Comp, Int. on any sum, as also the 
Amounty is proportional to the Principal, when the Kate 
and Time are given ; but the corresponding statement 
will not hold good, for the other cases of (196 Cor,). 

Ex. Find the amount of £275 for 3 years at 5 per cent, per 
annum, Compound Interest. 

Here P= 276, n - 3, JK = 1.05, to find M: 

M^ 275 X 1.05» = 275 x 1.157625 « £318 6«. Hid. 

198. To find the present Value and Discount on any 
sum for a f/iven timcy (i) at Simple, (ii) at Compound 
Interest, 

Let V represent the present value, D the discount, 
of a sum P due at the end of n years ; then, since V 
is the sum, which at Int. for the given time will 
amount to P, we have 

(i) P= V{\+rn), (ii) P= K(l -f r)«; hence 

(i) r=-^-, and JD=/>- r=,^^, (ii) r= ^ 



l+m 1 + rn ^ ' (H-r)' 

Ex. Find the present value (i) at Simp. Interest, and (ii) at 
Comp. Interest, of £28113 17«. payable 2 years hence, at 3 per 
cent per annum. 

(i) F= 28113 85+1.06 = £26522 10«. 
(ii) r- 28113.85 H-1.03» = £26500. 



MISCELLANEOUS EXAMPLES; Pabt L 



1. Multiply a*- 2ax - 6*+^^* by 5'+*r« 

2. Divide ar3+4<iAar» -ea'&^o:- 4ii»ft» by ^tab-^x. 

3. If a:»l; y» -2^ 2>r3; find the value of 

4jr'+2j:y4-3y«+2a'+y«-:R8 * 

4. Reduce ^^«'+n»a» . ^nd ^"h^Hy* 

5. Extract the square roots of Ij*^^ and 66.455104. 

6 SimDlifv(^^-^)-*(^-^*^and i L - ^+^ 

7. Sum the A. p. 7+8J4-&C to 8 and to n terms. 

8. Insert an H. mean between 1 J and 1^. 

9. Reduce to their simplest fomis \/125, ^/98a':r, $ \^^^^* 

10. Expand (1 — 2a*)-* to five terms. 

11. (i) i(5.r-7)-K4^~9)=3|. (ii) a-+ 7 - v'6'^+19. 

(iii)fr-iy-l \ (iv) a:Hy* - 13 ) 

6Cr+y)-3Cr-y) = 13(ar-l)j' a:y ^ Q]' 

12. A certain fraction becomes 1 when 3 is added to the num% 
and ^ when 2 is added to the den' : find it. 



13. Write down the square of l+2a:— a-*— Jar*. 

14. Divide 51a.'y+10.r*-48a:V-15y*+4.iy5by 4ry-6jr»+3y*. 

15. iind the value of a:* -2a (a- 6)0:2^(^3^^2) (a^byx-a^I^, 

whenflfsil, 6=» — 2, x^S, 

16. Find the a. c. m. of 

3ar*-ay-2y* and mr*+15a^y-10x2y»-15ay». 

17. Extract the cube roots of 1953125 and 5. 

18. Simplify^(£lzi)+i and «H3a2a jja^J:^^_ (a+^)» ^ 



19. Sum the a. p. 3— l+&c. to 5 terms and ad infinitunu 

5 

1 



20. Simplify {(a^b »c*)~i}"* and x'^fT^zVOn/z"*). 



21. Expand to five terms 



4/a-.3r 
a 



U MISCELLAKEOUS EXAMPLES. 

22. Express 3000 {quateniary) in the qmnaiy scale, and 3000 

{quinary) in the quatemaiy, and all four in the septenary. 
OQ h\ ^-2 21-ar ar+18 ^.. . - .1 



2j:-5 5 10 

(iii)li-5(Jx-l) = 2-|(y+l) I 



a: 



|^+8-j(y-6) = llx-3Kar. 

24. ^ can do a piece of work in 10^ days, which A and B can do 
together in 5| days : how long would B take to do it alone p 



1 1 

26. Find the product of a:'— «, .r^-a^x+a, and ar^-f «"J^+a- 

26. Divide fa:*-4ar*+-Ya^-^jr»--^3-:r+27 by Jar«-ar+3. 

27. llx-l,jy— -2, s-3, find the value of 

28. Reduce ?:±i^? and .^To^^^ 



29. Simplify iz.UW(lzf )1 and ^-t? - + ^'-^ - _:L_ 

^^l-i{l-ia-^)} 2(x+l)^2(a:-l) a:«+l 

30. find the square roots of 19321, 1.9321, and 19.321. 

31. Obtain a fourth proportional to f, f , |, and a mean proportional 

to .017 and .163. 

32. Sum the g. p. |-|+&c. to n terms and ad w/UMlum, 

8 

33. Expand (ax-x^) * to five terms. 

34. In how many ways may a sum of 40 guineas be paid in 
dollars (4«. Qd.) and doubloons (13«.) P and how may it be 
paid wildi fewest coins P 

36. (i) £z2^^i^.87i-?I(£r2). 

(ii)irr-12«iy+8 ) ^ii^ JL+^^Sli 

36. How many square feet are in a rectangular surface, of which 

the diagonal is 63 inches, and the length and breadth 2a +13 
and 2a - 4 inches respectively P 

37. Multiply (a-^-h^-c) (a+6 -c) by (a-6+c) {h-^^c-a). ■ 

38. Divide 1 - Jj; by 1 - J.r - ^x^ to five terms. 

39. If a a ~:r » }, 5 - 0, find the numerical value of 

0^ - (a - 6) :r9+(a-6) ft'or-M. 

40. Reduce to its lowest terms ^^^±^. 
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41. Find the cube roots of 2685619 and i, 

42. Simplify the fraction ^^^tl^^J^^]^^^^- 

43. Expand (a*- 4aV)* to five terms. 

44. Reduce to their simplest forms -^ V A and ?£ V P^! . 

'^ 3 V 4a2 2 V 81^:2 

45. Simi the A. p. J4-§+&c. to 31 and to n- 2 terms. 

46. Transform 1828 into the septenary scale, and square it; 
reduce the result to the nonary, and extract the square root j 
and express the latter two residts in the denary. 

47. (i) 3:r-K^-lJ)=9-i(5.r-7). 

(ii) a:-y-a= 6\ (iii) a(.r+y)-ft(a.-y)=2a« \ 

3y-a:-z = 12l. («2-6«) lv-^)^4a'b\* 

72-y-x = 24) 

48. Two men can do a piece of work in 12 days, and one of them 
can do half as much again in 24 days : in what time could the 
other do a third as much again ? 



49. Simplify Hi«-(6-«)} -K(*-i«)-|{''-i(6-!«)}]- 

50. K a » 1, & s 3^ c s 5, find the numerical value of 

{a-(6-c)}'+{6-(c-fl)}»+{c-(a-6)}». 

51. Expand and simplify the quantities in the preceding question. 

52. Find the G. c. m. of 

7ar* - 2j:V - 63:ry«+ 18y» and Sa-* - 3jr»y - 4aiV+27^3 - ISy*. 

53. Extract the square roots of 1110916 and 9+2^14. 

54. Simplify 

(«+j+^')^(a+5+^^ and («-6+_^^)*(a+*+-^J. 

55. Sum .2+ .024- .002 to n terms and ad infinitum, 

56. How many terms of the series 17, 15, &c. will make 72 ? 

g 

57. Expand (a* - bx) ^ to ^ye terms. 

58. How many difierent throws can be made with two dice P 

^®- ® J+i-^^\lH^y ll:r+9y = 69l- 

(iii) ir^-ay*«6 = 2a;y. 

60. In a concert room 800 persons are seated on benches of equfd 
length. If there were 20 fewer benches, 2 persons more would 
have to sit on each bench. Find the number of benches. 

a2 



iv MISCELLANEOUS EXAMPLES. 

61. Multiply 2i/-{-Sx*y^'-x^ by 7x*-5y^. 

62. Divide a^+4rH-3 by j^ -2.r+8. 

63. If 11=: 1, 6=2, c-3, find the value of iya(6»+«c)-i6«c 
64 Rnd the o. c. M. of a»(6* - fcV) and 6»(a6+flc)«. 

65. Obtain the fourth root of iar»(j:-2)-ac»(ar»-3)4-l. 

66. Simplify ^^^^Z^-^^-^. 

67. find the G. mean between 12^ and 13^ to 3 places of decimals. 

68. Expand ( ., ,^ ^ ^ ^^^ terms. 

69. What number is that^ which is just as much below 35 as its 
half is above its third part ? 

70. Convert 297 to radix 11 : square and cube it in that scale, 
extract the roots, and reconvert them to the common scale. 

71. (i) |(3x+5)-i(2H-^)=39-6x. 

(ii) 2j/»+x^2Q. (iii) 2jr-9y-h2«0-ar-12y-h2J. 

72. A and £ can reap a field in 10 hrs., A and C in 12 hrs., B 

and C in 15 hrs : in what time can they do it Jamtfy and 
separately f 

73. Obtain the quotient of Q^a^ - 96/^ ar* by s^x - 2s^jrK 

74. If a:«i, and a:+y =a:+y+«=0, find the value of 

75. Reduce ,/^J*^2i£^ 

76. Add together 7 a/63+2 v'252H-ll a/28. 

77. Find a/3.14169, and the fourth root of or*- Ja:+|j;»+^-.2x9. 

78. Show by the Bin. Theor. that a/2 = 1+ J-Hx6-il8+&c. 

79. Sum the A. p. |+2+&c. to 9 and to n terms. 

80. Form the equation whose roots are 2, —2, 1+ a/6, 1 — a/5. 

81. What number is that which is the same multiple of 7, that its 
excess abov^ 20 is of its defect from 30 ? 

82. How many different arrangements can be made of the letters 
of the word Novogorod? How many with two o's at the 
beginning and two at the end P 

83. (i) J(7a:+5)-|(:r+4)+6 = f(^+3). 

(ii) a:+y-8-0-K^""y)+|(«r-Jy+2). 
(iii) a:+A/fi5+IO-8. 
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84. Out of £5000^ a person leaves £20 to an old servant^ and the 
remainder among three societies^ A, B, and C, so that B may 
have twice as much as C, and A three times as much as B : 
how much does each receive ? 



85. Multiply Vx^-\-l + -^hy V^-l-h^. 

86. Divide Ja'+ffl'^ - ^^ ^7 i«+J^. 

87. If a = 1, ft » I, a: = 7, y = 8, find the numerical value of 

88. Simplify 

li-J{l-|(.^-i)} a^d {a-J(a-§6}^{^6-J(a-h|6)}. 

89. Write down the quotient of ar-^+ft* by a^:c~^+b\ 

1 _i 

90. Rnd the square root of (a:+ar») - 2Qv^ -x 2)-l. 

91. Sum the A. and g.p. |+2+&c., each to n terms. Can the 
latter series be sununed ad infinitum ? 

92. Expand v^r+ix to five terms, and square the result. 

93. Find two numbers in the ratio of 1^ : 2|, such that, when 
increased each by 15, they shall be in the ratio of !*§ : 2^. 

94. In how many ways may £24 16«. be paid in guineas and 
crowns? 

95. (i) J(9a:+7)-{a:-K^-2)}«36. 

(ii) A'+l :y :: 5 : 3 ) 

j^-i(5-y)=3j'L-i2^-l)r 

96. If at a fixed rate per cent, for a certain time, 21 francs and 54 
shillings equal the simple interest of £58 17«. Id,, and 12 
francs and 38 shillings equal the interest of 1000 francs; 
what is the supposed worth of the franc in English money ? 



97. Simplify 

J{:r(.r+1) (ar+2)+^(^-l) (x^2)}-\'%(x-l)x(x+l). 

98. Divide a* - J^t^b^^iab^+lb^ by «2-h2a5+i6«. 

99. Find the G. cm. of 3a:8+4r»-3:i'-4 and 2x^-7x^+5. 

100 Reduce C^-*') (^-^) and ^+^^^ 

100. Reduce j^^^^--^^yj-^-^^^^ma ^^^^^ . 

101. Rnd the cube root of 69.426531. 

102. Multiply l-^-af-x'^ -a^+x^ +aix'^hj x^ --a^+l. 



vn MISCELLANEOUS EXAMPLES. 

103. Find the common difference of an A. p,^ when the first term 
is 1, the last term 60, and the smir 204. / *-•'.. 

104. Jialh :: c:d, show that Ta+b : 3a-56 ::' 7c+d : 3c- 5d. 

105. Divide 100 into two parts, so that i the greater may be 
greater than ^ the less by i their difference. 

106. Employ the septenary scale to find the side of a square which 
contains a million square feet. 

107. (i) i(x+3)-Hll-^) = l(^-4)-5\(x-3). 
,... 2£-l , 2x-fl^Q (iii) 3a:-yH-8 = 17, 
^''^ 2j;+ r 2a: - 1 * 5 (x-fy - 2) = 2 (y+a), 

4(j:+y+»)=3(l-a:+3z) 

108. -4 and ^ engaged in trade, A with £275, B with £300; A 
lost half as much again as JS, and B had then remaining half 
as much again as A : how much did each lose ? 



109. II a—b-x^S and a-f 6+^ = 2, find the value of 

(a-b) {a^-2flxH«*^-(«+6)ft''}. 

110. Show that (2a+6-0 (26-fa"0 = (2o^&^+a""Va)^ 

111. Find the L. o. M. of 6a^-iar+6, ar^+Sx-e, and 9jr»-4. 

112. Obtain the square root of iar*+|«*-Jflu:(2a2+3r^-4ac). 

113. Obtain \/6 to four places, and thence find \/|, v^f , a/I}* 

114. SimpHfy -Y ,^3^i,,^,) and jqrj.+^j^:^; +(M:^»' 

115. Square a - 26 - 3c and 2a — Jix - ijco:* + 2dx^, 

116. Sum the G. p. 5+2-f-&c. to » terms and ad infimtum, 

117. The trinomial ax^+bx+c becomes 8, 22, 42 respectively, 
when X becomes 2, 3, 4 : what does it become when j: =r - ^ ? 

118. Expand ^1^4x to five terms, and obtain the same by Evol". 

119. (i) |(4a:-21)+3J-hi(57-ar) = 241-5\(5j;-96)-llA\ 
(ii)llT2+l = 4(2-.T)2. 

(iii)K3a:-2y+l)-i(a:-y)=|y 
5_^^ 15 
X 2y 2x1/ 

120. ^ and ^ sold 130 elk of silk, of which 40 were A'b and 90 
B'a, for 42 crowns ; and A sold for a crown ^ an eU mors 
than B did. How many ells did each sell for a crown P 
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121. Write down the quotient of 16 -81a by 2+S^a. 

122. Multiply a'+f (flH-6)a:-J.r» and a2-§(a-6)j:-i--Jr». 

123. Reduce to its lowest terms ^f^^fr^'\ . 

12j:»-5.r»+4r-4 

124. Rnd the L. c. M. of a^±x\ («±a:)S and a^±x*, 

125. Obtain the square root of 1^ and of 12+6^3. 

126. Simplify a- (6-c)- {J-(a- c)} -[a-{2J-(a-c)}], and 

showtiiat ^+" ^+^ - ^•+" 



(a—b){x-a) (a-b) (x—b) (z-a) (x-b)' 

127. Sum the A. P. J+i+&c. to 7 and to n terms. 

128. How could a sum of £24 IQs. be paid from ^ to ^ with the 
use of fewest coins^ if A have only guineas and £ erowns P 

129. Simplify 

'/87asS+a?)^16aV» and (Va)*"e-}(J6\/a"3F*)i 

130. Compare the numbers of combinations of 24 different letters, 
when taken 7 and 11 together; and also when the letters 
a, b, c occur in each of such combinations. 

131. (i)«^18-4|-lI^=5.-48-14=^-?ir2?. 

(ii)l+|(y+5)-i(7*-6) = 10-i(3;r-10+7y)^ 
i(12-a:):5a:-i(14+y) :: 1:8 J' 

(iii)6x-S^ = 2^+3J^). 

132. A party at a tavern had a bill of £4 to pay between them, 
but, two having sneaked off, those who remained had each 
28, more to pay : how many were there at first ? 



133. Show that (ac±bd)^'\'(ad+bcy = (a'^+b'^) (c^+a^), and ex- 
emplify this identity when a = l= -d,b = 2^ — c. 

134. Obtain the product oix+2\/^-{-2^/y by x-2\/^'{-2Vy» 

135. Divide a;*— (a* - b —c) a^ — (b —c) ax +bc by r^ - ax-^c, 

137. Find the l. c. h. of 

m'« — mn^y m''\-mn - 2w', and m^ — mn - 2»'. 

138. Obtain the square root of a^ - 2rt^+3a« - 20^^+1. 

139. Jf a : b :: c : d, express (6+rf) (c-{-d) in terms of a, b, c. 



Vm MISCELLANEOUS EXAMPLES. 

140. Pind \/24^ and thence deduce the values of 

V'64' V8-v'2' a/S+v'S' 7-V6 ' 

141. Insert two A. and two h. means between 1 and 3. 

142. Expand (1— 4j:) * and (1 - 4x) ^ to five terms ; and show 
that the former series^ when squared, coincides with the latter. 

143. (i)i:r-i(^-2) = i{x-|(2J-.20}-i(:r-5). 
^..x X , a:-9_^-fl , a:-8 

144. A fJEtrmer bought 5 oxen and 12 sheep for £6S, and for £90 
could have bought four more oxen than he could have 
bought sheep for £9 : what did he pay for each ? 



145. Find the continued product of (x-{-d) (or-f 6) (a -2a.*) (b-x'). 
140. Write down the square and fourth powers of a - i Vor— 2j:. 

149. Extract v^.Ol to four places of decimals. 

150. Obtain the square root of (^-f 1)'— 4\/^(ar- ^/ar-f 1). 

151. Determine which is the greater \/2-i-v^3 or \/3-*-v^5. 

152. Sum the G. P. J+|+&c to n terms and ad infimtuin, 

153. Given -1 to be a root of the equation x*--7x^-Qx=0, find 
the other three roots. 

154. In how many different ways could a farmer lay out a sum of 
£63, in buying sheep and oxen at 30«. and £9 respectively ? 

155. (i)a(i-6) = 6(a-^)-(a+ft)x 

rii^ _?_+_L,4._iL_ = (^^) 2^+3ry = 26) 

^ ^l-3jr^l-5a:^2x-l V+2:ryt=89j 

156. A and B can do a piece of work together in 4 days : A works 
alone for 2 days, and then they finish it in 2^ davs more * 
in what time could they have done it separately ? 



157. Find the value of ^5±^^+^^^^^±^+V'a«-2a6+4y, 

when fl = J, 6 = 1. 



MISCELLANEOUS EXAMPLES. IX 

158. Divide a'+Sai^+Js ^y J-\^2ah^-{-b. 

159. Findtlieo.c.M.ofar*+7a:54-7a:'-16a:anda''-22'3-13.r+110. 

160. Simplify _^---^-^^^ and jft^^y 

161. Multiply together a:-l + A/2, jr+2+v^3, a:- 1-^/2, and 
j:+2-a/3. 

I 

162. Knd the 7^ tenn of 6-h5| 4-6|+&c., and its sum to 16 terms. 

163. 11 a : b ::b:o :: c:d, show that a:b :: i^a : t^d; and 
express (a+b) (c-i-d) in terms of b and c. 

164 Find the least number which, when divided by 47 and 74, 
shall leave remainders 26 and 62 respectively. 

3 

165. Expand (l+2a:')-' and (a+26)2, each to five terms. 

166. Express a million in the senary scale, extract its square and 
cube roots in that scale, and i*educe the results to the denary. 

167. (i)|(:r-5)-j\(:r-13|)=6-i(7-^0. 

(ii) ^""^y ^ 1 = ^-^^y . (iii) ^-^8 _ ^(12:-^) « 11. 

b c »T— 4 2j:+3 

168. If A*a money were increased by half of ^'s, it would amount 
to £54; and, if B'b present sum were trebled, it would ex- 
ceed three times the difference of their origmal sums by £Q. 
What had each at first P 



160. Write down the expression for the product of the square root 
of the sum of the cubes of the square roots of a and b, by the 
square of the cube root of the sum of their squares : and find 
its value approximately, when a = 4, 6 = 1. 

170. Multiply x'^-^2x'*y^+Sij hj x'^-2.v'*ij'^+f/. 

171. SimpHfy((^^-j-:)-i and reduce £rfg^. 

172. Obtain the square root of l-ax^- -^-fl'.r+2a»j:2-f-4«*A-^ 

173. Find the sum of "±-*--A-, and of l+J^-,^£±^.. 

x-a x-V 2(07- 1) 2(.r-hl) 

174. Extract a/15, and thence obtain the square roots off, f , 2|, 41f . 

175. Sum the A. p. 13-|-llJ+&c. to 5 and to n terms, beginning 
in each case with the ninth, 

a3 



X MISCELLANEOUS EXAMPLES. 

176. If X - ^±J, y = ^^, find the value of a^-^xy+y^. 

177. Expand (1-|- ^/a:)"^ to five terms, and obtain firom the result 
the series for (1-f a/^)"*- 

178. Knd three numbers in the proportion of |, |, |, the sum of 
whose squares is 724. 

179. (i) Qx-a : ^-h : : Zx-^h : 2j7+fl. (ii) 3(a:- i)-*^= 5 
(iii) (a:+5)2+(y+6)«-2{^-hl2(a;-l)}, y=:r+L 

180. A does f of a piece of work in 6 days, when B comes to help 
him ; they work at it together for ^ of a day, and then B hj 
himself just finished it by the end of the day : in what time 
could they have each done it separately ? 



181. Find the continued product of a+x, o+Jy, «— i*; and de- 
duce from the result the value of (a-\-hy. 

182. Multiply fa:+3a"8^^_|o"I by 2j:-a"5r«-Ja'"». 



183. Simplify x-J{ai-^)-K2i-^0-|(H-^-2i)}. 

184, Beduce to its lowest terms ^~ft\^Z^^t^ • 

186. Find the l.c.m. of as^—a^Xy or*— 1, and ar'-hl. 

186. Extract the square root of a^-^+ia-^lf^-a-'^h-^'^cA 

187. Find the sum of -^ =1-0+ 



-1 



2(a:-l)«^2(.r-l) 2(:r«4-l) 

188. Multiply together 3 a/8, 2V'6, ^/IS, V'20; and find v^2-f|^/7. 

189. Sum the a. p. 6- 2+&c. to 7 and to n terms. 

190. The present worth of £1463 is £1400, but were the term of 
credit 1 year more, and the rate of interest £1 less, the present 
worth would be £1393| ; find the rate of interest. 

191. (i)X(3r+|)-i(4r-6|)«K6^-0). 

Cii) 5.r+4y«38i+J(3:r-y), :r-5A-l{K^+y)-.K^-y)}. 

192. A man and his wife would empty a cask of beer in 16 days ; 
after drinking together 6 days, the woman alone drank for 
9 days more, and then there weip 4 gallons remaining, and 
she had drank altogether 3| gallons. Find the number of 
gallons in the cask at first. 



MISCELLANEOUS EXAMPLES. xi 

193. If 4a = 56 » ly find the value of 

194. Rnd the sum of -^- -^ ^-,4 



.r--l .r-+l a:*-l^j:i+l 

195. Simplify the suid expressions 

8^/2+2^/3 3^/2- v^8 Wl+Wi 
3V2-2V3' v^S-Vi ' iA/l-JVr 

196. Eeduce <r'r^?/'t"^'''^"o^f? and !f"fi"^".^fl> 

197. Find the l. c. m. of ar»-2a:-l and 4r»-2:r*-ar+l. 

198. Sum the series 3— 2+l|- &c. to n terms and ad infinUum, 

199. Prove that the sum of any number, n, of consecutive odd 
numbers^ be^nning with unity, is a square number. 

200. Given y» oc a*-x*, and when x= Va^-~b% \ai/^b% find the 
value of a: when y = |ft. 

201. A person distributed £2 Is, Sd, among some poor people, 
^ving 9|c^. to each man and 6|€f. to each woman : how many 
men were there, it being known that the whole number was 
a multiple of 10 ? 

202. Expand (l+v^^)"* to Ore terms, and obtain from the result 
by Evolution the series for (1-f -^ar)-'. 

203. (i) i{l+|(:r+2)}-f{li-(l|-:r)}=lA 

(ii) aba^ - (a+b)x+l = 0. (iii) l(x+y) = x-y= Vx+2y--I, 

204. A and B lay out equal sums in trade ; A gains £100^ and B 
loses so much, that his money is now only | of As ; but if 
each gave the other | of his present sum, j^s loss would be 
diminished by one half. What had each at first; and what 
would A'b gain be now ? 

205. Show that i(jcr^-^y^)'^z^''lxt/'{-a:z-yz and (y»^z)' become 
identical when - a: = y = a. 

206. Divide tnpji^ + (niq— np)x^ — (fiir'\-nq)x-\-nr by mx — «. 

207. Multiply a3+a""34-2-a3+a"» by a3-o""'+l, 

208. Reduce to its lowest terms -^+«*'^'-^"<^ . 

209. Obtain the sumof ,. „"" ^ -.v +oT-J-ri-N+ fl/ iix * 

3(x*-^-hl) 2(0.-" +1) 6(ar-Hl) 



Xii MISCELLANEOUS EXAMPLES. 

210. Ilnd the square root of 49.14290404 and the cube rooted 
8242408. 

211. The 8'^ and 13'*" terms of an A. p. are 3 and | : find the 14^ 

term, and the sum of 20 terms. 

1 

212. Simplify the surd expression {«&"'. \/a6»,v^a6*. 4^ a6*}*- 

213. The fore-wheel of a carriage makes 6 revolutions more than 
the hind wheel in 120 yards, imd the circumference of one is 
a yard less than that of the other : find that of each. 

214. Transform 1000000 from the quinary to the septenary scale ; 
and extract its square and cube roots in the latter. 

216. (i) i(ar-l) (x-2)-(.r-2|) (.r-l|). 

(ii) 2ar+%r = 6- -.(2y+3.i). (iii) x'^+xy^a^y^^-xy^h^ 

216. Bind the time in which A and B can do together a piece of 
work, which they can do separately in m and n days. How 
long must A work to do what B can in m days P 



217. Knd the difference between (m -f 2) (m -f- 3) (« + 4) and 
24{n-.|(n-l)} {n-|(n-2)} {n-|(«-lj)}. 

218. Divide a-hft'+c'-34^SV by as-f-Js+c. 

219. Find the sum of £1^ . -Iz? . __J?Z^)!_ . 

a:— o x-a {x-a) (x—b) 

220. Find the l. c. m. of ar^+ar^y+.tyHy' ^^ x^-xh/i-x^^y^, 

221. Obtain a/10, and thence derive tlie values of |\/|, v^4J, V2|, 
(^6+a/2)+(^5 - v^2), and (v^o- ^2) -^(6^2 -2^5). 

222. Sum (1§)"* + 2-1 +(2|)~^ -f&c to n terms and ad infinitunu 

223. Expand (a' + 2^)"" and (2a-ar)-« each' to five terms. 

224. A servant agrees with a master for 12 months, on the con- 
dition of receiving a farthing the first month, a penny the 
second, fourpence the third, and so on: what would his 
wages amount to in the course of the year ? 

225. Given two roots of the equation a;'+4x » 5^^^ to be 1 and — 2, 
find the other three roots. 

226. A person changed a sovereign for 25 pieces of foreign coin, 
some of them going 30 to the £, the others 15 : how many 
did he get of each P 

227. (i) 2ar'-f-(fl-2>r-l=0. (ii) ar+l = 6y+l-ay+&r. 
^^ x^ ^x^\ " 4(¥^)* 



MISCELLANEOUS EXAMPLES. xOl 

228. Find the time in which A, B, and C can together do a piece 
of work, wMcli A can do in m days, ^ in n days, and C in 
i(vi-\-») days. 

229. Divide Sy^+iny^-^j- ay +§«V+i''* ^y ly^+Say-Za^ 

23a Obtain the products of ^/x^+a^i^+a^ 

(i) by v'a^-fliy.r»+«2, (ii) by ^.x^ +0^x^-0^, 
(iii) by ^a^-a^a^ — a^, 

231. Find the o. c. M. of 

3fl*-a«ft«-26* and 10a*+15a'ft-10a'ft«-15fl68. 

232. Find the L. c. M. of a:»-ai-»+Sr-l, jr»-jr»-j:-hl, ar*-2a^ 
+2j'-1, and .T*-2:i'»-h2r»-2.i4-l. 

233. Simplify ^4^ and -2^:^^^ - ^aM 

234. Extract the fourth root of 

iV ' - l^y* + ¥ *^' ^ y * - 250.r3y » +626y « . 

235. Sum 16i+14|+13+&c. to 11 terms, and |+|+if -f&c. to » 
terms and ad ntf.; and insert 3 h. means between 1 and 2. 

236. Given y'— 6'oca:+«, and when :r = J, y«fl, find the value 
of y when .r - 3a. 

237. Four places lie in the order of the letters A, B, C, D, Ala 
distant from D 34 miles, and the distance from ^ to ^ is 
I of that from C to Z> ; also i of the distance from ^ to ^ is 
less than thrice the distance from ^ to C by | of the distance 
from C to D, Find the respective distances. 

238. If (l+xy = l+A^x + &c., and (1+ r)— = 1 -h ^i^ + &c., 
show, by finding the actual values of A^, B^y &c. that 

A^-\-A^B,+A^B^+B^^O. 

239. (i) ar+20 = 7-H3-iC^-l)}. (ii) '%"■ =0,^- +!?«6. 

^1 .fv yj X y X y 



^ ^ Sz-7 "2y-3s""3y:-2.r""^' 



240. If in (228) A work for i(Sm-2n) days and ^for i(3«-27?i) 
days, in what time will C finish the work ? 



241. Write down the quotient of .r'- 1/" ^ by xi-^y 4, and divide 
jr»-2iw:»+(aH«6-62^a»-a«6+a6« by .r-a+6. 

242. If c = 16, 6-10, a: = 5, y = l, find thevalueof (x-ft)(v'a-6) 
+ V'^^y^Ty) and (a-A)3-(6-A-«)- t/(G;-a:) (6+^). 



Xiv MISCELLANEOUS EXAMPLES. 

243. Find the G. CM. of 300^+265ar»4-50a:+24and60ar»-f 53r4-4. 

244. Simplify -^-3-^^ ^M3+3-(rrF)rt4-"2-crH^t" 

245. Find \/'6, and obtain by means of it the values of 

a/2|, a/4|, (v/3- v^2)», and (2^/3+3^/2)H.(3^/3-2^/2). 

246. Show that A/l«'+4^?6«} + v^[6«4-^fl«g*} =(a5-f.jl)l. 

247. Divide 4d into nine parts, so that each may just exceed that 
which precedes it by J, .. 

248. Given the coefficients of the 4"» and 6*^ terms of (l+ar)"** 
equal to one another : find n, 

249. In the permutations of the first eight letters of the alphabet 
how many begin with ab ? 

260. Express I234565432I in the scale of 12, and extract its square 
root in that scale. 

25L (i) |(jr_5)- j»j(j:-131) = 15-|(19-|x). 

to- «y =*&'') ^ ' \4j:-1/ x—1 

262. Find the time in which A, B, C can together do a piece of 
work, which (i) A can do in m days, and B and C together 
in i(m+n) days, or (ii) A can do in m days, A and B in «, 
and A and C in i (m+n) days. 



253. Find the coefficient of :rin (x+2) (j:-6) (x-f 10) (^-5), and 
of :r* in (l+i:r4-|;r2+J.r3+&c.)x(l-ir4-|^2-^.r»-f &c.). 

264. Divide ar^ +y by x ^-\-y* and x* — nia^x^ + wat^ - «» by 



1 1 



256. Find the l. c. it. of 6a'3-llA»+5:r-3 and ai-» -9ar»+5a:-2. 

256. Simplify Jil-ii:)zf., and reduce __^^^±zl . 

257. Find the sum of 

a ac a h-^ c . 2-2x^ 1 

268. ^ walks at the rate of 3 miles an hour, B starts 2 hours after 
him at 4 miles an hour : how many miles will A have walked 
before B overtakes him ? Find also how long ^should start 
after Ay in order that Ay when overtaken, may have walked 
6 miles. 

269. Simplify h^s^^^^a^i*^ v'l26a«6*. 



MISCELLANEOUS EXAMPLES. XV 

260. If the first term of an A. p. be 6^ and the sum of 7 terms 105^ 
find the common difierence^ and show that the sum of 
n terms : sum of » — 3 terms : : «4-3 : m- 8. 

261. Which is the greater of the ratios 

tf-fSa:: o-f-3a: and a«+2a.r4.2a:' : a^+Sax-^Sa^ ? 

262. Of 12 white and 6 black balls how many different collections 
can be made^ each composed of 4 white and 2 black balls ? 

263. (i) (:r-l|) (^-2J) = ia+i^) (^-1). 

264. A market-woman bought eggs at two a pennj^ and as many 
more at three a penny ; and^ thinking to make her money 
again^ she sold them at five for twopence. She lost, how- 
ever^ 4d. by the business : how much did she lay out P 



265. Show that (x+x-^y - (y+y^^Y = (xy - x" VO (^y^-^'^V)} 
and exemplify this result numerically when x-^^y— -f. 

3 18 

266. Knd the g. c. m. of ^aH^-\-^a^a^ + 2ax^ -2a2a:— 4and ^a^x^ 
+ 5ar»-.a2x+2. 

267. Find by Evolution Va^^^^ to five terms, and square the 
result. 

268. Simplify3a-[6+{2a-(<>-:r)}]+J-tz|^. 

269. Find the sum of 2^-4-,-+,^^^^^ 

270. A gamester loses \ of his money, and then wins 10*. ; he 
loses I of this, and then wins £1, when he leaves off as he 
began. What had he at first ? 

271. The sum of » terms of the series 21+19+17H-&C is 120; 
find the n^^ term and n. 

272. Divide 100 into two parts so that one shall be a multiple of 
7 and the other of 11. 

273. Into how many different triangles may a polygon of n sides 
be divided, by joining its angular points ? 

274. Convert 86 and 257 to the quaternary scale ; multiply them 
in that scale, and reduce the result back to the denary. 

276. (i)i.r+|^-l = il3^-|(^-l)]. 

(ii) <M7+y = a7+&y = J (^H-y)4-l. (iii)8jr*y=144 = 4ry^ 

276. A and B can reap a field of wheat in m days, B and C in n 
days, and A can do p times as much as C in the same time : 
in what time would the three reap it together P 



XVI MI8CELLAKEOUS EXAMPLES. 

277. Find the value of ar+iy- c when 

ar« =,- and v» -„ . 

ma—lb lb— ma 

278. When a =■ 4, .r =« - 8, y =« 1, show that 

_3 • —125 4 1 g 8 8 

a =.r'4-y*«(rt ^^s+y*) (a*a;«-o *x»y*+y«). 

279. Reduce to its simplest form 

3g-^j:'+5g-'^-12 
a •»j,^-tirt *.r--12a 'x+Oa* 

280. Find the L. c. 31. of 

4 1 

281. Obtain the square root of .r3-4x4-8jr«+4. 

282. SimpHfy 4^40 - J^320+4^135, and 8y|-iv^l2+4>/27 

283. Show that the sum of the cubes of any three consecniiye 
numbers is divisible by three times the middle number. 

284. If a: 6:: c:<f,showthat2a«-36«:2c«-3^::aH^: c*+<i*. 

285. Two-thirds of a certdn number of poor persons received 
Is. 6d, each, and the rest 2«. Qd. each : the whole sum spent 
being £2 15*., how many poor persons were there ? 

j386. The No. of Comb" of n letters taken 5 and 5 together, in all 
of which o, b, and c occur, is 21 : find the No. of Comb" of 
them taken 6 and 6 together, in all of which a, b, c, d, occur. 

287. (i) V|.+ (l.aO».i-.. (ii) ^-+^=^. 
(iii) :r»+j:y+y«-37, j:+y-7. 

288. A certain number of sovereigns, shillings, and sixpences 
amount together to £8 6«. Qd.^ and the amoimt of the shil- 
lings is a guinea less than that of the sovereigns and 1^ 
guinea more than that of the sixpences : how many were 
there of each ? 



289. What is the difference of o(6+c)Hft(«+c)Hc(a+6)« and 
(a+6)(fl-c)(6-c) + (fl-6)(o-c)(6+c)-(o-6)(a+c)(6-c)? 

290. Prove the preceding result when o « - J, 6 « |, c = — J. 

291. Multiply l+ia^Wj^''^-^ by l-|«"WJ«"^^-iV»■'•^*• 
292. Obtain the coefficient of a* in (l-2x+3ar*— 4a:»+&c.)«. 
293. Extract the square roots of 7/^, .064, and 31— 10>/G. 



MISCELLANEOUS EXAMPLES. xvii 

294. Simplify 

295. Given two nmnbers such that the difference of their squares 
is double of their sum, show that their product will be less 
than the square of the greater bj the double of it. 

296. Sumtonterms4^+^-^+^-L&c.andi-fl+--f&c 

297. Eequired two numbers whose sum shall be triple of their 
difference; and less than 50 by the greater of the two. 

298. The No. of Comb»« of «+l things, taken n-1 together, is 
36 : find the number of Permutations of n things. 

299. (i) (a+x) (b-^x)-a(b-\'C)=a^cb'^-^x^. 

(ii) i^/a:+ ^« - a: = 2 [ a/j: — Va — ^} . 
(iii) 2ar»+3y» = 5 = -6(2x+Sy). 

300. A can do a piece of work in 2 hours which B can do in 
4 hours, and JB and C together in 1^ hour : in what time 
could they do it, working all three together P 



301. Divide 

12x- 20^*y"s 4.27xay"* - ISx^y-* +4y"3 by 4ra — ^r^y's +y"«. 

302. Find the value of ?±|?+^±-26 ^^^^ ^ ^ Jab^ 

303. Extract the square roots of 

18946044881 and (x+x-^)'^ - 4(x - a:-»). 

304. Find the g. c. m. of (6-c) j:*+2 (ab-ac) x+a^b-a^c and 
(a6-flc+6«-6c) x+ (a'c+ab^-a'b-abc). 

305. Simplify 

A/128-2v^50-f ^/r2- vl8,and (5 a/5- TVS)-*- (a/6 -2^/2)'. 

306. Fmd the sum of ^t^ _ y--^_ _^ r.^'. 

2j:-2y 2j:+2y x^+j/* 

307. When are the hour and minute hands of a watch first together 
after 12 o'clock ? 

2 1 

308. Expand (Ba ^-2a-'^x^y^ to five terms. 

309. Sum X-f i-f |-f &c. to 8 and to 3« terms; and insert four 
H. means between f and f . 

310. The No. of Comb"* of 10 letters, r-1 together : No. of 
Comb»« of them, r+l together:: 21 : 10 : find r. 



ZVUl MISCELLANEOUS EXAMPLES. 

• 

811. 0.O3x*-2.7a:«3O. 

(ii) (x+a) (y-6) ■\-c^ix-a) (y+6)-cl 

(:r+6)(y-a)-(x+fl)(y-6) J' 
(iii) or+y = «^+ ^ = oj^^hy^. 

812. Suppoang in (300) -4 to begin by himself, how long after 
must B and C begin to help him^ so that, when the work is 
finishedi A may have done upon the whole twice as much 
as C? 

818. Obtain the product of VaH-^/^^. ^x, 

Q) ^y Vo- «yfli-f a/o:, (ii) by Vx—s/ax—Va. 

814. Fmd the value of ^^^?±^±^^?^whenx = (i) || a, (u),-^. 

Va+x— Va—x ''l+o* 

3 1 1 

815. Write down the quotient of 16a'r*-y by 2a*xa+y*. 

316. Extract the square root of | - \/5, and of 

317. Expand v a— a: and v tTfx each to five terms. 

818. Multiply together 

1+2a/2, 4- V3, V2+VS, 4+ v'3,2v'2-l, v'3-a/2. 

319. find the n^^ term and the sum of n terms of the a. p. 

a-M , a— 2» . rt — 3n . „ 
n n n 

320. If the sum or difference of two numbers be 1, show that the 
difference of their squares is the difference or sum of the 
numbers respectively. 

321. A servant agreed to live with his master for £8 a year and 
a livery, but was turned away at the end of 7 months, and 
received only £2 13«. 4d. and his livery*: what was it worth ? 

822. How many different sums might be made of a sovereign, 
half-sovereign, crown, half-crown, shilling, and sixpence? 
and what would be the value of them all ? 

323. (i) ^+g x-b Sax-^-ia-by 
b a "" ab 

824. Two girls carried between them 25 eggs to market: tliey 
sold at different prices, but each received the same amount 
upon the whole : the first would have sold them all for Is,, 
the second for 13d. : how many did they each sell ? 



MISGELLAKEOUS EXAMPLES. XIX 

325. Write down the square of 1 — J^+l^, and square the result. 

326. Divide -2.ry-8+17arV"*-S^^-24rVby -x*y-^+7:r3y-* 

327. Find a/7, and thence Vh Vlf, A/3i-t->/4J, 2^(4- >/7). 

328. Find the value of ^ — ^^^— + » r o ^ ^^^n ^= J(a+6). 

8.29. Simplify ^'sa^^^QS^, and g^^^f^ff^. 

330. Findtiiesumof 1,4 -1 _^+£rl__^,. 

331. K M =^+g'H-r, where ^ is constant, qcc xyi, and r a .rjT'S and 
whena:=y = l, M = 0, when .r=y = 2, m = 6, and when .r = 0, 
ti = 1, find u in terms of :r and y. 

332. Show by the Bin. Theorem that 4/3-l+|-H-|f -if§+&c. 

333. In how many ways could I distribute exactly 65«. among the 
poor of a parish, by giving l^. 6d, to some and 28, 6d, to 
others P 

334. . How many words can be formed of 4 consonants and 2 vowels, 
in a language of 24 letters, of which 5 are vowels ? 

335. (i) -^(:,+l)^l+^\-+J-(i+l\ 

(ii) 4cX - 5y H-7;ia = 7ar - lly-f wz = x-\'y-\-pz - 3. 

336. A boat's crew rowed 3J miles down a river and up again in 
KXy : supposing the stream to have a current of 2 miles an 
hour, find at what rate they would row in still water. 



337. If x^J^\^, find the value of ^^^'+^^6^ 

2 1 

33a Reduce to its lowest terms ^ " ^'*'^' " ^* 



2 1 

Qa^x^'-a^x-'l 



339. Find the coefficient of a^ in (l+^a:H-|A'2+|<r»H-&c.)«. 

340. Find the sum of ^'"^^'^ , <^^) , -M- . 

341. Simplify o'ftc 4/^=95^- b'*c's/a%-*c+a^b^a^ \/24Sar-^b-'*c-^. 

342. Obtain the cube roots of 51.064811, and l-arH-21r»-44a:» 

+6aT*-54r54-27a^. 

343. The prime cost of 38 gallons of wine is £25, and 8 gallons 
are lost by leakage : at what price per gallon should the re- 
mainder be sold, to gain 10 per cent, upon the outlay P 



3.x MISCELLANEOUS EXAMPLES. 

344. If a : b::c : d, show that 

346. Expand {2a-3v^iJ}5 and {3rt-2*y^}-2, each to five 

tenns. 

346. From a company of 50 men, 6 are draughted off every night 
on guard : on how many different nights can a different^ se- 
lection be made P and on how many of these will two given 
soldiers be found upon guard P 

347. (i) ?(?!±^ = a^+6«. (m)axy^cibx^ay)l 
^"^ a-fx hxy'=^c{ax—hy)) 

(ii) 6a:-lly«+13s» = 22,4a?+6y^+62*=31, ^-y*+z»=-2. 

848. A person, having to walk 10 miles, finds that, by increasing 
Hs speed half a mile an hour, he might reach his journey's 
end 16| minutes sooner than he otherwise would : what time 
will he take, if he only begin to quicken his pace halfway ? 

349. Divide (x3-l)a»-.(a^+:r»-2)a«-|-(4rH3^'+2)«-3(a:+l) 
by(:r-l)a«-(a:-l)a+3. 

360. Multiply ^a'^^ ^{c^cfhj ^/a'^-i/(a^cy. 

361. If x«4^{-ir+^/(ir»-^^)}, find the value of af'-k-raP 

■^^'' 8 1 8 8^^ 

362. Extract the square rootofft-^-e^rsy^^. ^x^y^\x^y^-\-^xf. 

364. Find the sum to n terms and ad inf. of the o. p., whose first 
two terms are the A. and H. means between 1 and 2. 

366. What is the least number which is divisible by 7 and 11 
with remainders 6 and 10 respectively ? 

366. A privateer, running at the rate of 10 miles an hour, discovers 
a ship 18 miles off, making away at the rate of 8 miles an 
hour : how long wUl the chase last ? 

367. Expand {2o- 3 ^/fli}~ and 1^0-2.^^}^ y each to five terms. 
868. In what scale will the common number 803 be expressed by 

30203 P What are the greatest and least common numbers 
that can be expressed with five digits in it P 



MISCELLANEOUS EXAMPLES. xsd 

360. A, B, C reaped a field together in a certain lime : A could 
have done it alone in 9| hrs. more^ B in half the time that A 
could| and C in an hour less than B, What time did it take 
themp 



361. Divide «^xV-«'!^^V-i«^\^y'+i*V'*^^^r"' 
by ^xy^l^x^' 

362. The edges of three cubes are afhta-\-h'j show that the 
greatest : difference between it and the sum of the others 

::(a36~5-|-a-i62)3:3. 

363. Extract the square root of a: + l-24/a:(l-fV-^)-f3V'j?. 

364. Simplify 4^72 - 8-y | and V2i^ - Vi^^?^4^:^. 

365. If ot^Kv'Sh-I), find the value of 4GT»-2a:3)^2a:+3. 

366. A^s money with \ of ^'s would be | as much again as before y 
and if 2«. be taken from A^s present sum ahd added to P's, 
the latter amount will be | of the former. What had they 
each at first P 

367. Find the value of \/a-\-^, and square the result. 

368. If the difference of two fractions be mw^ show that m times 
their sum » n times the difference of their squares. 

369. The first term of an a. p. is »'— n+l, the common difference 
2 : find the sum of n termS; and thence show that 1 » 1^, 3+5 
= 2», 7+9+ll«3», &c 

370. Find the area of a court 250 ft. long by 200 ft broad, (i) by 
the senary, (ii) by the duodenary scale. 

371. CO -r^— +^-^=— — • (ii) »u'+- =na+6a-^ 

ao — cLv hc-hx ac^ ax x 

(iii) x^-j'y^=^2a\ .r-fy : x-y::m:n. 

372. A cistern has three pipes A, B, and C: by ^ and B together 
it can be filled in 36', and emptied by C in 45'; whereas, if ^ 
and C were opened together, it would be emptied in 1 J hr. : 
in what time would it be filled, by A, by B, or by fdl to- 
gether P 

373. Find — I — 4._L_j. — I — when a- - (m-.»+/>). 

nm—fnz*np—nzmz — n^ m 

374. Multiply fww:»-f (m-l)a«a:?+(m-2)a»a:*^ bya-^/yar*-/^^:. 

375. Extract the square root of l+m'-f-2(l - m«) Vm+3m-m^. 



XXU HISCELLAKEOUS EXAMPLES. 

876. Simplify -^^4- /"^y" . ^y JT/ 

377. Find a number of two digits sncli that its quotient bj their 
sum exceeds the first digit by 1, and equals the other. 

978. How many terms of the series -7-5-3-&C. amount to 
9200 ? and how many of 6+4+ 2|+&c amount to 14| ? 

879. A certain number of men mowed 4 acres of grass in 3 hours, 
and a certain number of others mow 8 acres in 5 hours : how 
long would they be in mowing 11 acres^ all working together ? 

880. If a, bf Cfd&rebi g. p.^ show that 

(a+6+(?+rf)«« (a+6)»+(c+d)H2(6+c)«. 

881. The No. of Var»« of n things, r together : the No., r— 1 to- 
gether : : 10 : 1, and the corresponding Nos. of Comb*^ are as 
5:3; find n and r. 

882. A person makes 20 lbs. of tea at 48. 9d,, by mixing three 
kinds at Sa, Qd., 48. 6d., and 58, : how can this be done ? 

888. (i) K*-l|t)-^=*-sV{5'^-ia-ar)}. 



fly+6x=»0j 
384. A trader maintained himself for 3 years at an expense of £60 
a year, and in each of these years increased that part of his 
stock which was not so expended by | thereof : at the end of 
8 years his original stock was doubled ; find it. 



885. Divide (6fl«-7flft+2J3) a^+ (5a»-3a'ft-5a5»+36») ar»+ 
(a^ - 6»)2x by (2a - 6>r + a« - IP. 

386. Find the L. c. h. of 

a^-.(p?+l) :r»+;>' and x*-(/j+l)«:r»+2(p+l)pa:-/>». 

387. Obtain the values of (i) x- \/iy+y, and (ii) of ar»+ay+y*, 
when X = 5\ (4|+ ^7f ), y = U^ - V7|). 

888. Simplify (a-h)\—^^+j-^A.'{'2 |-i -^l. 

889. Obtain the square roots of 

2+aV2+ a-V» and ?J+c/-2flo^^ . 

390. The n^ term of an A. p. is Jn— J : find the sum of n terms. 



MISCELLANEOUS EXAMPLES. XXUl 

391. The diagonal of a cube is a foot longer than each of the 
sides : find the solid content. 

392. Find the first time after noon when the hour and minute 
hands of a watch point exactly in opposite directions. 

393. In how many ways may £10 be paid in crowns, sevenshilling 
pieces, and moidores (27s.)) thirty coins being used ? 

394. Out of 5 white, 7 red, and 8 black balls, how many different 
sets of 6 balls could be drawn, (i) two of each colour, (ii) one 
white, two red, three black, (iii) three red, three black P 

395. (i) x+ ^s^ - 2«a:+ 6* = aH- h. 

Cii)-? -^ ^-^ . (iii) /l4>+ /\^-\^ 

396. Two vessels, A and B^ contain each a mixture of water and 
wine, A in the ratio of 2 : 3, -B in that of 3 : 7. What 
quantity must be taken from each, to form a mixture which 
shall consist of 5 gallons of water and 11 of wine ? 

397. Show that (ay - hxY'\-(cx - azf^ (bz - cyy 

= (aH^^+c^) (^+yHs') - (ax+bij-^czy, 

398. Find the g. o. m. of ar»4-(4fl-26)^-2a64-a2 and 

irs + (2« - h)x^ - (2ab - a^)x - a%. 

399. From i(x^+Sx'^ (.r*- 2^"*) take l(x^'i-2x''^ (x^^Sx"^). 
and multiply the result by 6 (1 -^ *)"^. 

400. Extract the square root of xi+2x^-\-Sx^ -2x''^-\-x'^ -1. 

401. Multiply together 

•+!_ m-l w-l 

V(«+6)-*S ^/(a+6) "• , V(a-^b) • , J!y(a+b) \ • 

402. Simplify 

(l-x'^l+x'^l+x^ l+a:j"^tl-^"^H-a^ l+o^r 

403. Sum (a+ir)«+(a3+i2)^(a-.r)H&c. to 5 and to » terms. 

404. Suppose that -4, -B, C, start at one point in a circumference 
of 42 miles, to travel round it in one direction, A at the rate 
of 5, B 5|, and C 6J miles an hour ; in what time will they 
all be together at one point, if B set out 3 hrs. 45 min. after 
A, and C 9 minutes before B ? 

405. Apply the Bin. Theor. to find (1.01)"= to nine places. 

406. Find the least integer which divided by 125 leaves the cube 
root of 729, and divided by 729 leaves the cube root of 126. 



XXiy MISCELLANEOUS EXAMPLES. 

407. (i) Jr+3 = V2(x+S)+4. . (ii) abx^ - (a+6)cr+<r» -0. 

<""(^)"-^(f)'-''f-«=<'- • 

408. A person bought 38 sheep for £57 ; but, having lost a certain 
number, n, of them, he sold the remainder for n shillings s 
head more than they, cost him, and so gained upon the whole 
16a. : how many sheep did he lose P 



409. Show that (a' 4-63-l)»-|-(«"+6'^-l)H2(flo' +&&')' 

410. Iind the o. c. m. of j7y+2j:»-3y'+4yz+.rz-2« and 

2x» - ara-5j:y-f.4a» - 8y« - 12y3. 

411. Find the fourth term of (V'2+ V3)^ correct to four places. 

412. Obtain the square root of l-f^-iv^a:(l+V'x) 

-hV'^(2+^J/.r). 

413. If the r**» term of a series be ar'^-r, show that the sum of 

the «i*»» and «»»» terms exceeds the Cm+n)'^ by ?*^"t^'^'^% 

414. Ifa?-» = (a-c)(6-c),y-» = (a-6)(6-c),«-i = (a-6)(fl-c), 
find the values ofx—t/+z and abx- aq/-\'bcz, 

416, If P, Q, JB, be the p^, J*^ find r*»» terms of any h. p , show 
that (p-q)PQ+(q-r)QIt-\'(r''p)EP^O. 

416. Two parcels of cotton, weighing 9 lbs. and 16 lbs., cost 11«. (W, 
and £1 08, 4d. respectively, and the charge for carriage was 
proportional to the square root of the weight : how mucli 
per lb. was paid for the purchase of the cotton ? 

417. lfa:b::b:e, show that a-^b : b+c : : a\b-c) : ly^(a-h), 

418. Find the least number which being divided by 36, or 100, 
* or 169, shall leave in each case the square root of t^^ 

divisor. 

419. (i) (x - 1) +2(:r - 2) + 3(jr - 3) -f &c. to six terms « 14. 

2^(«^)^ (iii)£+y_l.£+%y«.^. 

420. A square court-yard is surrounded by a rectangular waUc 
within it; the side of the court wants 2 yds. of being 8« 
times the breadth of the walk, and the no. of sq. yds. in the 
walk exceeds by 92 the no. of yds. in the periphery of the 
court : find its area. 



ANSWERS TO THE EXAMPLES. 



1. 


1. 


48. 




6. 


-1. 


2. 


1. 


11. 




0. 


-64 


3. 


1. 


26. 




6. 


22. 


ft. 


1. 


46. 




6. 


135. 



2. 12. 
7. - 178. 


3. -8. 
8. 150. 


2. 1. 
7. 16. 


3. 0. 
8. 264. 


2. - 15. 

7. 7. 


3. 12. 
8. 13. 


2. 24. 

7. 8. 


3. 35. 
8. 120. 



4. 1. 
9. 460. 

4 94 
9. 6. 

4. 6. 
9. 15. 

4 10. 
9. 384. 



5. 106. 
10. 192. 

5. 89. 
10. 3. 

6. 2L 
10. 4, 

5. 7200. 
10. 4 



5. 1. 15a+3&-6c+6dL 
3. 23a»-26fl6+146». 

6. 5a:3+50jr»y-14Ty»H-4y». 

7. -9x»-f2ai'»-31a«^-|-16a». 
9. 6:r»+4y'+«»-24i;ya. 



2. 14r— %-fl0s-12. 
4 66y-7cs. 
6. 2.r»-2yH2«». 
8. a»-h6Hc'+6flftc. 
10. a:*+y*-f 2*. 



6. 1. a-36+3c. 2. -2r«-7j:y+3y». 3. 4ar-96y-|-2cz. 

4 6x^-^6x+6. 6. 7a»-3a+46«-7a64-2c«-66c. 

6. -..T»-6r»y-2y«+6-3a'»-4y3. 

7. 3jr»-fl3xy-y«-16j::5-13ya. 8. :r»+^+ir*. 
9. 3a*-4a»6-4fl6H26*. 10. 0. 



^- 1. 4fl-4r. 2. 4«»-4a«(?. 

4 2flA'3+25y»+2c2». 5. «« - 3ft2-|-3c». 
7. 0. 8. -3a:-y+4«. 9. ar-8. 



3. a^-3y«-aB». 
6. 205+4^8. 
10. -4c+4dL 



a. 1. (2a-6)-(3c-40'-(2e-3/), (2a-6-3c)H-(4f-2«+3/). 

2. -(6+3c)4-(4f-2«)+(3/+a), -(6+3o-40-(2tf-3/-a). 

3. - (3c-.4i) - (2<?-3/)+(2o- 6), - (3c-4d+2<j)+(3/+2a-6). 
4 (4d-2e)+(3f+2a) - (h-\-Bo), (4^-.2«+3/)+(2a-6-.3c). 
6. -(2e-3/)+(2a-6)- (3(?-4dr),-(2e-3/-2a)-f6+3c-4d). 

6. (3/+2a)-(6+3c)-f(4^-^2c), (3/+2a-6)-(3c-4rf-f2tf). 

7. {2a-(6+3c)} + {4f-(2«-3/)}. 

8. - {6+(3c-4rf)} - {2«-(3/+a)}. 

9. ^{3c-(4f-2«)} + {3/+(2a-6)}. 

10. {4(f-.(2<j-3/)|-|-{2a-.(6+3c)}. 

11. ^{2c-(3/+2a)}-{6+(3«-4rf)}. 

12. {3/+(2a-6)}-{3<?-(4(?-2e)}. 

(1) ^ 



AK8WEBS TO THE EXAMPLES. 

•. 1. (a-6-|-c)a:»-(6-c4-c0^-(«+^+«)^- . , , 

2. 2(ax'by). 3. (fl+6)a:'-(a-56)ry+(«-c)y*. 

4. 2 lax'\'cy), 26 (ar+y). „^ « x 

5. -.(a-56)^-|-(2a+36+c)y, (a-46-c)^+(a-36-2c)y, 

(6-c)x+(8«-c)y. 

6. (6fl-6).r-(2a-36-5c)y, -(a+c)x+(«-6-|-2c)y, 

(4fl-6-c)a;-(fl-26-7c)y. 

7. (2a+46+c)a:-(fl-56-3c)y, -(4a-56)a:+(2a+6)y, 
-(2rt-96-c)^+(a+66+3c)y. 

8. (fl+46)a:+(46-|-5c)y, -(3«-f)6-c)a:+(o+26-2c)y, 
-(2a-96-c)a:4-(«+6^+3c)y. 

U. 1. a6x»y^, - ^n.T*, Sa't^y, «6V, a»6^, - .ry . 

2. ^-a'^y + :r7/, - a\r + « V - «x», - oft^ + a«to« - flJ'^, 

8. 2a»+7fl6+36«, 2flc-6c-G<«/+36(f. 
4. ftr«+13ay+6y«, 6a26«-a6»-126^ 
6. a:»+ar«-|-7a:-6, ^-.ar»+lLr-6. 

7 81a:*-y^. 8. fl»+326*. 9. ;r* - 4fl»j:+&^. 

10. 27a»4-6H8-18fl6. 11. x^-if+s^+^^ryz. 12. fl«-l. 
13. a*-8i»-27c»-18a6c. 14. a«+2a«6'+6^ 

16. :r»-(a+c):r»+(fl(?+6).r-6c; ar*- (a« - 6 + c)r» 

16. l-(fl-l):r-(a-6+l):r2+(fl+6-c)a:«-(6-|-c)jr*+ci. 

17. a^'-amx - 2mV + 3m»A'3 - ««j:*; a* + a(»» + 2»)^- 

19. 4r* + 6 (m - n)x^ - (4m« -f 9m» + 4»2)r» -|- 6mn (m -«)J^ 

"4~4iw'^w'. 

20. x^ - (2fl' + 26» + «&) ^ + («* + o'ft + fl»6' + a^ + ^'> 

- (a + 6) fl'6^ 

11. 1. a«-2fl.r+^', H-4A-»+4a:*, 4a*+12oH9, 9r»-24ry+l<^y' 
2. 9+12x4-4:r3, 4.r3-12j:y+9yS o*-6a»a:+9aV, 

h^a!^^2hcx^y^<P.v^y^. 3. 4a«-l, 9a«A^- 6S a:*-!- 
4. r»+4r+3, 3^+3^-2-4, fl«6«-a5-6, 4aV-8flft.r+36». 

6, a:*-5«':r»+4fl*. 6. m*x*-13mV:r^'+36ny. 

7. 4:r». 8. :r*4-4y*i 4a*-6a»6Hfi'' 
9. flH2a6+5»-c«, o«-6'+2flc+c», a«-6*-26c-c«. 

10. a»-2a6+6«-c», -oH2fl6-6*+c», -.aH6'-26c+c*. 

11. 4a»-6'+66c-9c», -4fl2-|-12flc+6»-9c». 

12. 4a«-6«-6te-9c', -4aH4a6-6H9c». 
(2) 



AKSWEKS TO THE EXAMPLES. 

14. a»+2«e?+rf»-46«H-126c-9c2, Oc^+Gce^-f ^^^-^+406-462, 
«»-f 6fl(?+9c^-4ft«-f 46<?- d\ 



m 1. 6c*, fia:y', —356a:. 

Q> 

o 2m , -, 4m« n Za^ ^a „ 6 26« 
^•"^"*"^ 3n^*^3^' 2F 2i"^'^'^2« "^^ 
4 a:4-5, m' - 4w-f 3. 5. 3a - 26, 3.r +2y. 6. 2^5 - 36«. 
7. a« - 2a6-f 2J«, 2jr»y« + 2.ry + 1. 8. a:» - 2.rV+4a^2 - 8y». 
9. l-2a:H-3a:»-4r5+5jr*, o*H-2a»-f3a*+4aH-5. 

10. ar»4-2:ry+V>*»»'-2m+3. IL aH2a«6+3«6H46». 

12. j:*+2x'+ar»+2a:+l, a*--2a'64-3a«6«-2fl6Hft*. 



13. 1. x'^—px-{-q, 2. fls'+is-c. 

3. y*-(m-l)y»-(m-w-l)y«-(m-l)y+l. 

4. a+6-c-^. 6. a-\-^h — c. 

6. a»+6«4-c*+«^-«<J+6c, o*+6Hc2+«6+«c-Jc. 

7. l-a;+2y+a:»+2j:y+4y3; lH-a:-2y+A''4-2a:y-f 4y'. 

8. ar«+4y3+922+2.ry+3a:z-6y2. 9. a'Hy'+z'+l. 

10. fl-flw:4-a.r2-ar3+i!£i, l4-5a:4-15a:H45.r8-f J—^-. 

14-!i^ 1— oo: 

11. l+2.r+3a:'+4t^+=^-Z^., 

1 — 2a: H- a:-* 

1 _ (a-[.h)x-\-{a-^h) hx" - {a-\-h)h\v^+^^'\ ^^^ . 
. 12. «'— |7a*+ga— ?•. 

Ms. 1. a-Xja^'\-a^x-\-aV-\-€LX^'\-X^ja^-a^x-\'€^x^-'a^x^-^aX^-'a!^. 
2. 3a:+l, 5.r-l, 2a: -3. 3. 3m»-5, 47«'-»«. 

4. l-2a:+4ar*, ar«+3a:+], l-2.r+4a:«-8a:'. 

5. .T3+3x2y+9ayH27y», rt*-2a»6+4rt'6«-8flZ»»-f 16M, 

6. Ja«-|a&-f2>^ x^tf-x^u^z+xyz^-T?. 

7. fl+ft+c, oH-6— c. 

8. (ar+y)^-Cr+y)s+£'^ = a:H2a^+y'-a^-yi5+s2, 
ar»H-a:(y-«)4-(y-s)2 = a:2-fa:y-a»+y'-2ya+;?. 

X5. 1. (l-2a:) (1-f 2a:), (a-ar) (a + 3a:), (3m -2n) (3;«4-2«), 
ar»(5rt-2) (5a+2), oiVC^^-Sy) (4a:+5i/). 
2. (x+y) (x^-xy^y^ (.r~y) CrHj^+y'), 
(l+a:y) (l-ory+^rV), (.r-1) (or+l) (a:«+l), 
xyiaysP^) (ay+o:'), 2a5-c(a-2c) (fl+2c). 
(3) ^>2 



AH8WEB8 TO THE EXAMPLES. 

8. j:«(5r-fl) (&r+fl), t/^a-SV) (a+36^, 

(2r-3) (4c*+ar+9), (a-26) (a>+2aft-H^ 

4 (2:+2)(j:*-2j:»+4a:»-8r+16),jr»(«+ar)(ii«-Sar+««^, 
(2z»+y«) (4j:«-2ir»y«+y*), (a6»+c«) (iift»-c») (i^^+c*), 
ii&c(a+c)'. 

6. (3r-l) (ar+1) (ftc»+l), (^-2) (:r+2) («*+4r+4) 
(j:«-2j:+4), j:«(x-6)«, j:*(x-fl)« (:r+a)«. 

6. (4r-5) (2r+l), (a+36) (a-6;, 7(x-y) (x+y> 

7. (x-y)» (x+y)», (c+«-6) (c-a+6), Sab. 

8. (^+y/, iim(m-n), 66(fl-ft). 

9. 2(x+y) (4x-y), 2(x-y) (4y-x), 4y(x+y). 
10. (a+6) («»+flft+6»), (a-ft)»,0. 



16. 1. (x+l)(x+5),(x-|-4)(x+5),(x-2)(x-3),(x-8)(r-6), 
(x+l)(x+7), (x-l)(x-9). 

2. (x+3) (x-2),(x-3) (X4-2), (x-3) (x+1), (x+5) (x-3), 
(x-4.8)(x-l), (x-9)(x+l). 

3. (2x-h3) (2x+l), (4x+l) (x+3), (4x-l) (x+3), 
(2x-3) (2x+l), (3x-2) (x+2), (3x+4) (2x-l). 

4. (4x+l) (3X-.2), 2(6x-l) (x-1), (4x+l) (Sx-1), 
(x+4) (x-3), (3x-6) (x+1). 

5. a*(x-a) (x-2fl), fl(a-3x) (fl+2x), a6(3a-2ft) (tf+6), 
(4a«-;r«) (3a2+x»). 

6. xy (2x+y)(x+2y), V(3x+2y)(x-y), a«(3ax.l)(2ar+l), 
x»(26-3x)(36+x). 



IT. 1. 6. 


2. 2. 


3. 3. 


4f. 


6. -f. 


6. ''-". 


7. 2. 


8. 1. 


9. 4 


10. -Jo. 


VI — n 






m 




11. -4 


12. |. 


13. -|. 


14'". 




18. 1. 42. 


2. 12. 


3. 12. 


4 5. 


6.7. 


6. 4 


7. 5. 


O. J. 


9. 7. 




10. iV(26fl- 


- 186). 


11. 7. 


12. -8. 




19. 1. 4 


2. 2. 


3. 18. 


4 8. 


6. -a. 


6.6. 


7. 4 


8. 6-a. 


9. 7. 


10. a-m. 


11. 10. 


12. 2(a+c). 








ao. 1. 9. 


2. 7«. 


3.12. 


4 15. 


6. 86,ia 


6. 31,18. 


7. 613,466 


. 8. 120. 


9. :€189. 


10. 24 ft 


11. 41. 


12. 90,60. 


13. 16. 


14 37,30,20. 


C4) 











ANSWERS TO THE EXAMPLES. 

16. £86, £12, £1Q. 16. £46, £67, £63, £06. 

17. 15,5. 18. 264,185. 19. 98| miles from L; lOfhouTB. 
20. 88. 21. 8. 22. 20. 23. 15. 54. £6. 
25. 85«., 35«. 26. 6. 27. 22, 7, 12 gns. 

28. Ih. 20^ from ^'s fltai-ting; 6| miles. 

29. 3000. 30. 25. 31. 3*., 6*., 7«. 



2. a:«+6.r«+12x+8. 3. a:*-8a:8+24a?»-92a:+16. 

4. A-s-f 15ar*+90a^+2702:3^405-i,^243. 

5. l+10x+40ar»+80a^+80a^+32;r*. 

6. 8m«-12m«+6m-l. 7. 81a:* + 108:^3 +54r»+12j:+l. 

8. 16ar*-32aj:3+24aV-8a».TH-a*. 

9. 243a^-|-810fla^4-1080a3x»-f720a5a:«+240a*a7+32a5. 

10. 64a»-144a36+108fl62-276». 

11. a»2:»-8a«a~»y«+3aiy-y«. 

12. fl<a:*+4a»ar>4-6a'a:«+4arH^. 

13. 82a5m* - 80a*m« + 80a»m7 - 400^^8 ^ lOam^ - m'®. 

14 «»-3««6+3a3c+3aA«-6fl&cH-3flc'*-63+36»c-3Jc3+c». 

15. l-3r+ar»-7a73+6j7*-ar5+a^. 

16. <i» + 3a«6a?+3a(63 + oc)x« + (6ac + ft^)ftj^ + 

S(ac + 6«)cr*+3JcV+c3a:«. 

17. l+4a:+10jr»+16j:»+19a^+16a:5-f 10x«H-4a7T+a:8. 

18. l+5x+5ar»-10a^-15a^+llA'5+15.r«-10.r''-54^-f5^®-^'®. 

19. l-6a;-f 15r»-20a:»4-15ar*-6a'*+a^. 

20. a* - 8€fib + 4a»c + 24o262 - 24a%c + 6a V - 32flft» + 4Sai^c 

- 24«^+4ac»4- 166* - 3263c + 246 V- - 86c»+c*. 

21. l+10a:+25ar»-40x»-190a^+92.r5+570a^-360.r7-675^ 

+810a^-24ar^o. 



1. l+2x+Sa^+2j^+a^. 2. l-2a:+5ar'-4.r»+4a:*. 

a 9-12a:-f 10A'2-4r3+.r*. 

4. a* - 4a36 + lOa^b^ - 12aP + 96*. 

6. 4a^+9y^-+l6z^~12xij+lQxz-24i/z. 

6. 9aV-f 46V+c*«H12a6j:y+6acas+46cys. 

7. l-4aar4-2a'ar»+4fl«a:*-fa*^. 

8. 4a*-4««-7«»+4a+4. 

9. l-2:r+3r»-4r»+ai'*-2.t'5+.r6. 

10. l+ar4-15ar»+20a'3+15.r^+ai^+.i.-«. 

11. a^-.4r5+10:r*-4r3-7ar»+24rH-16. 

12. l+4r-2ar»~4r»425.v*-24T*+16j'«. 

13. a«-4a*6-f-8a*6'-10a»6'+8a«6*-4a6H6«. 

(5) 



ANSWEES TO THE EXAMPLES* 

15. l-4:r4-10x«-16:i-»+19a^-16a:5+10j:«-4r7+:r8. 

16. a8-4«7a:+6a«ar»-8a*:r»+llfl*a:*--8fl«ar*+6aV-.4ar''+«'. 



23. 1. ±2fl6V, ±7a:Va, ±10o*J«c». 
9 -l-So^* ^ 7jy' I 5^y* 

A 4-2.r5/» jL 8fl6V 2fl6« 4.2.rV 



. 1. 2:r-|-y, 5a -36, bx^+Zxy. 
2 7ab—a\ ^xy+byz, 6a*6c-fc*. 



25. 1. H-2.r+ai"*. 2. ar»+2x4-3. 3. 3<i+26+c 

4. .1^ - 4xi/+4y\ 5. 2a' - 3a+4. 6. 4c» - 2a6+ 26». 

7. .r»~2x*-f3a:-4. 8. 3a-6+5c4-rf. 

9. a^-2aV+2.Ty«-y'. 10. l^Sx-^Sx'^x^. 

11. 2-3a-aH2a'. 12. /)+y.r+r^«+Ar». 

13. l-.r, fl-2. 14. 2a-36. 15. .r-2. 16. a-h. 



:Z6. 1. 421, 347, 60.4, 737, 1046, 4321. 

2. 2082, 20.92, 1011, 20.22, 129.63. 

3. 3789, 75.78, 15.156, 8642, 2211. 

4. 4.164, 8328, 2568.2, 11367, 31230. 
^. 4.044, 8088, 5055, 6633, 15165. 

6. 1.5811, 44.721, .54772, .17320, 10.536, .03331, .06324, 
.07071. 

.27. 1. 5r+2y. 2. a-3. 3. xH-4. 4. 2a -36. 

5. a +86. 6. 2.r-7y. 7. m-inx. 8. a.r — 56cr. 



28. 1. a«+2a+l. 2. a~^-4a:+2. 3. a2-a6+i«. 

4. a:'-4a.r4-4a». 5. 2.r'+4.ry-3y^ 6. a^-x^i-x-l. 
7. a-6+c. 8. l-2a:+3^»-4z-». 



29. 1. 21, 23, 25, 32, 4.7, 48, 64, 9.6. 

2. 114, 11.7, 125, 108, 1.41, 192. 

3. 2.34, 206, 3.84, 32.1, 282. 

4. 46.8, 938, 6.42, 1025, 1.284. 5. 1.357, ,5848, .2154, 1.687. 

(6) 



ANSWERS TO THE EXAMPLES. 



30. 1. ar*, 2a6», 4y»s». 

31. 1. 2x^(a+xy. 
4. 2(ar-l). 
7. a»(j:+l). 



2. ax, a, X, 



2. a*(a+a)«. 
5. a:*(x+l). 
8. 3(ar+2). 



1. ar-2. 

4. &c«+14r-15: 

. 1. a+jT, 

4. y-2. 

7. 3(x+3). 
10. a(a»-ft?)- 

. 1. 2a:+3. 

4. a:— 1. 

7. a:+3. 
10. ar»-2ay+y«. 



2. 2a:+3. 
6. 4r— 5. 



2. ar-1. 
5. x—Vkt, 

11. ^^-2^^+^^ 



3. ahia-hf. 
6. 2(a:+o). 



3. ar+6. 
6. a:»+2j:-3. 

3. 2(r»+2a:+l). 
6. d:+3. 
9. a(a-|-6). 
12. .T»+4a:+4. 



2. ar-2. a ar-2. 

5. a:— 3. 6. ar— y. 

8. x^-Z. 9. 6ar»-l. 

11. a:(2a-2-|-2jy-y2). 12. x^\. 



3S. 1. 12a26»c, 3arV», ax^ij~axy% ab^~ad\ 

2. I20a*6«, 10rt*6S 1800a»a'». 

3. 6(a?-6»), 12a(«»-l), 120jy(r»-y2). 

4. 24a«6»(fl»-6»), 3ary»(a'«-y»). 



30. 1. 



ff-^1/ X 



m 



7x a^-Sab 



a ' a** 3(m-2A'y 5fl' 2K« + 26y 

o A"^ — 3y' 2mn Sahc Sxi/ — 5y^ 
' y(x~^2yy w+w* ohP M-c' 4j:-7y' 
Q ^ c+y cx-\'d 



5. 
9. 



6. 



a 
x-1 

X-\'l' 

2a-Sx 
2oH-ar' 



x-i 

a:-|-2' 



7. 



10. 



ar+4 



11. 



8. 



3a~2x 



5a+3? 
73r-2y 



a:'-2a: + l' Bxl^^Sxy-^- 2y^' 

13. ^tA-£±l 14 J^+J^--2 

3flu:*H-l 



16. 



4a»A'* + 2flx»-r 



(7) 



ANSWERS TO THE EXAMPLES 



o« 



37. 1. 3a:- 6 + -^., a-2x+^, 2x+6+— -. 
2fl-aa:+=?^, 12a:+3+ ^^ 



6a-ar 4j:— 1 






I hoXf acyj abz Qcai^y 46y^, Sag* 
«5c * 12fl6c ' 

40yj«y, 46fl^V, 48a'&y», 60g»jy» 
60a»6» 

gV-yj?g, flVH-^' o*-F2ag-f J?^, a*-2a3:+jg 
a*-6* ' a«-ar» ' 

8aj:*~86j:*, ay « a— ,r , fl+.r , 2a 

1 «'+y 8a«-aftH-26« 25a- 20& 

2(a-f-6)6' 6(a-6)6 ' 12 ' 
o aft q^y g'-fft* g^-gft+y 

a-6' S^^«' a»-6«' a«-6« ' 

o a^bx 2a*-2a5H-26« 2ab x-y 

A 2a' /x ^ 1 /| a ,- g+to 

l^x^+^ Q 2x iQ 4^y -aV-y* 

jj»(r»-fl)» a + y ^'*-y* 

ni a»+r» 10 2>t^+4r V-2y* ,« a*4-3?* 

a^ija-^-x) a^-y* a»(.v-a) 

14. _±-. 16. ^-f^+g^. 16. 1+f^+f. 

«+y (1-*) 4(1-**) 

_ a6 X t^x^ax-l) i «^+i* 1 x-1 

* «»+4P' ^+7' ~1^ fS^)»' ' '^' 

*• — ?^' 26- ^- *--6- 

(8) 



AXSWER8 TO THE EXAMPLES. 



1 ^-^^ &r 6-2r 18x4-14 27~4g 12^-40 
•"T0~' 16^^^2? 2r+5' '21 ' 2(4p-9y 33 -ar' 

20-&r 14-20r 



2. 



10-13r 



6 



ar— 1 



ar-26' 9(a:+l)' 



1 , P a«+«" A ., 4 a:(l+a:+a:>) 






2ax^ 



Zof 



l+:c» 



JL« - . ^ • ^« ■■ , , • 0« ; — =•• 4» - ->■ ox • 



a^-l-ic 



6.1 
c 

9. 4 



«S. 1. 1. 

.6. li. 

11. 1. 

16. 8. 
21. a 

26. a 

31.2^. 



10. 5jV 



cd — be 
7. 



a-^b 
bfh 
af+2bc^bfg 



b(ae—c*) 
14a 



2. • 



7. 






4. —2 

4a -5 • 

12. So. 13. 2. 14 -. 



®- "26(0 + 1)' 

5 fl^ 

10. -(a+c-ft). 
a 



<i& 



2a + 6' 

17. 4 18. 3?. 19. 11. 

22.14 23.-107. 24 i. 
27. i. 28. IJ. 29. 10. 

32. If 33. -J. 34. 4i. 



16. - If. 

20. 20. 
25. -f 
30. 4 



2. 2450, 196, 98. 

5. 1640, 880, 6ia 

6. 1604 
11. 90, 120. 
14 £210. 
17. £72, £108. 
20. 18. 



1. £36, :fil6, £8. 

4 42, 66, 169. 

7. 15ft. by lift 
10. 50fl., 901if.crs. 
13. 4«. 8d 
16. £6 88. 
19. £48. 

22. 4s.4id.,4B.10id, 
25. £48, £82, £4, £66. 26. 40. 
28. 110 yds. 29. 84. 30. 75. 
32. 31 da. as. 23Jda. 

35. 13|da.,2|da. 
38. ^cwt., l|cwt. 
41. 12gn8. 
44 £614, £410 lOr. 



23. 6| oz. 



3. £200. 

6. 144 sq. yds. 

9. 69, 8L 
12. 76ga]L 
16. 22. 
18. 20, 15, 151b8. 
21. £126. 
24 £82. 
27. 22, £5. 
31. 654 
34. SOhrs. 
37. 40miiL 
40. £180, £150. 
43. G2, 93, 155. 



86. 18, lOJ, 6f . 

39. 37|', 26'. 

42. £450^,£166|. 

46. 21^hr8., lOlfhrs. 
46. 7 bis. 5^ min., 6 brs., 16s\ min. 47. 25^., 20^. 

48. 120, 104 49. 1 cwt 50. 76, 80. 51. 20. 

52. 189. 5a 86. 54. l}bo. 55. £3400. 



(9) 



68 



ANSWERS TO THE EXAMPLES. 

48. 1. .r»l,l 2.x^^h, I 8.x = 5.| . ^.g-^ h - a^ 

9. a:=6,) 10.a: = l,, ll.x = 10,| 12.a: = 144,> 13.ar = 8,\ 
y»7.J y = 7.) y = 24J y = 216.| y-6j 

14. a:=7, ) 15. x = 4,) ,« gc(c&tH-ftwi) W(m-am). 
y«-S.| y»2.j • " flrf + 6c '^" ad^bc 

17. -M i8....^y«^ 19. .. ^inf^).) 
y=3.j a'*+<r a'-j-c* 2a 

20. ^' - ??^^^) y=. ^^(^-^) . y .^O^H^) 

-*^- -^ a2+i2 ' -^ a^+fr^ y 26 

o-i g6c[6(c~ft)- ac] _ a6c{6(c+fl)~gc} 22. j: b 6, ) 

^^- ^ "6»(? -■^2):rav ' -^ 6X0^ - a«) - « V y = 8. j 

23. o:=3,| 24.a: = 17,| 26. a:«6,| 26. a:= -2, i 27. a:«7,) 

y«2.} y = 3. j y = 2.J y=-J.J y = 9.J 
28. x^o, y = 6. 29. a: = 21, y = 20. 

40. The respective values of .r, y, «, are the following : — 

1. 1, 2, 3. 2. 7, 10, 9. 3. 5, 6, 7. 4. 4, -5, 6. 

6. -5, 6, -2. 6. i(6+c-a), i(a+c-6), K«+*-«^). 

7. If, 2|, - 12. 8. 2, - 3, 4. 9. 12, 12, 12. 10. 6, 7, - 3. 



«7. 1. 9«., 12f. 2. :£24, £12. 3. 17 yds., 13 yds. 4. 40,90. 

5. 12, 10. 6. 222. 7. ^. 8. 21, 40. 

9. 6s,, Ss. 10. 20rf., 7ld. 31. 640,720, 840. 12. 72, 60. 
13. lOSsq.ft 14. 76,88. 16. 12,12. 16. 76. 

17. 48. 18. 256. 19. £6 7«. 6d 

20. 30, 60, and 70, 20 ; or, 60, 20, and 40, 60. 21. 84. 

22. 264. 23. 12a, 90. 24. 24, 72. 

25. 20, 30, 60. 20. 4hrs., 6hrs. 27. 62«., 36«. 

28. jV 29. £1160. 30. 39«., 2U, 12/». 



S4B2 A^IX ^ 

I. 1. x^-^a'^+x^+x^; a63+o863+a«6«+as6. 
2. fl63+fl2+a'63H-a63; a^^-}- ab^-^aW+a^bl'. 

8. tf- H 26-« + 3c-»+ 4a6-» + 5(r>6 ; 
a36-3 + 3a«6-J + 6a6-»+4^«6-f 2a-36« : 
Ij.2.3 . J_._6_. _1 ._3_._6 1_._2_ 

(10) 



ANSWERS TO THE EXAMPLEa 
1 + 2_ .85 



^fl .^a^6 2^flc» 4^6V, yg? 

«9. 1. a6~», a>, a"*, a«ft. 2. ory, ar^*. 3. a,^\ aVjfie, 
4. a:»+aw3+925^-4y. 5. o-6». 6. a»-e4^. 

7. a»-a8+2os-2-a"3+a"'. 8. a:4-a:*y"'*-a:*y"'*-y-\ 

S 11 i 3 _9 -.1 _1 _a 
9. 8x*+4raya+2a:*y+y2 ; a: s+o: sy 8+y i 

10. a""5-2a-«ftH^"^*^-8tf-^*+16a"26^-32&i 

d:»+23ra4-3ar»+2a:«+l. 

11. 4a-.2o26""+2aac»+6-^+6"2c3^c3. 

12. a5"'+3a86"'*+3a"W«"V, ^-"y"^ -2a-i-|y-'gV^l^'. 

13. a»-6a»6«-f21o86»-44rt5*+63a36^-54a»6«+276. 

14. a8-4fl+10o»-16a3+19-16a"8-|-10rt"5_4^i^flfl^ 

15. a:*-4r*y9 4.6rV+ 4z-*y « -^y^^, 

IB B S 15 3 aB 

x^ - 6a:«ya+10a:*y*-10.r2y5 -|-6a:V®-y^5 

a26 2_5a2i a+lOc^i ^-lOn *6*+6o aJ^-o ^ja, 

16. a5-Hl+<r^ft. 17. a3 - 1^5^ 3- 6a" H9«"*. 

18. a"M-l+a5ar-a. 19. xy'^-x^^y\ 20. 2:r«-3y^. 

(11) ^ 



ANSWEBS TO THE EXAMFLES. 

SO. L Wi, 8li, (J)* (i)J, (|)S si 

2. 2«i, cM 0*A (!«♦)», {K«' + 2«6 + 6«)|5; 

126^, (ip)«, (£^)i (¥«^*j li (<i»+8a»6+3«J»+i»)}*. 

3 rJ_-)J r^^J /iU /^\i. 

6561-i, C'^?)"^, 0^-i, (^-i 

4 ^26, VS, ^/12, V\, Vl, '•320. 

6. ^64, 4^266, ^2048, 4^8, ^/f, 4/^. 

6. VS, V»§^, -J, y g, ^;ipF- 

7. '•23, -/ssi, ^^, y^, '^nr^. 

8. 8^/6, 5^6, 36V8, 3^6, 18^2, i^/B, ^12, </54, 6. 
a 4,y2, 84/2, 0^48, lv'2, ^V2, 14^2, fv^l, 14^160, 

4/375. 
10. 2v'3, ISv'S, 5v^, J^a/S, |a/3, I a/3. 

U. 1. a/108, a/112; 4^81, 4/8O; 4/I2O, 4^128, 4'136; 
4^125, 4/121 ; 4/1, 4/1 ; 4/125, 4^144, 4/162. 
2, a/2, 3a/6. 3. V-v/3, 94/9. 4. 24a/3, 120a/3, 36. 

6.216 55/6,288^^72. 6. 5 -a/6, 6 a/3 +3 a/80- 

7. 1& 8. I (a/2+ ^3+ a/5), 1 a/6+14/32+14/120. 

9. J(2v^+VS), a/6+1, a/6 ^ a/2, 4+a^, f (7+3a/6), 
i\(7a/14-13). 

10. JV (6 8+8a/7 ), a (8a/5+23), J (8 -a/6). 

iL ?±5^?EZ, ?^r£*, 4*a/?^. la ar», ^pl^. 



sa. 1. ^3+1. 2. 3+>v/2. 8. a/6-^/3. 

4. 2v^5-3^2. 5. 4^/2-3. 6. |-v/6-l. 

7. 2-1^/3. 8. |^2-J. 9. a/2+1. 

10. V5-1. 11. i( a/5+1). 12. a/5+Ja/3. 

"•^•^«- ^•2+7«* ^r^2v?' ^Xr2* ^•^' 

B«. I. +2. 2. +3. 3. +1. 4. +|. 6. +J. 

a ±% 7. ±|. 8. +6. 9. ±3. 10. +6. 



JiXSWEXLS TO THE EXAMPLES. 
IL +2. 12. +2. 18. ±VS. 14. ±^. 

88. 1. 4, ^2. 2. -1, -9. a 20, -6. 

4. 7, 5. 6. 8, -40. 6. 10, -110. 

se. 1. 1, -8. 2. 17, -4. 8. -6, -20. 

4. -1,-12. 5. 1, -20. 6. 25, -136. 

87. 1. 6, -5|. 2. 6, -4f. 8. 8|, -10. 

4. 14, -lOf. 5. 12, -12jV 6. 13, -11^. 

1. 10, 2. 2. 8, -1. 8. 2, -|. 4. 1|, -If. 

5. 8f, 2J. 6. 7, -IJ. 7. 2, ^. 8. 2i, -6|. 
.9. If, -1|. 10. 2, i. 11. |(-3±v^3). 12. 2, if. 
la 3, -|. 14 I (27±v^57). 15. 2, -3. 16. 7, -2. 
17. 2, -22. la 8, }. 19. 4a, -Ja. 

20. »i-2a, Jm+o. 21. ?(2+ V?«:f4). 22. -, - -1. 
2a i(8a-2i), i(2a-86). 24 2fl, J(«+J). 



89. 1. 11, -la 2. 5, 5§. a 5, 21. 4 7, -If. 

5. 6, 3jV 6. 6, -4|. 7. 1, 10|. a 3, -8^. 

60. 1. j:»-4r-21«0. 2. 6r«+5:F-6 = 0. 

a iar*-15ar»-|-81=0. 4 a^-6:F»+lLc»-ar-0. 

5. 4r*-7a:^-ar=0. a 4^+ar*-17a^-12a'»-|-4r=0. 



01. L a:«7, I 2. x==4, -8,| a x=4, lif,) 

y-±4[ y--3,4j y-3,4ii.| 

4 x=.8, -2|,) 5. x«6, -6, j a a? = 5, |, \ 

y-2|,^a| y = 5,-5j . y = 3, -IJ.} 

7. a:«5, 1^, | a a:-8, -%| 9. :r«4, 2A 

y-3,-A.) y-4, -2^.J y-2,4| 

10. x^lO, -10J,| 11. j:-8, -2,) 12. a: = 5, 41 

y=i5, -i^J y-2, -a| y=4^J 

la x«K«4: ^2y-fl^), ) 14 x-k+'^^^'+^'+J),) 

(18) 



ANSWERS TO THE EXABIPLES. 

62. 1. ±4, +12. 2. ±12, +16. 3. +10, +16. 

4. 40yd8. by 24. 5. ISyds., 26yds, 6. 27 yds. 

7. 24, or -3. 8. 12,7; or -9J, -14^. 9. 26ft, 38ft 

10. 4660. 11. 4, or -IJ. 12. 10 yds., 16yd8. 

13. 10, 16. 14. 8, 6; or 66, -42. 16. 1+^2. 

16. 9, 12, 16. 17. 16. 18. 49, £3. 19. 3 in. 

20. 26, 20. 21. 4 yds., 5 yds. 22. £00, or £40. 

23. 78. 6d. 24 £276, £226. 26. 2, 6, 8. 

26. A £2380. 27. A £6300. 



6S. 1. .r*3,l x^2S,\ a: = 31, 2, 



.r*3,l ir=23,| a: = 31, 2,^ a:-30,16,) 
y = l,| y- 2,j y= 2,6,J y= 1, 8.f 
2. x^6,] x^ 6,) x«49,) ar = ll,) 

y = 6,| y-12,| y-22,| y= 3.J a 3,6,6,9. 

4 a: = 5, y«:3, ««6. 5.6. 6.4,2. 7.4 

a A gives 14 pieces, -B 9. 9. 8; 16. 10. 21, 12. 

11. 4 12. 69. 13. 8 kg. and 31lc. 

14 £13 1«. or £42 1«. 16. By paying £6 and receiving Atlotds, 
16. 3, 21, 16, or 6, 2, 32. 17. 603. 

18. 2«., 4s., 68. 19. 209. 20. 301. 

04. 1. 32, 272. 2. 39, 400. 3. 63, 363. 4. 694, 34760. 
6.9,16. 6.-1,0. 7.-28. 8.-276. 

9. lej. 10. -84J. 11. 336|. 12. -84. 



08. 1. 12. 2. 6. 3. 20. ^ -^• 

6. 6, 8, 11, 14; -2, -6, -10, -14 

a 3|, 4|, 4|, 6f, 6, e|, &c. -11, -9, -7, &c. 

7. 4, 16, 26, &c. ; -2f, -2J, &c. 8. 6 or 10. 
9. 6, 7, 9. 10. -31, 3|, 10. 11. -f, J, 1|. 

12. «'. 13. 9 or -7. 14 78. 

16. £5 3*., £136 4*. 16. 6 miles 1300 yds. 17. 8, 14, 25. 
18. 3, 7, 11, 16. 19. 5L, ^, 1, 1, .s_. 20. 6, 16, 27, &c. 

21. The 26th. 22. 3, 1, -1, &c; n(4-j»). 23. 7^^. 

24 -1 : 1. 26. -2m(16m+9). 26. in(4w«+6n-3j. 

27. |«(6»«+3»-l). 28. 7 days. 

M. 1. 64,86. 2. 1280,1705. 3. 96,189. 

4. - 266, - 1 70. 5. 4096, 3277. 6. - 512, - 341. 

•7. 1. 8. 2. IJ. 3. |. 4 ^. 6. f. 6. f. 

7. /g. 8. 1. 9. IJt. 10. li. 11. 10|. 12. -2i^. 

(14) 



ANSWERS TO THE EXAMPLES. 

68. 1. 4. 2. 3, 6, 12, &c. 3. 4, -8, 16, &c. ; or 

-I, -i, -V, &c. 4. ^V 6. 3, 15, 76, 376; or 

-2, 10, -60, 250. 6. ±4, 8, ±16 ; +2, 8, +32. 

7. 1,-1, t, -If; -1,1J, -21, 3|. 8. 2 + |4.H-&c.;or 
4-HI-&C. 9. 3-|+|-^&c. 10. 1^, or 6}. 

11. 7938. 12. 4,18,81,144. IS. 8i^^. 

14. 40000 fr. 16. 1, 3, 9. 16. 3, 6, 12, 24. 

17. ^222|, -B460fyds. 



«o 1 —4 00 4 1 a 4. 15 15 la. 15 _7i __q. 

Oy. X. «, VA^, «, ... 5, 3, y, ig, j^g, Xj3, ... XUf #2, o, 

777 13 91 91 

iO> 9> 8> ••• •■•i? ^3» "2* 
n 02 Q. 1186 3 68 <^9J. 

— ^It "> -"^b; 4> ii> J} 17J 10* "• ^*** 



70. 1. 3J, 3, 2i§. 2. 2i\, 21, 2i. 3. 8, 2. 4; 1, or 16. 

5. 8, 2. 6. 9, Ij or |, -7i. 7. 12,6,4 8. 6, 4, a 



■•« 1 IB 16 1B6 161 . 46B 788 847. O <* + & 

**• •"■• ao> ae> i68> ies > ii?B> iibb> iibb* ^' x* 

^ a^-ll:r-f28 ^ ^ « («+*)' o «<^-^ 

0. -3 • /. X. O. YoT F\* *'• 7 • 



7a. 1. 10, 41, 2^. ^ 2. 9, 41, i|. 3. 6, If, If. 

18. (i)a:=6(^)'; (ii)a:=a+6 or K«-^); (iii)a:=l,y=4. 

(iv) X « +9, y = +3. 14. 3. 16. 26, 20. 

16. 8 : 7. 17. £200, £160. 18. 300. 

19. £126, £166|, £2081 j £212Jf , £169|i, £127|l. 20. 6. 

73. 1. ay =|f(^+yO. 2. 2. 3. y =~g-. 

4. y = 3ar+2a:^+a:». 6. y = ^«H-2j:+3. 6. 5 = ^a:-f-|jr». 
8. i^C . -BC. 

74. 1. 720, 720. 2. 6040. 3. 6720, 46360, 3326400, 19968400. 
4. 12600. 6. 9. 6. 1120, 831600, 336, 34650. 
7. 6. 8. 7. 9. 16. 10. 3628800. 11. 6. 12. 4. 



78.1.126,84,36. 2.330,330,11. 3.3003,466. 4.6. 

6. 63. 6. 210, 84. 7. 60063860, 6006380. 

8. 18. 9. 12. 10. 11. 11. 12. 12. 43092000. 

(16) 



ANSWERS TO THIS EXAMPLES. 
70. 1. l+6r+15r»+20a:»H-16jr*+ftr»+a:«. 

4. a» - 9a8jr + 36aV - 84fl«a^ + 1260*^^ - 12Ca*a:* + 84fl»j« 
-86aV+9aa:8_j4», 

6. l+12r+0ar« + 22Oa^ + 496r*+729a^ + 024r« + 70ar' 
+405j:8+22Qa*+6ari»+ 12ar"+ar". 

6. l-20x+180:r»-960.T» + 3360j^-8064x*+ 13440^ 

- 15360x^+115200:8 - 5120a^+1024x*<>. 

7. a«-.18a*x+136fl*x3-540aV+1215oV-1458a.r*+72ar» 

a 25ar8+lO24ai*7+1792a'x»-|-1702alp»4-112Oa*x*+448a5j» 
+112aV+16rt7x+«8. 

9. 128a» - 1844tf«x + 6048a5x» - 16120a*x» + 22680fl»x* 

- 20412a V + 10206ac» - 2187.r7. 

10. l-&r+V^-15a^+*|-».r*-V^+W^-il^^+ Hs^ 

8 r»4- _ 1 ylO 

• A— f *-r f •*^ a*^T^ aT** 81*' T aii'*' Ta?**' i ailT*^ 

" 6*049^ T" 63144lJ^ • 



77. 1. l-x+a:«-a:»+ar*-&c. 2. l+ar+9j:*+27a:»+81x*+&c 

3. l-.6r+27x'-108x'H-405r*-&c. 

4. l+6x+24r3+80.T»4-240jr*+&c. 

5. l+x+|r^+|j:»+iiA'*+&c 

6. l-a:+|x»-|fa:»H-^ar*-&c. 

7. l+j:-ix*+|x>-|jr«+&c. a l-2a:-.a~»-|a:'-fx*-&c 
9. l+|ar+V^+il''«^+fM^+&c. 

10. l-la«»4-Va.'*-J|x»-5j5.r8-&c. 

11. l+|x+|x»+H^-»+^^+&c. 

12. l-ia:3-|-|ar*-^x»+^2:8-&c. 



78. 1. i+iJ:+^:r»+lx»+^^x*+&c. 

4 <r^+2«r'ft»xH-3flr*Mx»+4r-*6V+5£r«68x*+&c. 
5. a«+6fl^8+21a3684-56a86+126«a684-&c. 

2 — • —18 _a8 88 

ae) 



ANSWERS TO THE EXAMPLES. 



79. 1. 5221, 208116. 2. 100101100, 102010, 10280, 2200, 1220. 
8. 41104, 23420, 14641, 7571, 5954 4. 235, 1465. 
5. 511, 22154. 6. 1212, 1212201. 



80. 1. 1 + 14 + 244+4344 + 114144 + 2050544 = 2214223 (sen.) 

= 111111 (den.). 
2. 100001000000 (bin.) = 201000 (quat). 
a 1756 X 345 = 701746 (oct.), 1337 X 274 = 381011 (non.), 

345, 274. 4. 57264, 95404, «7^. 
5. 4112, 6543, 62to. 6. 1295, 216 ; 2400, 343 ; 4095, 512. 
7. 7. 8. Undenary. 9. 34. 



MISCELLANEOUS EXAMPLES : Part L 

1. (a«-6«)6«+(a8-3«6'+6»)^-(2a-ft)ac». 

2. 3a'»-2fl&r-2a'6«. 3. ^. 4. (m+n) a, ^IlfS^. 

6. 1^, 8.152. 6. g^, £jt^. 7. 98, in(3»+25). 

8. 1^. 9. 5-/5, 7av^2^, -^4. 10. l+a:+f:ta+|r»+ V^+&c 
11. (i)ar=5; (ii) j: = 5 or -1|; (iii) x « 4, y = 3 ; 

(iv) x^±S, y^±2, or a?-+2, y=+8. 12. f. 

13. l+4a:+2:c*-5.r>-ar*+a;*+Ja'«. 14. -2r»+aiy-4'- 

15. 68. 16. :r»-y». 17. 125, 1.709. 18. x, ~t?. 



8 .3 141 



J?-y 



19. 2^, 2J. 20. rtaft" V, x^zK 

21. a~J {1 + ar^x+ 2a- V+ Va" V + Va~*J^+ &c. } . 

22. 1232, 11313, 363, 1044. 

(17) 



ANSWERS TO THE EXAMPLES. 

23. (i)a.- = 3-i»5; (ii)x«2or-^; (iii) :r = 5, y = 4|. 

24. 12 days. 25. :£*-«». 26. ^x^-5t^+Ix+9. 27. f. 
oa a* 3a+l oQ 4-x 2x 

30. 139, 1.39,4.3966. 31. 2^, .051. 32. ||{l-(-|)-},||. 

33. (a.r)"« 1-f |a--»x+||d-«fl3+A\fl-»a'»+|||a-*j:*+&c.}. 

34. 7 ; 22dollais and 67 doubloons. 

35. (i) jr-17j (ii) a:=60, y«405 (iii) x=3 or -ff. 

36. 8f sq.ft. 37. 2a»6«-|-2flV-|-26»<r»-a*-6*-c«. 
38, l-J:r+^^+5fea:»-fiile^+&c. 39. i. 

40. *'^~^'*"^. 41. 139, .6933. 42. ^. 

ar»-|-a:+l * 1-ar 

43. a'{lj-7a-«AN2V«'^^+5«"*^+i^*^+&c.}. 

44. i-yiSi, \/5iy: 46. 93, JL(na4.«-6). 

46. 6221, 40266141, 6262711, 2461, 3341684, 1828. 

47. (i)a--2|; (ii)x = 39, y = 21j « = 12; 

Cm) x = a . ?yi-, y = a . -^. 48. 64 days. 49. a— 6. 

^ ^ a — b 0+6 '' 

60. 9+14-49 = 69. 61. 3(««+^+c»)-2(a6+flc+6c). 

62. ;r»-9y»- ^3. 1054, v'7+v^. 



4 



67. a""6{l+fa-36j:+^a-*6«r»+i'/5flr«i8a^+ii|(r-854^4^.&c.} 

68. 21. 69. (i)x=-|; (ii) a: = 3, y = 4; (iii) ar = 3, y«l j 

(i7)a:=-l, y=-3. 

60. 100. 61. 26j^ya_,^y_7ji.l()yf e2. a:^+2a:+l. 63. 1. 

64. a'b\h-\-c). 66. 2:r-l. 66. -y^~. 67. 12.747. 

x{4jr — 1) 

68. (a'xy^ {l^lar\v^l(r-^x^+ -B-,r-V+/A<r^:r*+ &c.}. 

69. 30. 70. 260, 60300, 13874000. 

71. (i) j:-9; (ii) ^ = 3^ or -4; (iii) a: = |, y-|. 

72. Shrs. ; 17Jhrs., 24hrs., 40hr8. 73. 6(^+2j:*+4Lp"*+8r-i). 
74. |. 75. X, ^'^'^^^ . 76. 66>v/7. 77. 1.772462, ar-f 

79. 60f, l«(3»*+l). 80. 5;*-2a^-8a^+ar+16=0. 81. 28. 
82. 16120, 120. 83. (i) xr.1; (ii) a: = 2|, y = 61 ; (iii) a: = 3. 

84. £663|, £1106|, ;e3320. 86. a-»+l+.Tr-». 86. a«4-a.r-2x». 

87. 7. 88. i(l+^),g±g. 89. ah-^-Jx-k^+bl 

90. :i*-l-a:"*. 91. M3»+l), ^{(i)--!}. 

(18) 



ANSWERS TO THE EXAMPLES. 

©2. i4.ar-|j-3+Iar»-\V-f &c., H-2j:-2.r2+4r»-10j:<+&c. 
03. 27,48. 95. (i) j: = 9; (ii) jr«4, y = 3; (iii) .r = 6 or J. 

94.5. 96. 9irf. 97. .r». 98. a^-2ab-^lb\ 

09. :c»-l. 100. ?^±^, , ^f/— - 101. 4.11. 

102. I'-a^-^x-^+Sa^x h 103. 7.' 105. 75,25. 

106. ^11333311 septenary = 2626 = 1000 denary. 

107. (i)x = 9; (ii)x = ±J-v/5; (iu) :r = 4,y==0, « = 5. 

108. £135, £90. 109. 48. 111. 36.1^-970,-2+36. 
112. ix^-ax^\a\ 113. 2.4494, .4082, .8164, 1.2247. 

114. (fl6-i)5<'"*^- , 1. 115. fl« - 4«6 - 6ac + 46^ + 126c + 9c«, 

4a' - 2a5x - (ac - 1^2) ^ ^ (g^^ ^ 2ftc)r» - (2hd - jV"^) .r* 
-cd:r^+4rf»a^. 116. »/ (1 -(§)-}, 8|. 

117. -11. 118. l-2a:-2jr»-4j:»-10ar*-&c. 

119. (i) .r = 21; (ii) x^ -3 or |; (iii) ^=6, y = 3. • 

120. 3|, 8. 121. 8-12a^+18a2-27ai 

122. fl*+ifl«6:r-|(a«-5>'2+|fl.r»-ir*. 

123. y+4x'+2^ J24. aio-aV-«*a^+:r^o. 

125. 1.2247, S+v'a 126. c. 127. 0, iX7-w). 

128. A gives 26 guineas and receives 10 crowns. 

129. 2(fl-a-)V2^i4/fl. 130. 33 : 238, 1 : 34. 

131. (i) a' = 10; (ii) a; = 3, y = 7; (iii) .r = 4 or -1. 132. 10. 

138, With tz/jpcr signs, 16+9«5x5j with fotrcr, 0+26 «5x5. 

134 ^+4y. 135. ^+«x+*. m g^, g^^ 

187. ww(tw2-»-)(m«-4w'). 

138. ai-a"+l. 139. ^(a+6) (a+c). 

140. 4.8989, .6803, 4.4494, 1.5506, 3.4494. 141. 1|, 2|; If, If. 

142. lH-x+f:r»+V^-4?.r*+&c., l+2a:+6:r»H-20.t-5+70j:*-h&c. 

143. (i).'r-7; (ii) a' = 4 ; (iii) a- = 2 or |?. 

144. £9,30*. 145. fl«6'-fl5«:i--(fl«-|-26«).r»+«A'»+2a^. 

n« ^A T1 B^ 

146. <r»-o2j:2-V«J^ + 2fl2a'a-f4r', rt*-2fl2a:2 - LV.r + ^^^a^^j^a 

4-2^®aV-23a5a:l- 26flw^+16aMH-16j:*. 

147. :c«-12-iar-i, a^+l^<r-\ 148. -^|±^-. 149. .2164. 

150. a:-2>v/a:+l. 151. V^^^o. 152. §{1- (|)-), 1|. 

153. 0, 3, -2. 154. 6. 156. 5|day8, 16 days. 

155. (i) .r = .''\ ; (ii) .r - f ; (iii) .r = ±2, y = +8. 157. 3H. 

(19) 



ANSWERS TO THE EXAMPLES. 

158. a5-2aiU3fl^6-2aM+6«. 169. x-6. 160. ^~§,&- 

161. a^+2j:»-8r»-6i-l. 162. 9, 160. 163. (5+c)'. 

164. 2282. 165. l-6jr»+24j:*-80a:»+24Oj:«-&c., 

«t{l+3fl-»5+ifl-'i»-J<r-»6»4-|^'2^-&c.}. 
166. 33238844, 4344 = 1000 cfew., 2U = 100 den. 

168. £40, £28, or £28, £52, according as A had more or leas at 

first than B. 

169. V{a^+b^ X (a^ + W)^ = 3 4^289 = 19.^34. 

s 8 P-^ -?-* j:(j*-1) 

170. ar-» - 4ar*y5+3y«. 171. « " 6 " , -2?Cjrr ' 

1 ,^„ ar-5^ JP + 2 

172. l-iai^-2fl«x. 173. (^_^) (^^^y ^5^' 

174. 8.8729, 1.2909, .7746, 1.5491, 6.4549. 

175. -10, Jn(7-3n). 176. 15. 

177. l-2:c5+ar-4x54.5ar^-&c.,l-4ra + 10j:-20:r5+35r»-&c 

178. 12,16,18. 179. (i) ^^; (ii) 2 or -If; (iii) ^ = 49,y =50. 

180. 10 days, 31 days. 181. a^^\a\^J,y-z)-\-\ai2xyj^ 
-y%)-\xyz, wWcli becomes «» + 8a»5 -f 3a6» + i», dJ 
putting j: = 6 = iy« -i»; or j: = 5, y«26, «= -2*. 

182. 6:r»+|a"*a.'^-^?^"*^+K'^*+i«"^- ^^- ^'+^' 

184. ^+^ 186. a*x(aV-l). 186. db'^-\ar^h-^l. 

.r*+j:-5 

187. ,^^,f, ,,, . 188. 720, K1+ V7). 

(r»+l)(a:-l)« 

189. 4|||, §{1 - (-i)-}. 190. 3 per cent 

191. (i) If; (u) a:=4, y-5; (iii) 41. 192. 10. 19a n- 

194. ar»*+2. 195. 5+2y6, V6, 6(5+ 2V6). 

196 /^L±??\* t±^^. 197. 12.r*-2a^-lLT«+l. 

' \m-|-a/ ' fl^-a-* 
198. lll-(-l)-}. If. 199. n\ 200 ±|a. 201. 16. 

202. l-ar»+2L«l-56a:+126r^-&c., ]-ar*+6jr*-10x+15ar'» 

— &c. 

203. (i)|; (ii)a-»or&-M (iii) ar = 3, y«l, or jr-f,^-}. 

204. £800, 0. 206. px^-\-qx-r. 207. a-a-»+4. 

(20) 



AUfSWBRS TO THE EXAMPLES. 



x—a (^+1) (^ +1) 

210. 7.0102, 202. 211. j^, 20. 212. (oftp. 

213. 4 yds., 5 yds. 214. 63361, 236, 84. 

216.;(i)4orl|j(ii)a:=-5,y = 5;(iii)x.^^;^p,y-;^7=^ 
216. -H^ davi, — days. 217. 2(7i+4). 

218. a*+6^+c^-a*6*-fl*c-6*c. 219. 2. 220. a^-y*. 

221. 3.1622, .12649, 2.1081, 1.5811, 4.4414, .31622. 

222. Hl-(f)-},2|. 

223. a-s{l_3fl-»jr»+i'5-a-*x*- ^^-a-^a^-\-^^a-^a^-&c.], 

224. £6825 8*. 5^^. 225. 0, - 1, 2. 226. 20, 5. 
227. (i)^=a-^or-i; (ii) x « _,_^,, y . _. _«^^ 

(iii) ^-3 or |. 228. -ff (''?+«) .days. 

9 OS 

229. 2y'-ay-Jfl^ 230. A-s+o'^A-a+o*, A'»+2aa,'*+a*i«-a*, 

a^ « fl«a:^ - 2a»j?^ - a\ 231. o^ - i«. 

232. :r«-2a:5+a^-:r»+2x-l. 233. j^^, i^^±?. 

234. Ja;t-5yi 235. 88, |{1-(|)-}, 2J, IJ, IJ, If. 

236. 2a -6. 237. 12, 4, 18 mUes. 240. ^^~ days. 

239. (i)x=-6J; (ii) x=^g.y = ^^:-2; (iii) *=10,y-7, 



S 3 1 S 

«=8. 241. .r5-^"*+a:*y"a_y-i :r«-(a+&)a:-|-a6w 

f42. 36, 125. 243. 6.r+4. 244. 1+^ h 

245. .8164, 1.6329, 2.0412, .1010, 3.2549. 247. 3|, 3|, 4J, &c 
248. 7. 249. 720. 250. 2486646^69, 54373. 

261. (i) ^-17; (ii) x=.f-±^,y= -^^; (iii) .r=^. 
252. ^('^+^) days, -^(^p^\ days. 263. 140, ,»^. 

254. ;r~3-x-|yi+yf a:i-(m-l)aM+fl. 256. IJ, ^Il-J. 

(21) 



ANSWERS TO IHE EXAMPLES. 

256. ISa^-^a^+Sra^-l^x+G, 257. ^^^__^ y V(T^^*' 

268. 24 miles, I hr. 259. a^bX 260. 3. 261. a-\-2x : a+Sx. 
262. 7425. 263. (i) x = 4 or If; (ii) x = 10, y « -3^, s -4. 

264. 8*. 4ii 265. ^/— J^ = if =.|x^. 266. ai^+2. 

267. flH3fl"^ar-|fl"^r^+ V-«"^'i^-T«"^^-|-&c-» «+^'- 

oflQ - 269 \ 270. £2 89. 

2^- ^- "^^- (^+1) (:r+2) Cr+3) 

271. n«10 or 12, /-3 or -1. 272. 56, 44. 

273. Jn(«-1) (n-2). 274. 1111x10001 = 11111111 » 21845 £fe». 

275. (i)^-6i;(ii)^-^j-^=^^ 

(iii) ^ = 4, y = 3. 276. i^^^ days. 277. 0. 

278. Jx64+l»9 = (|x4+l) axl6-|x4xl+l). 

27»- S^v'^lia-»x+21 

281. J-2.r*-2. 282. 34/5, f a/3. 285.30. 286.15. 

287. (i)a: = H; (ii)a:--4i; (iii) ^ = 4, y = 3, or .r = 3, y = 4. 

288. 4, 59, 55. 289. 12aJe. 

290. (-,|«+,»«-ih)-(^8+5!s-|l)-H12(-?.xix-J). 

291. 1 - ha 5a:«. 292. 84. 293. 2|, .25298, 5 - ^/O. 
294. (.'-5'). m. «+!«, „-^^i;^. 297.10,20. 

298. 40320. 299. (i) .r = «c5-'; (ii) ^ = t®o«J (iii) ''^'^'^> 

y=-l,ora:=-l|,y = f. . 300. ?hr. 

301. 3:r^-2jr*y"*+4y"3. 

802. 2. 303. 137641, .r-2-.r ^ 304. h^c. 

305. V2, a/5+a/2. 306. -^^'''^' . 307. 1 hr. 5//. 

808. jV' {l+2a~5x»+|a"^^3+j?a-'j:+ |?a"5i»+&c.}. 
309. 4 i>(«+l) ; I, f, 1, Ii 810.6. 

311. (i)*-100or-10; (ii) ^=-^j» ^'=-^6' 

Cui) x^ ^^ , y = |Z2^ . 312. ihr. 314. IJ, i or 6-'. 

Sl3. a + a».r2 + .r, x- 2fl*ar* - o^ jr^ - a. 
(22) 



ANSWERS TO THE EXAMPLES. 
315. 8a*xa-4aa.iy*+2a*j:y _y4. 316. i (\/6-2), fjy» 

317. J{l+lar^x+la-^a^'\'fga-^j^-^{^^-*x'^+&c,}, 

.r^{l-|a-ia:4-|a-V-||fl-V+^V»-*^-&c-]- 318. 91. 

319. an-^-n, a-i»(»+l). 821. £4 IQs, 322. 63, £62 8«. 

323. (i) ^-^2a6 ; (ii)x-2; (iii) a:^^, y = ^J^. 

324. 13, 12. 326. l-.x-\'\lx'-lx^^lx*, l-2.r+V^-|a:» 
+||^-|^+H^-^^Hs\^«. 326. 2a:»y-3-3x^y. 

327. 2.64576, .37796, 1.32287, .88191, 1.47683. 328. n'K 

329. 2a^JZ^^ |, ^^i-',- 330. ^^^^^^ . 

331. l+2:ry-ary-^ 333. 7. 334. 27907200. 

335. (i) ar«?^or-l ; (ii) a: = 2, y «1, s«0 j but indeterminate, 
c 

if 2m = n+^. 336; 5 miles an hour. 337. c or crK 

338. ^^^^f^^^T^^ . 339. 4//,. 340. -^?, . 

341. 3 (M)^. 342. 3.71, l-2a-f3r'. 343. 18«. 4d 

345. (2a)^{l-|a"^a:54.|a-*a,'+^fl"^.r2+JLo"«:i-2+&c.}, 

(3a)"^{H-|«~5aHi|«"^.T3+f|a-'^+|f|a'^j:54.&c.}. 

346. 2118760, 17293. 347. (i) x^a^^, (ii) ar-l, y=4, 

.«27j (iii) ^ = ^^,^-^ y-^^P"-' 348. 2 hrs. 211'. 

349. (^4-ar+l)«-(a:+l). 350. a'^-a«A 351. 0. 

352 lj:t_B«/l-i-2<rl|/ 353. ■^ — 2>r^-|-&r--4 

00-.. 3X jxy -r ^x y. 000. ^4_^ , ^.2_^. , J • 

354. V{1 -(!)"}, 13|. 855.76. 356. 9 hrs. 

357. (2a)~5{i4.|o4J^.5rt i.r+V«"^^HVi«-2A'2+&c.}, 
(8a)2 {1 -|a"3ar3 4- |a~».r3 - ^a-'j:- e|aa"3.r3 - &c.}. 

358. 4 ; 1023, 256. 360. 2| hrs. 361. x^t^-x^y^z. 

359. (i) 4. >(^-2^^); (ii) ^'±^^iH6V . (iii) ^« _^, 

y= Tre- 
ses. *J-.ti+l. 364. 4/9, v^aST 865. 1. 866. 24».,16» 
(23) 



AirSWEAS TO THE EXAMPLES. 

dd9. fi*. 370. 1023252 sen. « 24e28 duod. » 50,000 sq. ft. 

«71. (i) xJ-(a^b+c)i (u)x^aoT^; (m)x^±a^ri±^ 

y - -ffl ^"^ . 872. IJh, Ih, 31i. 373. 0. 

a 2 

876. m'-m-ma-l. 

374. mr»-<Mr»-o«ar-(m-2)a». 376. ±V^. 377. 45. 
378. 100, 4. 879. 3f hrs. 381. 16, 6. 382. 1, 7, 12, Oi 
2,4, 14, or 3, 1,16. 

388. (i)*«ll; (ii)x-^=^; (iii)a:«±a,y=+J. 

384. £740. 386. (3a - 26) ar«+ («'-&') x. 387. |, }. 

38a 



(a -by 



386. :t:« + (p+l) a*- Cp«+i>+l) J^-Cp+1) (p»+1) ^+ 
CP»+i>+l) i?^'4-(i?+l) />'x-i>». 

Va -Va 

389. a -a , aVcb'^^V^ 

390. iX3«+l). 391. 2.649038 cub. ft. 392. 12 hr. 32/j'. 
393. 2. 394. 6880, 6880, 1960. 396. 2 gals., 14 gak 

396. (i) a'-^+^j (ii)x-l(c-.a); (iii):r-±^*. 
398. x+a. 399. x+6. 400. x^'\'X^+l-x''^ . 

m n 

401. (a-^b)'^'^^. 402. 2ar\ 403. 5 («-:r)«, 

n{ (a+a:)» - (m - l)<w:} . 404. 186 hrs. from A'a startiiig. 

406. .986186312. 406. 73634. 

407. (i) 6 or —1; (ii) ccr^ or cb~^ ; 

/•..N , flft' 1 a^b 

(m) x- ±___-_, y- +-; — =^- 

408. 4 410. 2a:+3y-s. 411. 293.9387. 

412. l-jJ+A 414.0,1. 416. 16rf. 

418. 69810. 420. 266 sq. yds. 

419. (i) 6 ', (ii) Ja or }a ; (iii) a.* « 0, y » 6^ « e c, 

or a:a2a, y« —6, s« — c. 
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(2) UNIVEBSITY EXA311NATION PAPEES. 



CAMBRIDGE LOCAL EXAMINATIONS, 18G9. 

(Jtmior Students.) 

QUHSTIONS WITH SOLUTIONS. 

1 . Find the Talue of each of the following expressions, when 
a = 10, 6 = 3, c = 7: 

/:\ ^ + c /;:\ ^ . 46c 



2c-36' "^ ^ 4a + 2 lOa-lO' 

36 + e -y96 + 7c-12 



(iii) y.|^-. 



c-6 



-So/«^«ow of (i). ,^- = -J? =. 2. ^4iw. 

14 — U 5 

Solution oUu). ^^^ ^^ - J.l = li. ^„,. 
-&,/«<.-o«of(m).yJ±7_e^._^-12) ^ 4_4 ^ 1^^^ 

2. (i) State the rules for removing brackets from algebraical 
expressions, (ii ) Simplify 2[4.r — {2y + (2a* — y) — Qc + y) } ]• 

Solution of (ii), 8ar-2(2y + 2.r-y-a:— y) = 8.r— 2j7 

3. Multiply (i) 2x»- 3.1-2 + 4.r- 5 i,y 7.r + 9; 

and (ii) |a' — Ja'.r + J.r* by J/i — 2.r. 

Solution of (i) : 

7.r +9 



14.i-*-21ar» + 28.1-2 _36ar 

+ 18.t^ -27.1-2 + 36.v_4g 

14.1-^- 3.1^ + .1-2+ 0,'— 46. -4jw, 



CAMBBIDGE, 1869. JUNIOB PAPEB. (3) 

Solution of (ii) : 



l«*-|!«'j^ + Io^ 



-1^''^+ la\x^-x^ 



4. (i) Divide x* - 2o';i^ + a« by or* _ 2rM: + a^. 

(ii) Find the values of a and 6 which will make jr' + c* 
exactly divisible by :r* + ao: + h^. 

Solution of (i) : 

(»r— o)' ^ 

.r' + or + rt' 
a-' + a.r + a* 



a:* + 2aar* + 3aV + 2a*:r + a*. -4tw. 

SobUum of (ii) : 

^1-3 + r;3 « (x + c)(ar* — ex + c') ; 
. •. .r' + ax + 6* must be equal toa^—cx-^c^, 
and ,\a- —c, and 6 = c. .<4n«. 

5. Prove that the sum of the equaies of any two different 
numbers is always greater than twice their product 

SobUum. (x — i/Yf or a,' — 2xy + y' is necessarily positive, being a 
square quantity, whatever x and y may be, and . • . or* + y* must be 
greater tban 2.ry; when x is not equal to y. 

6. Beduce the following fractions to lowest terms : 

... 20abx . ,... /i=-..r». 

riii^ ^•' + «' . riv^ 4 + 12x + 93ra 

• ^ ^ a^ + 2ax + a^ ' ^ ^ 2 + 13x + 16ar»' 

C2 



(f4) UNIVEESITY EXAMINATION PAPERS. 

Soltdwn of (i). Dividing each term by 5a gives ~. Am. 
Solution of (ii). Dividing each term by a+x gives —1?, Am, 

Solution of (iii). (^-^^)\^'-^ + »') ^ .^"ox-i-a^ ^ 

(A+o)(ar + a) x-{-a 

Solution ot(iy). g±-??><f-^-?-'^i = ^,^. A^ 

(2 + 3x)(l + 5.r) l + 6;r 

7. Solve the following equations : 

(i) j: + 1 + 2(x + 3) « 4(a- + 6; 

(ii) ?L-^l+^2 ^ 2 

(iii) 4a: + % =« 12,) 
(U.-3y « 7.) 

iSWw^ion of (i). j: + l + 2a: + = 4r + 20; 

a+2x-4r = 20-1-6; or a: = -13. -4>m. 

SoMim of (ii). (x + !)(« + 2) + (r + 2)(a + 1) = 2(a + l)(a + 2) ; 

or (.r + l)(o + 2 + a + l) + (a + l) « (2a + 4)(a+l); 
(a:+l)(2a + 3) «- (a + l)(2a + 3); .-.a: = a. Ant. 

Solution of (iii). 4x + 0y = 12, 

18a:-9// ^ 2 1. 

i^^ ^33; .\x « IJ, 



- 33; 


.•..r 


« 


li,) 


12-4.1- 






A 


9 


== y 


~ 


8' 



8. A certain fraction becomes | if 1 be added to its numerator, 
and if 1 be added to its denominator it becomes j ; what is the 
fraction P 

Solution, Letx-1» the numerator, then dx« the denomi- 

nator; ^""j « i; 4ar-4 = 3r + l: whence ar » 6, and 
' ar + 1 4' ' 

;r-l ^ 4 
^ar" " 15 



~ . Ans, 



CAMBBIDOE^ 1869. JUNIOR PAPEK. (5) 

Oiherwke : Let - repiesent xne fraction, then 

y 

^ « J,orar + 3 » y, 
^ =s -, or4j:— 1 «= I/; 



y + 1 * ar-^4 « U; .-. :r==4, 

ar + 3=y = 15; 
• \ the fraction is /&• '^^* 

9. A sum of 119A is to be divided among 10 men^ 32 women, 
and 48 children ; if each man's share is to be equal to the shares 
of two women; and if the 32 women are to haye twice as much as 
the 48 children, how much will the several individuals receive ? 

Sckftion, 32 women ^ 96 children, or 1 woman = 3 children ; 
then the individual shares, in shillings, may be denoted bj x for 
each child, 3r for each woman, Qx for each man ; hence 

arxl0 + 3a:x32 + a;x48 » 20x119; 

or 204a' = 20 X 119 ; whence 6jr = 10 x 7 = 70«. to each 
man, 3^^ •= 35«. to each woman, x » 11«. Sd. t^o each child. An».. 

10. Solve the following equations : 

(i) 6r»-7x-20 - 0; 

(ii) ari + jp"* - (l + :r)i + (l + a:)"'i 
Soliutum oi (i). Qx^-7x « 20; or a^^lx - =/; 

'r^ — lT^lJ-\^ xs *J0 . J9 _ 529. 

'^'-^ = ±^y .'-^ - ^±lf = 2|or -1-J. Ans: 
Solution of (ii). Square both sides, thus : 

xi + x^i (l + j:)*+(l+j:)"'i 



i -i 
x^ +x * 


(l+x)* + (l+.r)""* 


X +1 

+ l + :r-^ 


1+x + 1 

+ ! + (! + . 70-' 


x + 2-\-x'^ 


« 1 + x + 2 + (1 + a)-i 



(6) UJKIVEUSITY EXAMINATION PAPERS. 

X 1+x 

l—x^ = .rj .'..r' + A* = Ij 

whence or = li-l±Vo)> Ans. 
Othenvm. The equation^ at first, may be written 

then squaring gives ^+-+2 = l+.r+ — — + 2 j 

or - « 1 + =-A- ; &c. 
X l+.r 

11. A man starts from the foot of a mountain to walk to its 
top. His rate of wa]ldng during the second half of the distance is 
hidf a mile per hour less than lliat during the first half of the dis- 
tance, and he reaches the top in 5^ hours. He descends by the same 
route in 3 J hours, walking one mile per hour quicker than during 
the first half of the ascent Find the distance to the top, and the 
tates of walking. 

Sokdion, Let 2a; miles = the distance, and y miles per hour = the 
rate at first. The time of ascent = ? + — ^- hours ; 

y y-i 

•'•^■'2|=T ^ ¥^ «' 4^-2^ + 4:^ = 22y»-lly; 
or2a:(4y-l) = 22y»-lly. 

Again, for the descent, we have (y + 1) x 3 J = 2x; or 
X = V(y + 1) ; whence, by substitution, 

V(y + l)(4y-l) = 22/-lly; 
15(4y» + %f-l) = 88y«-44y; 
28y»-8% = -16, ory«-f|y = -Jf; 

•/2 __ «•-/ . Tl»2l _ 6241 . 
y 25y^8ll6 "" 3136 > 

y-ff « ±J|; whence y - 3, or /j. 

VCy + 1) = 2x = 16, or 4/^. 

Hence the distance is 15 mi., and the rates 8 mi., 2} ml, and 
4 mi. per hour. Am, 
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Ot/tencise. Let 8.i' mi. per hour be the rate in descending; 
then S.r x 3J or 30a.* mi. denotes the distance ; and for the time of 
ascent we have 15x'*-(8x—l) + 15a:-»-(8»r— IJ) ; 

JJlL + •''*^, = I^ ; whence 448.1^ -290.i- = -33: &c. 
«.i-i 162-3 J ' ' 



12. Given that the illumination from a source of light varies 
inversely as the square of the distance ; how much farther from a 
candle must a speck which is now 8 inches off be removed^ so as 
to receive just half as much light ? 

Solution, Let x = the no. of inches farther off; 

(8 + aO'-»-8« - 2; or(x + 8)« = 128 j 
.'. x + 8 « +a/128 = ±8a/2j 
X = 8(a/2 — 1) inches. Aiis, 



13. (i) Find the sum of 17 terms, and the last term, of a series 
in arithmetic progression in which the first term is 49 and the 
second term 44. 

(ii) The sum of 15 terms of an arithmetic series is. 600^ and the 
common difference is 5 ; find the first term. 

SdiUioh oi {i). Here a = 49, J = — 5, n = 17; 

/ = a^(n-\)d = 49 + 1Gk(-5) = 49-80 = -31, th.o last 
term. Ans, 

8 = i(a + l)xn = J(49-31)xl7 = 153, the sum. Ans, 

Sohdion of (ii). Here e/ = 5, » = 15, « = 600 ; to find a, 
8 « {2a + (n-l)4.^ = 600; 

J(2a + 14 X 5) X 15 - G30;ora + 35 - 40; 
whence a^^, the first term. Arts, 

14. If o, 6, c, are in harmonic progression, prove that 
()} a ; a— 5::rt + c : «-c\ and (ii) a2 + c'>26-. 



(8) UNIVEBSITY EXAMINATION PAPERS* 

Soluiwti of (i). , j-/ -, are in A. P. 5 therefore 

a o c 

-- =? - + « ?-^- : multiply by ha, then 

o 2c a a-\-c a a-^c 

or « ; .\a:a—b::a-\-c : a—c. 

a a + c 

SohUion of (ii). In the preceding solution we find 
a a + c \a + e/ 

\a + c/ 

(aTcf 

- (a-.c)' + 2«cC^-rf)*; 

\a-\-cf 

which must be a positive quantity when a and c have both thd 
same sign 5 therefore a' + c' - 2^^ is positive, and a^ + c^ > 2d*. 

15. Solve the following equations : 



a«-2«c + c» + 2flc ^'^ 



rii^ 1^ ^ ^C^+y), 



2:i'* + 2a-2 « (n'*-n):i-<-2(n»-»).TH«'-n; 
(2-w«-i-n).r* + 2(l+n3-w>« « 7i«-«; 



^^2(l + „'_-»)^ 



n^ — n 
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• • 2-n' + n - 2-n-'+f* ' 

^ „ n(nj^S) + 2 n(n+ l) . 

n(n-i)-3 «(n-l)-3' 

-Vn(?*-l)-2/ ' ~Vw(»*-^)-2/ 
SobdianoiCii). J??=..r + y; .•.iH^«a'- + 2.ry + t^2 



whence x-i/ = + ^^-^ y 2«« - 6^ ; 
but j: + y = ^__^3; 



-4n«. 



Note. — Instead of this fonn of solution, we might have worked 
with vx as an assumed substitute for ;/, but not so conveniently. 
The student, howeyer; may, for the sake of practice, employ that 
substitution with better advantage in solving the following : 

( 7xij ^ 12(.r + y), 
\25a^y^ - 144(A-» + y«). 

V will be found = J or J, and x =. 3^ y = 4, or :i" =4, y = 3. 



c3 
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CAMBRIDGE LOCAL EXAMINATIONS, 1869. 

(Senior Students,) 

QUESTIONS WITH SOLUTIONS. 

1. (i) Find the product of 

X + y + 5^ - 2yis* + 2 A-i - 2xV * 
and :r +y + s* + 2yM- 2sM-2ar*y* ; 

and (ii) divide a^ + 86» + 27c» - ISaftc 

by a» + 463 + 9c2-2a5-3ac-66c. 

Solution of (i). Here we have tbe sum of two quantities to be 
multiplied by their difference, for we are to find the product of 

{(xi -y*)2 + 2*} + 2zi(x^ -y*) 
and { (jr* -y*)' + z*} - 2z^{J -y*) ; 

the product, therefore, is equal to the difference of the s^naces of 
the quantities, 

« (.r*-y*)*-2a*(a,'*-.y*)« + s. 

Now, if for convenience we take x* t=sa, y* = b, z^ =c, we shall 
have 

*- rt^~4fl36 + 6«»6«-4a63 + ii 
-2a'c-\-4abc-2b^c + c^, 

- «» + y« + z + 6jy-4a;*y^(.r + y-5^)^2a*(a,- + y). ^ri^. 
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Solutum of (ii). Use the divisor in the form 
«« -a(25 + 3c) + (4^2 -66c + Qc'). 

and the dividend in the form 

a«-18«6c + (868 + 27c8), 

the operation will be as follows : 

«»--^18a6c + (86» + 27c») [a + (26 + 3cO. Ans. 
a» - a«(26 + 3c) + a(4b^ - 66c + Dc^) 

a«(26 + 3c) - «(462 + 126c + 9c») + (86» + 27c3) 

a2(26 + 3c) - a(462 + 126c + 9c«) + (86» + 27c3). 

— • — «- — — 

2. Prove that 

<i(6 + c)(6» + c«-o«) 

+ 6(c + a)(c' + a»-62) 
+ c(a + 6)(a2 + 62-c2; 

= 2a6c(a + 6 + c), 

Solution, By addition we obtain 

fl6(2c2) + c/e(262) + 6c(2««) 
= 2a6c(a + 6 + c). 

3. (i) Eeduce to its lowest terms 

a*-2a36 + 2fl6»-6* ' 
and (ii) simplify 

\x-Vy x^+y + xVy] \x+V!/ x^+y-xVyl' 

Solution of (i). 

^ + l^^ahia + h) ^ (a-h6)(g» + 6^~2ff6) 

a*-6*-2a6(«'-6») (ii»-62Xa*+6'-:2«6> 

ar — b* a — o 

Solution of (ii). The two first and two second terms, beint; 
reciprocals, produce 1 + 1 » 2 ; and the given expression is equal to 

jL^ — f/-* y^ —a.** 



(12) UNIVERSITY EXAMINATION PAPEBS. 
4. Solve the equations : 

0) -r--"T- ' ^-'14-' 



(ii) \/.t(3-.r; = ^/J: + l + ^2(x-'l); 

« 

(iii) 3:r*-7a^ + 4i' + x-l « 0; 



^3 «,3 



(iv) 



I x + y « 3, 



Solution of (i). Multiply throughout by 6 : 

7 7 

orjr+l « 36-11; whence x = 24. An$, 



Solution of (ii). Squaring gives 



Zx-x^ = ar.+ l-i-2.r-2 + 2-/2A/A-2-l 



-.r' + l « 2^/2^/^"*-! 
squaring: .r*-2ar* + l = &r*— 8 

.*. a;*-10:i'* = -9; and.r<-10r» + 2o - 10 

whence .r* = 5 + 4' and .r « 4:3 or +1. ^n«. 

SoltUion of (iii). The equation may be put in the fonn 

ai-*-3:i'»-4r» + 4;i-2 + ar-l = 

orai%r-l)-4r»(x-l) + (ar-l) « 

or(3x»-4x2 + l)(x-l) = 0; 

orC3x3-3ar»-.r2 + l)(4r-l) - 

or{az%r-l)-Or + l)(a:-l)](x-l) = 

or (3jr3-a:-lX.r--l)* = 
.*, .r- 1 = +0 and a* « 1 ± 0, <iro equal roots ; 
also Sx'^— .r — 1 « 0; or^r'* — Jo: = |; 
^-k + 5o - si; andx = i(l±'/13). 
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Sohttion of (iv). The Ist equation giyes a' + y» = fay; and 
this -*• the 2nd gives a^- xy +y' « fj?y; 

hence, ar^—^xy+y^ = 0, 
squaring the 2nd : ar* + 2a:y + y' = 9 ; 

by subtraction : fry « 9; 






4ay = 8, 

*i'2 + 2jy+y« = 9; 

by subtraction : x^ - 2xy + y* ^ 1 ; 
whence x—y = ±1, 

and o^+y = 3, 

.•, X = 2, y « 1; or a: - 1, y = 2. 

5, Three towns, -4, B, C, are connected by railways : the dis- 
tance from ^ to i^ is 4 miles longer than the distance from A to 
C ; but a train which leaves A for B arrives at ^ 8 minutes be- 
fore another train, which left A at the same time, arrives at C 
When the first train has run 51 miles, the second has run f of the 
distance from ^ to C; and if the first train had passed through JS 
without stopping, it would have reached a point it a distance be- 
yond JS equal to ^^ AB when the second train reached C, Find 
the distances from ^ to J? and C, and the speeds of the trains per 
hour. 

Solution. Denote the distance ^^by 25.r miles, then^C- 
25j:— 4. The hourly speed of the 1st train is to that of the 
2nd as 51-i-| : 2oa:— 4, and is also as 1^ of 25x : 2da:-4, or 
as 27x1 26x-4; 

.•.27x = 51ii?, orj: « 3f; 
o 

hence 25ar = 85 mi. « ^2?; 25a:— 4 = 81 mi. = -4 C Ans. 
Now, the distance run per hour by the 1st train is to that run 
by the 2nd as 27x : 25a: -4, or as 17 : 15 ; hence, 17 : 15:: 85 mi. 
: 75 mi. by the 2nd when the 1st reached B; 81 — 75 = 6 mL run 
by the 2nd in 8 minutes, which is at the rate of 45 mi. per hour ; 
and the rate of the 1st is 51 mi. per hour. Arts, 

6. (ii) A ratio of greater inequality is diminished, and a ratio 
of less inequality increased, by adding the same quantity to each 
of its terms. 

(ii) A certain number is added to each term of the ratio 5 : 9, 
and the same number is also subtracted from each term : the re- 
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suiting ratio in the first case is double that in the second. Find 
the number. 

Solution of (i). 

-. IS > or < i 1 tnat is, is > or < ,—, . 

h bTs? *b{b-¥x) b{b + xy 

according as ab + ax ia > or < ab-\'bx, or as ax ia > or < bx, 
or as a is > or < 6. 

Solution of (ii). Let x == the No. 

9 + ar y-:c ' ' 

ora^ + 12x + 36 = 81; hencea: = -6 + 9 =^ 3 or -15. Am, 

7 (i). If n harmonic means be inserted between a and by find 
the two nearest to. a and the two nearest to b. 
(ii) If rt, by Of be in h.p., then will 

- + ^ — , - + , -+—-,, be in H. p. 

a b+c b c+a c a+b 

Solution of (i). -and =- are the 1st and (n+2)th terms In 

a b 

A. p.; and if d denote the common difference, we have 
- + (« + l)€? = -; "whence rf = -, ~ ,^; 

• l + _,^-^.== -?±^^,- = the 2nd term in A. p. 



• • 



a ab(n + l) ai(n-vl) 

whence 2^L±^M!Llll = the Srd ditto. 

flO(» + 1) 

\ - "^.-^ = 4^ ^ = the f« + l)th ditto. 
b ab{fi + l) ab{n + l) 

^^ + »(''-^) = the «th ditto. 
ab(n + 1) 

Hence the two termS; in h. p., nearest to a are 

"*(**•;• ^^ and „'^(" + ^> ; 
a + ^j 2a + 6(«-l) 

and the two terms, in h. p., nearest to b are 

ob(n + 'i) ^^ q6(w. + 1) 
2b + n{fi-\-l) b + an 
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Solution of (ii). 

h P ^, wiU be in A. p. ; and ^-i = 1-i. 
a c a c 

Multiply by abc; then ac-^ab^ab — ac; whicb we can convert 
Into an A. 3P» ; of tliree binomial terms when we have first added 
ab—abto the left side^ and be— be to the right, thus : 

(ab + ac) — {ab + be) - (ab + bc) — (ac + bc); 

for now we have a(b + c), 5(a+.c), c(a + b), in A. p. and dividing 
these hj a + b + c, and inverting to form an h. p., we have 

a + b + c a + b + c a + b + c :„ ^ p 
a(b + ey SC^TT^' ~c(?+6)' • ' 

thatifl,-ii^+— ^— , >ii±£- + _-*_, &c. 
^a(6 + c) «(6 + c) b(a + c) b(a-\-cy 

or, ~ + A., -+ — , i + _i-, inH.p. 
a o+e a+c c a+o 



8. (i) find the number of combinations of m things, r to- 
gether. 

(ii) How many things are contained in each combination of the 
set which gives the greatest possible number of combinations of 
«n things? 

(iii) The greatest possible number of combinations of m things 
is double the greatest possible number of m — 1 things, if m be even. 

Sdution of (i). Number of permutatioM of m things taken r 

together = w(m-l)(w— 2) (w-r + 1) ; but every comfimff- 

tion of r things will make 1 . 2. 3 r permutatums r to- 
gether ; therefore the number of cambinations of m things, r to- 
gether, is 

fn(»i — l)(w— 2) (m—r + l) ^ 

1.2.0.....7* 

Solution of (ii). Let r denote the number taken together out 
of m things, so that the number of combinations may be the 
greatest possible « and let Cr denote the number of combinations 
required. 
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Since C^ ia obtained by multipljing^ C^_j by , or 

m + 1 " r 

— —-. — I, the quantities C\f C3, &c. will increase continually, each 

terra upon the preceding, so long as ~_ — 1 is > 1 ; hence 

Cr will be greatest for the greatest value of r which allows of 
this, or allows of m + 1 > 2r, that is, when r is the integer next 
less than ^(m + 1). 

If m be even, r - ^m. If m be odd, and therefore J(m + 1) an 
integer, r«^(w + l) — l=i(m — 1); but in this case, since Cr 
-Om-r (^^' 1^®)» *^® number taken J(m-l) together = the 
number taken m — J(m — 1), or i(m + 1) together ; and therefore, 
when VI is odd, r = i(m — 1) or ^(m + 1), and when m is evett, 
r^^m. Am. 

Solution of (ill). From the preceding solution it appears that 

of m things the number to be taken together « ^nt, since m is 

eyen; and of w — I things the number to be taken » either 

|{(m-l)-l) or J{(m — 1) + 1}, that is, Jm— 1 or ^m, since tn — l 

is odd. Now, as the No. of combinations of n things taken r 

together 

_ v (n - l)(n — 2) . . . . (»— r + 1 ) 

l«2.3.«..r 

we have, by substituting tu and m — 1 for n, and ^m and ^m — I 
for ;*, the number of combinations of m things, taken ^m together, 

_ in(m — l)(m — 2) .... Qm + 1) ^j^ 
1.2.3.4 im ' ^ ^ 

and the No. of combinations of m — I things, taken ^m — I together, 

« Qn-^lXm-^) .... (jm + l) .^. 
1.2.3.4 (iw-1) ' ^ ^ 

or taken ^m together, 

(m~l)(w-2) . . . . im ^. 

1.2.3.4 iwr* ^ 

Now in (A) the last factor but one in the denominator might 
be supplied in the form (im-l), which is the last factor in the 

denominator of B; therefore A^^ times jB^2B, Also in C 

the last factor but one in the numerator might be supplied in the 
form ^m + 1, which is the last factor in the numerator of A ; 

therefore ^« .^ times C=2e. 
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OXFORD LOCAL EXAMINATIONS, 18G4. 

(Junior CaneHdates.) 

L ALOEBRi. TO Simple Equatioits inclusiyb. 

1. If a » l,b = 2, c =-tJ, rf « : find the value of 

a — b + cad—bc /fyi «» 

2. Diyide (i) ^ + .ry +y*by A-^ + ^ry + y-; 
and (ii) 1 by 1 -.r + or' to four terms. 

Ans, (i). .r'-.ry + y2, 

^ Q. ... (ii). (l + .r)(l~ar3 + ^--.:t.' + &c.) 

3. Simplify, 

(i) Vx^^Vx-^) (ii) ,^£^l^i:±-l2; 

1 1 

+ 



,(iii) i__L^i__i_- 

^n«. (i). «»; (u) 1+3!^; (Hi) 2. 

4. (i) Expand (1 -^x—x^Y', and (ii) extract the square root of 
' ^'"^ T2 3^9- 

(ii). :r« + i:r-i. 
6. Solve (i) 3(a:-l)+2(.i:-2 )= :i:~3; 

^ ^ 2-x 2 + a: :i'2-"4 3' 

(iin r5x-3y = 13, 

Am. (i). .r « 1 ; (ii). :r - 1 or 2 ; (iii). a,- « 2, y -. -L 
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II. HieHEB AUEBRA. 

8. SolTe(i)(^-l)(ar-l)-|; 

(") {f !f : ?: 

An8. (i). j; = 2orJj (ii) a;=»2, y = l, or jr« — 1, y= -2. 

7. Extract (i) the square root of 33-20^/2 ; 

and (ii) the cuhe root of 6>\/3 + 10. 
Am. (i). 6-2^/2; (ii). ^3 + 1. 

8. Sum n terms of each of the following series : 

(i) 3| + 2§ + l|+ 5 

(^> ^^^^^3^5:;;^^ 

Ans. (i). i^(0n-«3); (ii) |>v/2{(v2-l)'-l}. 



9. What is the coefficient ofa:'^ in the expansion of (1 — .r) = ? 



3 






10. The sum of a certain number consisting of two di^ts and 
the number formed by reversing the digitS; is 121 ; and the pro- 
duct of the digits is 28. Find the number. Ans. 74, or 47. 
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OXFORD LOCAL EXAMINATIONS, 1864. 
(Senior Candidates,) 

1. Algebba to Qxtadbatic Equations inclitsiye. 
1. (i) Divide x^ — -3 ^y ^'^ — - ; 



X 



and (ii) shew that x^ = 1. 



Am. (i). .r* + .t'2 + l+ „ + -^. 

2. Simplify the following : 
. 1 I 1 

...V a:*-2.r'-Kr^--l. 
W ■ a-^ + a^ + l ' 



a ^ . r . c 



(iii) 1 + -^ a + 6 + ? 



3. Extract the square root of 

(ii) 61-28^/3. 

y|»^. (i). f-^-f; (ii). 7-2v^3. 
y 2 2.1- ^ ^ 

4. Find the least common multiple of 

a'-4, 4a,-2-7ar-2, 4i'3 + 7a:-2. 
^»5. (.!•»- 4) (16a;«-l). 
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6. Solve (i) £;i-2.::f-2^+2-8r^0. 



9 



14 



30 



(Hi) 
(iv) 
(') 



V9 + 4i- = 2.r-a' 



"3 4" 



0, 






Ans, 



(i), X - 4; (ii). a: = 4 or ; (iii). .r ^ 4 or 
(iv). .r == 4, y = 3 ; (v). a.* « 6 or ^. 






C. The denominator of a certain fraction exceeds the numerator 
by 2 ; if the numerator is increased bv 6, the fraction is increased 
by unity. Find the fraction. Ans. |. 



7. Solve 



II. Higher Algebra 



0) 



(«) 



.T + 8 = J ; 

V.l" 



^ + y 



01 
-0' 



Ana, (i). .r =* 1, or -K^iv' — 15j; 

(ii). a: = i, y = I; or .r = i, y - f 



8. (i) Prove that the sum of n terms of a geometric series of 
which a is the first terra, and r the common ratio, is cr - . 

(ii) If i(A + J?), Hf h(B+ C), be in harmonic progression, shew 
that A, B, Cy are in geometric progression. 
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9. What is the ninth term in the expansion of (3-^-'^) * • 

10. Prove that any number in the denary scale is diyisible by 
1 1, if the sums of the alternate digits be the same. 

ll.lia:b::b:c, then b* « ^!^:i^^^. 

12. Und the positive integral solutions of 4x + 5i/ = 39. 

Ans, a: = 6, y « .3 ; or j: « 1, y = 7. 

13. In what scale is the denary number 4161 written 10101 ? 

Ans. The octary. 



OXFORD LOCAL EXAMINATIONS, 1370. 

(Junior CancUdatei,) 

I. Algebra to Simple EauATioNs inclusive. 

1. Divide fl* - o'62 _ flffl^a + 58c» by a^- aft + <w- 6c. 

Am, (a + h)(a — c)» 

2. Simplify 

r. 2a- 1 2a ^ * 
(i) _ -. + 



(ii) 



2a 2a-l 2a'^-a' 
4x3 + 5.r2-7.r-2' 



. /.v 1 ,..x 4jr*— 4x+l 

An*. (1). - -^ ; (u). ^^^^ 



3. Find the square root of 

aW.8a» + 18a«-8a» + L Ans. a«-4a» + l. 

4. Solve the equations : 

/•\ a ^-12 ^ — 4^a"-8. 

(1) ^-6-^3- « "2- + -4-5 
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Ans. 



(ii) 

(i). a: = 24; 



or + y— s 

5x + y + z 



- 0. 
« 4. 
= 20. 

(ii). X = 2, y =s 4, s = 6. 



5. Find two numbers such that their sum is 51^ and their 
diiference is 15. Ans. 33, 18. 



II. HiGHEn Alqebba. 

6. Solye the equations : 

(i) jr* + 17x-18 = 0. 

X + y « 10. 

An8» (i). X «= 1 or — 18 ; (ii). x = 9, y « 1, or x = 1, y = 9. 



(ii) 



7. (i) Multiply a^ + i^ by a^-**; and (ii) find the squase 
root of 27 + 10^/2. ^ /.v i A n:\ k. /o 

8. Find the 20th term, and the sum of 20 terms, of each oi the 

(i). 21 + 1J + 1 + &C; (ii) 2f + l| + l + &c. 

Ans. (i). I = -6", * = iJL«_«of -6"; 
(ii). ; - -14|, * = -113J. 

9. (i) What is the rth term of (a + 6)»? 

(ii) Prove that 1 + n + ??^^:^^ + +» + ! « 2». 

Ann (V\ Kw-l)(n-2) (^-^ + 2) ^., ^., 

^'"' ^'^- 1.2.3. ...(r-1) ^ "^ • 



10. Show that in the quaternary sdale 123 is a cube number. 
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OXFOKD LOCAL EXAMINATIONS, 1870. 

(Senior Candidates.) 

I. Algebra to Quadratic Equations inclusive. 

1. (i) Multiply 

^ + a:(ai-6i)_aM by .x2-:r(«i-ii)~aM; 

aod (ii) divide ^^ + -^ by - + ~ . 
^ ^ 27 2v/2 ^3 V2 

Ans. (i). ^-(« + ft>' + «i; (">• 5-352 "*•?• 

2. Simplify 

...^ A/fl + ,r — va—.v V^^^^ 



.r 



a + a: + ^/a« -a-^ a/« + V'^ a - Va* -or* ' 



(•••V o 
ui) a + 
^ c + d 



«+/ 



J + A' 



7* 



^ ^.N «' + &* ah — a^ — b^ ^..s s/a—: 
' fiii') iacVQf+{a{ee + d)^e] (ff + h) 

S. Find (i) the e. c. ic. of 

ar»-8jr»-4x-3 and 2.r* + ai^-aT»-7.r-3 ; 

and (ii) the l. c. h. of 

_x' + 4j: + 4, ^2-4, Cr-2)». 

Ans. (i). 2:r-3; (ii). (j: + 2)»(^-2)». 
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4. Solve the equations : 



CO 4(^-g)-|(*-|) - K*+«); 



(«) 






~9^ - K^-3y); 



(iii) 7^-»-4ar-7 « 0; 



(iv) 



x + f/—z =s 5, 



y + s-x = 6, 
.r + x— y « 5. 

^. (i). ^ « ^^ (ii). x-25,y- 

(iii). X = 7 or -J; (iy). a: » y « s - 

C. Find tlie square root of 

(i) fl* + 4ii»6 + 12a«62 + 10fl5» + 16^; 

^w». (i). a« + 2tf5 + 4^; . (ii). iv^3-|v'2. 



1; 

6. 



II. HioHEB Algebra. 

0. State the binomial theorem ; and prove it in the case of a 
positive integral exponent. 

7. Solve the equation x'-\-px-^g s 0; and show how to ap- 
proximate to its roots by the binoniial theorem. 

8. If ^y ^^f are any two consecutive convergent fractions^ prove 
that p'q^pq' = +1. 

0. What methods are there for approximating to the square 
root of a number which is not a perfect square ? Apply one of 
them to find V^ 
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W) 



IOl SoWe the equations : 
.r' . 27 



(0 



(iO 



+ -- 

6 2 



5>/l3(r»-S).r + 81) + 5.r; 



J + fji ^ 0, 



(iii) 



a: y z 
\x y z 



I 



nit! 






0, 
20. 



Am, 



(i). .r=29orl; (ii). .r-9, y = 4, or r = 4, y=9; 

(iii). .r-J,y = |,s = J. 



11. If ^ be the first and JB the r + 1th term of nn arithmetical 
progression, what is the nth term ? 



;• 



12. Shew that a pure circulating decimal is a geometrical pro- 
gression ; and find the vulgar fraction equivalent to a circulating 
decimal of the form .PQQQ .... 

13. If A, Gy Hj are respectively arithmetic, geometric, and 
harmonic means between a and h : prove that G^^AH, 

14. Find the sum of the series : 

(i) '^-? + 3 + ^^ + &c.to6terms; 

(U) P + 22 + 3^+ .... ^7i\ 



Am. (i). ^(V6 + 3)j 



(uj. 



w(« + l)(2« + l) 
2.3 
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CAMBBIDGE LOCAL EXAMINATIONS, 1866, 

(Jvmor Students^ 

1. (i) Add together 

2-a: + j:*, 3jr-4-3a^, 6 + 2x^j and 7x-a^, 
(ii) from the result subtract 1 — llx— S-i-*. 

Ans. (i). 3 + ar-a^; (ii). 2 + 20x + 2a^. 

2. Simplify the following expressions : 

(i) 3,« + 3^ 6-(6-3«) ^ 2fl-(3fl-l ). 

J i_ 1 

(u) j_l «(fl-l)' 

a 

-4iM. (i). fl + 1 : (ii). -. 

a 

3. Find the values of _^ ^-ll, 

.t-^ + a: + 1 

when x-\y when .r = 0, when a.* = — 1, 
-4w«. -J, 1, —1}. 

4. Multiply together 

a + 6, a2-ft«, a-6, and a^ + ^ah-^V^. 
Am. (fi + 2<^b - a^l^ - 4a»6s - a'6* + 2a6* + c^°. 

5. Find the a. c. m. of 

a:^ + A'^ + 25 and a'-4x + 15. 
Ans, x^ — o.r + 5. 
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6. Solve the equations : 

,..v 3-.r ]/3-2.r\ _ 4(2.r + 3)^/l 3.r + l\. 
^"^ ~2~ S\~4~) 7 ■'V4~~2~/' 

^"'^ |2y-:r + l = i(2a:-y + 3). 
-4fi«. (i). a: = 2; (ii). a: = 0; (iii). x = 7,y-^, 

7. Boxes of two sizes are to be used for packing balls of two 
colours. Each large box can hold 20 black balls or 23 red ones ; 
and each small box can hold 15 black balls or 17 red ones. When 
the larger boxes are filled with black balls and the smaller ones 
with redy the total number of balls is 410 ; but when red balls 
are put into the large boxes and black balls in the small ones, the 
total number of balls is increased by 16. How many boxes are 
there ? Ana. 12 large, 10 small. 

8. At the Cambridge Local Examinations for 1865, the number 
df Junior Students who presented themselves, at the 24 centres, 
for examination in Pure Mathematics, gave a certain average per 
centre ; and this average is diminished by 2|| if London, and the 
95 students which it furnished, be omitted. How many were 
there in all ? Ans, 785 students. 

9. Solve the equations : 

(i) 2^2 _ 7^^^ 72. 



(ii) 



/ ^ 15 

x + y = 



.x-y = xy-y 
(iii) ( >/r+2 + ly - A{Vj^-\- 1) = 5. 

Asis, (i). a:=8or ~4J; (ii). j; = 3, y = J, or a:- — IJ, y=5j 

(iii). a: = 14 or 2. 

10. Prove that if a and /3 be the two roots of the quadratic 
equation 

x^—px-^-q « 0, 

to 

then, o + /5 = ^>, and a^ ^ q. 

d2 
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11. If - ^\t prove that each of these fractions is equal to 

nw + na 
my + nS' 

12. Find the sum of n terms of an Arithmetical Progression, 
having given the first term a and the couunon difference d* 

Sum the series : 

(i) 13 + 10 + 10+ to 10 terms; 

(ii) 18 + 10+ 7+ .... to 10 terms; 

(iii) 2+ J+ |+....ton terms. 

An9. (i). 266; (ii). -5; (iii). K19»-3»2). 

(13. (i) Prove that a"» x a* = o"*", when m and n are positive 
integers. 

(ii) Assuming this to hold generally, deduce interpretations of 
a° and fl"*"*. 

14. Solve the following equations : 

(i) \/r+x+'v^l2^ = Vl3 + 4r; 



xy'-y+x - 0, 
■(l-Ty)(y' + l)+l-y = 0. 



(ii) 



Aiu. (i). *=3or-J; (ii). .r= -J, y= -1. 
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CAMBRIDGE LOCAL EXAMINATIONS, 1866. 
» (Senior Students.) 

1. (i) Multiply a.*-:t* + A* -a: * by x^+x'^; 

(n) Simplify the expression -.r^^ . —, — ^^^ — -.. 

An$, (i). J--1; (ii). -~^. 

a*-¥ax^X' 

2. Find the g. c. m. of 

2j:* + 4ar» + 3a-2-22'--2 and 3.r* + Oi-' + 7a;« + 2.r + 2. 

Ans. r^ + 2.r + 2. 

3. If a fraction greater than unity have its two terms increased 
by the same quantity, shew that the yalue of the fraction will be 
diminished* 

4. If jf be the difierence between any g^yen fraction and unity, 
q the difference between its reciprocal and unity, shew that 

5. Solve the equations : 

(i) f-?^--n2(l-^) = 0; . 

4 ILf X 

_s + 2a' + 3y + l _ a' + y + s. 
12 " 6 ' 

^^^^ lA-»+y» - 91; 

, s -7,. ^-U-'-ar + l / 8 ^ , V 
(v) 7x- « ( +V^a:). 

X Vv.r / 

^tw. (i). x = 8orlj\; (ii). ar = 7, y=»8, s = 9; 

(iii). x = 2or^; (iv). j:«4,y«3, orx«3, y «4; 

(v). .r = 5, or - % or |(8 + ^/415). 



I 
I 

I 

•' I 

. I 
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6. In laying a submarine telegraphic cable; it is found that the 
whole length employed is 10 per cent, more than the whole dis- 
tance between the two places; and that in the first third of the 
distance 2 miles more than one-third of the whole cable had been 
used, and the slack had been 11 per cent, of the distance run. 
'What is the distance between the two places ? 

Ans. 600 miles. 

7. (i) Sum, to « terms, a + 3fl + 6fl + &c. ; 

(ii) « + fl^ + a' + &c. ; 

(iii) a + 2a3 + 3a» + &c.j 

(iv) How many terms of the series 8 + 6 + 4 + .... must 
be taken to give 18 ? 

Ans, (i). « = an2; (ii). s = "(^" -Zl) ; 

a — 1 

(m). , = J^-^^,^-^_; (.V). 3or6. 

8. Write down (i) the first three and the last three terms of 
the expansion of (a— a.)"; also (ii) the first five terms of 



(i-^'f- 



0. (i) Shew how to transfer a number from the common scale 
to the scale whose radix is r. 

(ii) Express 1866 in the binary and the duodenarr scales. 

Ans. lliOlOOlOlO; 10c6, 
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CAMBRIDGE LOCAL EXAMINATIONS, 1867. 

(Junior Students.) 

1. Add together 3a7-3a + 5y, 4y-4ar + 6«, 5a-5y + 7ar, and 
x—Sa—y. Ans. 7ar + 3y + 5a, 

2. Find the values of 4 — v^.r + 2 + - — k — , 

when .r = 7, when x = 2, when a- = — 2. 
^/w. 6, 2, 4j. 

3. Multiply together 2:i- + ax + «*, 2^ — /i, and x + a, 

Ans, 4x* + Aax^ + aV — a*. 

4. Simplify the following expressions : 

(i) 5ar-[a-{ar + 2a-(3.r-7fl)}]; 

r'\ 1 4. 1 .2 + 4^- 2.1-2 
^'"^ ^^2VT2 8-2:r« • 

^n*. (i). 3a: + 8a; (ii)- -^5 ^^"^- fel' 

5. Prove the truth of the following statement: — Take any 
number^ double it and add 12, then double again and add 12 
again. Now take one quarter of the result and from this subtract 
the original number, and the remainder will always be 9. 

6. Find the o. c. m. of 

2x^ - Zax^ - la^x + ^a^ and Gjc^ - lac^ - ^.a^x + ^. 

Ans, 2x — a, 

7. Solve the following equations : 

W 3+4 2 ' 



(ii) «g-l) + a: = 3^| 



(32) UNIVEESITY EXAMINATION FAPEBS. 

Cm) 1^""^" ^ Ky + ^) + 2J 

Ans. (i). j: = 15; (ii). .r = 3; (iii). a: = l,y = 5. 

8. Twenty-eigbt tons of goods are to be carried in carts and 
waggons, and it ib found that this will require 15 carts and 12 
waggons, or else 24 carts and 8 waggons. How much can each 
cnrt and each waggon cany P 

Ans. Cart, § of a ton ; waggon, 1^ ton. 

9. At one o'clock the minute*hand is 5 minutes behind the 
hour-hand : in how many minutes wUl it be the same distance in 
front? Ans. lOJJmin. 

10. Solve the equations : 



(i) 


2.f» + Jx = {^; 


(H) 


1 + i 

X 



(iii) (-1 . + cY - G ^4- +^) ^ 16. 
Ans. (i). a; = ior -|; (ii). a-- ±>/3; (iii). x = Jor Jj. 

11. If rt and /3 are the two roots of the equation a:^ —px + y =0, 
prove that a;*— jxr + j' is identical with (a:—a)(x—p). 

12. A person having 7 miles to walk increases his speed one 
mile an hour after the first mile, and finds that he is half-an-hour 
on the hiad less than he would have been had he not altered his 
rate. How long did he take P Ans, 1 hr. 50 min. 

13. Define proportion, and shew that if a : h :: c : d, then 
cd^bc, and o* : h^ :: c» : <f*. 

14. (i) Find the sum of a geometrical series of n terms, when 
the first term is a and the ratio r. 

(ii) What U tiie sum in the particular case when r==ff + 1 and 
a = ^p - 1 ? Ans. p — 1, 

15. Solve the following equations : 

(i) v'^-'^^-x = v^4"^3r5 
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(ii) 



Ay 



-+3y. 



^wtf. (i). A=J§orO;(ii). x = 0,y = |V3, or:r = 2i, y = |/--3. 



CAMBRIDGE LOCAL EXAMINATIONS, 18C7. 

{Senior Students.) 

11 8 1 

1. Multiply together ay — y^ a* — y% and *r^ + ay-,. 

2. Eeduce the following expression to its simplest form : 

2.i^ + 3.i-3 + 4.r-3 



^M«. 



6a-5 + A^-l 
ai« + 2.r + i* 



3. If p be the difference between any fraction and its recip- 
rocal, q the difference between the square of the same fraction and 
the square of its reciprocal, shew that^^(p^ + 4) = q^, 

4. Solve the equations : 

^'^ 13 -7~^ ""^ 91 ' 

^•••v tJL j^ X. »c. T / 

^"^ ^^ .f +3 ~ .7-2 + 2ar-3' 

riii^ a' + Sy ^ 2y + 3s 3s + .r _ i . r4-y + ^. 

(iv) 2.1-5^/^' « 3; 



(V) 



2+5 ^ 5. 
IJ y 6' 



(vi) ^-^^^ ./i?r6F7-3 - ^q^il*. 



(34) UNIVEB8ITY EXAMINATION PAPERS. 

Am. (i). x = 5; (ii). a:«2; (iii). a: = 3, y = 6, s«9; 

(It). x«9ori; (t). x«6,y«10, or j:«4, y=15; 
(vi). x=2, or i, or i(5 ± ^^201). 

6. Give a rule (i) for finding two numbers whose sum and 
difference are given. Also, (ii) for finding two numbers whose 
product and quotient are given. 

6. Three brothers, whose ages are in Arithmetical Progression, 
contribute towards a charity, each giving as many shillings as he 
is years old. They do this again a few years later, and then find 
that the youngest gives 20 per cent, more, and the eldest 12 per 
cent, more, than on the first occasion ; also, that the three bro- 
thers have given in all 129 shillings t3 the charity. What were 
their ages at the second contribution P Ans, 28, 23, 18. 

7. (i) Shew that the number of combinations of n things, 
taken r at a time, is equal to the number of them taken n— r at a 
time. 

(ii) If the number of combinations of n things taken 5 at a 
time be the same as when taken 10 at a time, what will be the 
number when taken 2 at a time P Ana, 105. 

8. Sum the following series ; 

(i) 4, 5, 6, 7, to 21 termsj . ,^-v 

(ii) hhhh to 21 terms; ; J^^ 

(iii) J, I, 1, 3, to » terms; R^^^jB 

(iv) 4a, 5a', 6a*, 7a*, to « terms, ^k^^^ 

Ans. (i), « = 294; (ii). « = 49; (iii). s « i(3«-.l); 

(9). (i) Express 999 in the scale whose radix is 5, then (ii) 
add 1, and (iii) transform the result back to the common scale. 

Ans. (i). 12444; (ii). 13000; (iii). 1000. 

(iv) Prove (1) that 441 and 144 are both square numbers in 
any scale whose radix is greater than 4 ; also <(2) that their dif- 
ference will be divisible by the integers next less and next greater 
than the radix, and will give quotients one of which will always 
exceed the other by 6. 

E^poUUwoode and Co., lYttiiert, Nevc»Urtet Square and ParUamtnt Street, London^ 
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Binns's Orthographic Projection and Isometrical Drawing, 18mo Is. ' 

Kimber's Graduation Mathematics, 8yo. 2«. or with Solutions, 6«. 6d. 

— Mathematicfld Course for the University of London, 8yo Us. . 

Pabt I. for Matriculation, separately, 1«. 6d. Key, in S Parts, 6t. each. 

Milbum's Mathematical Formulas for Candidates Nearly rea&v, 

Meabit's Practical Land Surveying, 8vo 12«. ( 

Pierce's Solid or Descriptive Gtoometry, post 4to. Its. 6d. | 

Salmon's Treatise on Conic Sections, 8vo. ................................ISff. 

Winter's Mathematiced Exercises, post 8vo 0t. 6d. 'i 

Winter's Elementary Geometrical Drawing, Part I. post 8vo. Is. 6<t. Part n. As. 6d. | 

Wrigley's Examples in Pure and Mixed Mathematics. 8vo. ................ 8f. 6d. | 

MumccX Works by John Hullah, LL.D. 

Chromatic Scale, with the Inflected Syllables, on Large Sheet Is. 6d. ; 

Card of Chromatic Scale, price Id. ; 

Exercises for the Cultivation of the Voice. For Soprano or Tenor if. 6d. 

Grammar of Musical Harmony, royal 8vo. Two Parts..................eaoh Is. 6<l. 

Exercises to Graounar of Musical Harmony .... — ............................ Is. 

Grammar of Counterpoint. Part I. super^royal 8vo. Is. 6d. 

Hullah's Manual of Singing. Parts I. ft II. 2«. 6d. or together......... Bs. 

Exercises and Figures contained in Parts I. ft n. Books I. ft n. ....each M. 

Large Sheets, containing the Figures in Part I. Nos. 1 to 8 in a Parcel.. As. 
Large Sheets, containing the Exercises in Part I. Nob. 9 to 40, In Four 
Parcels of Eight Nos. each ................................«>... per Pftroel 6s. 

Large Sheets, the Figures In Part II. Nos. 41 to BS in a Parcel .......... 9s. 

Hymns for the Young, set to Music, royal 8vo 8d. 

Infant School Songs „.M...~....-m.....«...<.>.«..M..MM.».«MM.M 6cl« 

Notation, the Musical Alphabet, crown 8vo. .. .. .. ... .. .. ... .;.......... ....... .. 9d. 

Old EngUsh Songs for Schools, Harmonised 6cl. 

RucUments of Musical Grammar, royal 8vo. ................................. 8s. 

School Songs for i and 8 Voices. 2Book8,8vo. ... ................each 64. 

Time and Tune in the Elementary School, crown 8vo is. 6d. 

Exercises and Figures in the same, crown 8vo. Is. or S Parts. 6<t. each. 
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PoUitoal and Stdorical Geography, 

Baxbnrs'B Muy'ft Geography, ISmo. St. 6d. ..^ — ^^ .. ».^ Qnestloiii l«. 

Battor'ft Ancient and Modem Geography, post 8to. 7«.A<l. 

— Bketoh of Modem Geography, post 8to i$, 

— Sketch of Ancient Geography, post 8vo. 4«. 

Hfley's Child's First Geography, 18mo. — ^^^^^^^ M. 

— Elementary Geography for Beginners, ISmo. ~.^ ^.^^.^^^ u,^, 

— Oompendimn of European Geography and History, 12mo ^.^.^^^ S«. 6d. 

— Asiatic African, American and AustraUan Geography, 12mo i§, 

Hughes's Child's First Book of Geography, 18mo. . ^^.^^^^^ M. 

— Geography of the British Empire, for Beginners. 18mo. ^^^ 9d. 

— General Geography, for Beginners, 18mo. 9(1. Questions, 9d.| 
Hughes's Geography of British History, fop. Svo 6«. 

~ Manual of Geography, with Six Coloured Maps, fcp. 8vo : 7«. 6d. 

Or in Two Parts r-1. Europe, St. Bd. II. Asia, Africa, America, ftc........ it. 

Hughes's Manual of British Geography, fop. 8vo u, 

Johnston's Competitive Geography of the World, post 8vo. « .,....«.»,^ 5«. 

— — — British Isles, post 8yo. U.6d. 

— — Elementary Geography, fcp. 8yo 1«. 3d. 

Keith Johnston's Gasetteer, or Geographical Dictionary, 8vo 42c. 

liupton's Examination-papers in Geography, crown 8vo. ic. 

M'Leod's Geography of Palestine or the Holy Land, 12mo. ........................ U. M, 

Mannder's Treasury of Geography, fcp. 8vo 6fl. 

The Stepping-stone to Geography, 18mo. ............ ................. u. 

Sullivan's Geography Generalised, fcp. it, or with Maps. U. M. 

«- Introduction to Ancient and Modem Geography, 18mo. it. 

Fhysiodl Geography and Geology, 

Cotta's Bocks Classified and Described, by Lawrence, post 8vo 14« 

Hughes's (E.) Outlines of Physical Geography, 18mo. 8«. U, Questions, 6d. 

— (W.) Physical Geography for Beginners, ISmo. u. 

Keith't Treatise on the Use of the Globes, l2mo 6«. 6d. Key 2t.6d. 

Maury's Physical Geography for Schools and General Headers, fcp. 8yo. .... St. M. 

Nicols's PuBsle of Life (Elementary Geology), crown 8vo S«.6<1. 

Proctor's Elementary Physical Geography, fcp. 8vo 1«. 6d. 

Woodward's Geology of England and Wales, crown 8vo. U», 

School Atkues and Maps, 

Butler's Atlas of Modem Geography, royal Svo 10«.6d. 

— Junior Modem Atlas, comprising 12 Maps, rojral 8vo 4«.6d. 

— AtlsB of Ancient Geography, royal 8vo „ u$, 

— Junior Ancient Atlas, comprising 12 Maps, royal 8va Im.M. 

— General Atlas, Modem ft Ancient, royal 4to 22«. 

FabUc Schools Atlss of Ancient Geography, 25 entirely New Coloured Maps, 

imperial Svo. or imperial 4to. 7«. 6d. cloth. 
PubUo Schools Atlss of Modem Geography, 81 entirely New Coloured Maps, 
tmperisl 8to. or imperial 4to. 6t. doth. 



Natural HUtory and Botany * 



lilndley and Moore's Treasury of Botany, Two Parts, fcp. 8vo itc. 

Macalister's Systematic Zoology of Vertebrates, 8yo...... lOt. M. 

liaiinder's Treasury of Natural History, revised by Holdsworth, fcp. 8vo. fit. 
Owen's Natural History for Beginners, 18mo. Two Parts 9d. each, or 1 vol. 2t. 

— Stepping-stone to Natural History, 18mo 2t.6d. 

Or in Two Farts.— I. MommaUa, It. II. JNrdt, Reptilett and fUktt It. 
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Wood's Bible Aninoftlji, 8yo 14f. 

— Homes without Httnds, 8to. li«. 

— InaeotB at Home. 8vo li«. 

— InseotB Abroad. Svo '. «« lit. 

— Out of Doors, crown 8to 7§. 6d. 

— Strange DweUings, orown 8vo. 7«. 6d. 

Chemiitry and Telegraphy, 

Armstrong'B Organic Chemistry, smaXlSvo St.Sd 

Orookes's Select Methods in Chemical Analysis, crown 8to 12«. 6<l. 

OnUey*! Practical Telegraphy, Svo » IS*. 

Miner's Elements of Chemistry. 8 vols. 8vo. 

Part I.— Chemical Physics, Sixth Edition, 16«. 

Part II.~Inorganic Chemistry, Sixth Edition, 24f. 

Part m.— Organic Chemistry, Sixth Edition in the press. 

— Introdnction to Inorganic Chemistry, small 8to St. Od. 

Odling's Course of Practical Chemistry, for Medical Students, crown Svo... (U. 

Preeoe and Sivewright's Telegraphy, crown Svo ^ b.6d. 

Tate's Outlines of Experimental Chemistry, 18mo ftt. 

Thorpe's Quantitatiye Chemical Analysis, small 8to 4t. M. 

Thorpe and Muir's Qualltatiye Chemical Analysis, small Svo...... 8«. M. 

Tilden's Chemical Philosophy, small Svo ^ 3«. fid. 

— Practical Chemistry, Principles of Qualitatiye Analysis, fop. Svo. It. 6d. 

Natural PhUosopky and Natural Science, 

Blozam's Metals, their Properties and Treatment, small 8to. ^ 8«. 6d. 

Day's Numerical Examples in Heat, crown Svo ^ ~ 1«. 6d. 

— Electrical ft Magnetic Measurement, 16mo ^ St. 6d. 

Downing's Practical Hydraulics, Part I. Svo., » St. M. 

Ganot's Physics, translated by Prof. E. Atkinson, large crown Svo ISt. 

— Natural Philosophy, translated by the same, crown Svo ^ 7t. tkL 

Gtore's Art of Scientific Discovery, crown Svo ^ISt. 

Helmholtz' Popular Lectures on Scientific Subjects, Svo. .........^....^.....^Ut. 6d. 

living's Short Manual of Heat; small Svo ^... it,9d, 

Jenkin's Electricity ft Magnetism, small Svo ^ St.6d. 

Maroet's Conversations on Natural Philosophy, fcp. Svo 7«. 8d. 

Maxwell's Theory of Heat, small Svo ^^^ St.&l. 

Merrifleld's Natural Science Keading Books ^ 

Tate's I^ght ft Heat, for the use of Beginners. 18mo Od. 

— Hydrostatics. Hydraulics ft Pneumatics. ISmo. .» 9d. 

— Electricity, explained for the use of Beginners, ISmo , 0d. 

— Magnetina, Voltaic Electricity ft Electro-Dynamics, ISmo 9d. 

l^daU's Lesson in Electadcity, with 68 Woodcuts, crown Svo. ...^^,..^.^ St. 6d. 

— Notes of Lectures on Electricity, It. sewed. It. 6d. doth. 

— Notes of Lectures on Li^ht, It. sewed. It. 6d. doth. 

Welnhold'a Introduction to Bxpenmental Physics. Svo 81t. 6d. 

Text-Books of Sdenccj Mechanical and Fhyeical, 

Abney^B Treatise on Photography, small Svo St. 6d. 

Anderson's (Sir John) Strength of Materials^ st.6d. 

Armstrong's Organic Chemistry St. 6d. 

Barry's Railway Appliances » 8«.6d. 

Bloxam's Metals St. 6<t. 

Gk>odeve'B Elements of Mechanism St. 6d. 

— Principles of Mechanics , St. 6d. 

Gore's Art of Electro-Metallurgy ...~. ».«. m....... St. 

Qriffln's Algebra and Trigonometry »..„... St. 6d. 
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Jenkln's Kldctrioity snd Magnotisni ,,,n.^ ..••••••»•• ••• 8c. M, 

MazweU'B Thfioxy of Heat ^...^... 8f. 6d. 

Merrifleld'B Tedhnioal Arithmetio and Heiurazation 8«. 6d. 

MiUer'B laorganio OhmzuBlxy ^ 8«. 9d, 

Freeoe ft Siyewright's Telegraphy „ ^ ^ St. 6d. 

Bntley'B Sindy ofBooks, a Text-Book of Petrology .'.^ ^ i«. 6d. 

oJieiie7 B vv orssiiop xLppiuuxoes •».»..••.>••••••••••.• ••••.. ••••••••i»«at<«<<«<>>M>M»<*« MaOd« 

Thome's StroGtnial and Fhysiologioal Botany ^ .^^ 6f. 

Thorpe'B Qaantitatiye Ohemical AnalyeiB >« 4f. 6d. 

Thorpe * MnJr'B Qoalltatiye Analysis it. M, 

Tilden'B Ohemical Philosophy ^...^^ 8«.6d. 

Unwin'B BlementBof Machine Design ^^...^.^^ ^ ^ .^ St. M. 

WatBon'B Plane and Solid Qeometry U, M, 

The London Science Class-BooTcs, Elementary Series. 

Astronomy, hy B. S. Ball, lili.D. P.B.S ~.~.. ,,m^ ,..„ If. Gd. 

Botany, Morphology and Physiology, by W. B. MoNab, M.D ^ if. 6d. 

— the Classification of Plants, hy W. B. McNab. M.D. ..... U. 6d. 

Geometry, Oongnient Fignres, by O. Henrici, F.B.S. ^ 1«. 6d. 

Hydrostatics and Pnemnatics, by P. Magnus, B.Sc. 1«. 6<I. or with Answers St. 

Mechanics, by B, B. Ball, LiLi.D. P.B.S. ^ If . 6d. 

Practical Physics : Molecular Physics & Sound, by F. Guthrie, F.B.S If. 6d. 

Thermodynamics, by B. Wormell, MA. D.Sc if. 6d. 

Zoology of Vertebrate Animals, by A. McAlister, M.D » if. 6d. 

Zoology of Invertebrate Animals, by A. McAlister, M.D .«... i«. 6d. 

Mechcmics and Mechanism. 

Barry's Bailway Appliances, small 8vo. Woodcuts.^ 8«. 6d. 

Goodeve's Elements of Mechanism, small 870 8f. M, 

— Principles of Mechanics. smaU 870 .«.«.« 8«.6d. 

Haoghton's Animal Mechanics, 8vo ^ 21f. 

Magnus's Lessons in Elementary Mechanics, smaU 8vo .«....^... 8f. 6d. 

Shelley's Workshop Appliances, small Sra Woodcuts 8c. 6d. 

Tate's Exercises on Mechanics and Natural Philosophy, 12mo 8f. Kef 8«. 6d. 

— Mechanics and the Steam-Engine, for Beginners, 18mo 9d. 

Twisden's Introduction to Practical Mechanics, crown 870 lOf. 6d. 

— First Lessons in Theoretical Mechanics, crown 870. .^ 8f. 6d. 

Wllljfl's Principles of Mechanism. 870. .^ ». 18t. 

Engineering, Architecture, &c. 

Anderson (Sir J.) on the Strength of Materials and Stnictures. small 870. 8c. 6d. 
Bourne's Treatise on the Steam-Engine, 4to 12c, 

— Oatechism of the Steam-Engine, fcp. 870 6c. 

— Beoent Improvements in the Steam-Engine, fcp. 870. 6c, 

— Handbook of theSteiun-Engine, fcp. 870 9c. 

Downing's Elements of Practical Oonstmction. Pabt 1. 870. Plates 14f, 

Fairbaim's Mills and Millwork, 1 70I. 8vo ~. 25c. 

— Useful Information for Engineers. 8 vols, crown 870. Sic. 6d. 

Gwilt's EnoydopsBdia of Architecture, 870 fiSc. 6d. 

Main and Brown's Marine Steam-Engine, 870. 12f. 6d. 

— — Indicator * Dynamometer, 870 4c. 6d. 

— — Questions on the Steam-Engine, 870 6c. 6d. 

Mitchell's Stepplng-Stone to Architecture. 18mo. Woodoats Ic. 
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TopvUar Arironomy and NamgaUon. 

Brisklay'i Artronoiiijt }o(j StnblM h Bifbmowt ofuwn 8vo*... m»« 6ff* 

£yen'B NaTigatdon * Great Oirde Baflinff. ISmo It. 

HezBchers OntUnee of A a t a oDomy, Twelfth Bdition, aqiiare orown 8?o. ......lit. 

Jeam'B Handbook for the Stan, royal 8n> it. ed. 

— Navigation and Nantioal Astronomj, royal 8vo. FraeHoal^ 7t. 6(1. 
Part n. ThsortHcal, 7t.6d. or the 2 Parts in 1 yol. price lit. 

LaoRhton'B Nantical Snrveyinff, Binall 8vo — ^^^.,.^»..'..... 6t. 

Merrlfleld'B HagnetiBm ft Deriationof the Oompaas. ISmo. It. 6dL 

Proctor's Lessons In Elementary Astronomy, fop. 8to. It. 6dL 

'— Library Star Atlas. foUo Iftt. 

— New Star Atlas for Schools, orown 8vo. 5t. 

— Handbook for the Stars, sqaare fcp. Sva...... 5t. 

The Stepping-Stone to Astronomy. ISmo It. 

Tate's Astronomy and the nse of the Globes, for Beginners. ISmo. 9d. 

Animal PhygicHogy and Preaeroation of Hedtth, 

Bray's Bdnoation of the FeelingB, orown 8vo 2t. M, 

— Fhysiotogy and the Lawsof Health. Uth Thousand, fop. 8vo. ......... It.'Sd. 

— Diagrams for Glass Teaching per pair 8t. 6tf. 

Bnckton's Food and Home Cookery, orown 8to 2t. 

— Health in the Honse, crown 8vo ..». St. 

— Town ft Window Gardening, crown 8vo St. 

Hartley'B Air and its Belations to X^e. small 8to. «t. 

HooselLiyelnsBtnictareandFanctlonsoftheHiimanBody, Iftmo. ...... tt.6d. 

Mapother's Animal Physiology. ISmo It. 

General Knowledge and Chronology, 

Orook's Brents of Bngland in Bhyme. sqnare Iflmo. '. it. 

Slater's BtnUntim Cfkranologicm, theOriginal Work,lSmo It. M. 

— — — improved by Miss Bewell, Itmo. St. 6d. 

Stepping-stone (The) to Knowledge. ISmo It. 

Second Series of the Btepping-Stone to GenenJ Knowledge, ISmo. It. 

Sterne's Questions on Generalities. Two Series, eadh St. Keys each it. 

Mythology and AnUqmties, 

Becker's Qatttu, Boman Scenes of the Time of Augustus, poet 8?o. ......... 7$, 6d. 

— Okarielstt illustrating the Priyate Life of the Ancient Greeks ... 7t. 6d. 

Bwald's AntiQuities of Israel, translated by Solly. Svo .«....„......lSt. 6d. 

Hort'B New Pantheon. ISmo. with 17 Plates St. 6d, 

Bich's Illustrated Dictionary of Boman and Greek Antiquities, poet 8n>..„ 7t. Sd. 

Biography, 

Gleig's Life of the Duke of Wellington, crown Syo 6t. 

Jones's Life of Sir Martin Frobisher, crown Svo 6t. 

Macaulay's Cliye. annotated by H. 0. Bowen. M.A. fsp. Svo St. Sd. 

Maunder's Biographical Treasury, re-written by W. L. B. Gates, ifcp. Svo. St. 
Steppinff-Btone (The) to Biography. ISmo. it. 

B^toohe of Modem History, 

Ohuvoh's Beginning of the Middle Ages, fcp. Svo. Msps ^ St. Sd. 

Oordeory'B Frondh Bevelntlon to the BatUe of Waterloo In fir§paratUm. 

Cox's Crusades, fop. Svo. Maps .............................. .^^^^^^^^^^ St. 6d 

Creighton's Age of Elizabeth, fop. Svo. Maps ............ St. Sd 

Ckdrdner's Houses of Lancaster ft York, fcp. Svo. Maps ..................... St. 6d. 

Gardiner's Thirty Tears' War. 16l8-16i8. fop. Svo. Maps .............................. St. Sd. 
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Gttrdiner'B First Two StnartB and the Puritan Berolntion. f cp. 8to. Maps U, M. 

Hale's Vail of the Stuarts, fop. 8vo. Maps ^^ 8«. 6d. 

Johnson's Normans in Burope, fop. 8vo. Maps ^^.^^^^...^.^^^ U. ^. 

Longnian's Frederiok the Great and the 7 Years' War ^ In preparation, 

Imdlow's War of American Independence, fcp. 8vo. Maps.............;.^ i». ftd. 

McCarthy's Epoch of Parliamentary Beform In preparation, 

Moberly's Early Tudors In preparation, 

Morris's Age of Anne, fop. 8vo. Maps «. M..M».».M..~».«M~.....*.i»..«.~.-.. i$.6d, 

— Early Hanoverians m^ ^. In preparation 

Beebohm's Protestant Berolntion, fcp. 8vo. Maps .. ... .^......^ ii. 6d. 

Btabbs's Early Plantagents, fcp. 8to. Maps .^..... U,M. 

— Empire under the House of Hohenstaufen In preparation, 

Warhoxton's Edward the Third, fcp. 8vo. Maps ...........................~..~... 8«.6il. 



^po€?u ot English History, 



If. 



Creiffhton's Shilling History of England, Introductory, fop. 8vo. 

Browning's Modem England, from 1820 to 1876 .^....^ 9d. 

Oordexy's Struggle against Absolute Monarchy, 1603-1688, fcp. Maps 9d. 

Oxeighton's England a Continental Power, 1066-1216, fop. Maps 9d. 

— Tndors and the Beformation, 14B5-160S, fcp. 8vo. Maps. 9d. 

Powell's Early England up to the Norman Oonquest. fcp. 8vo. Maps la. 

Bowley's Bise of the People and Growth of Parliament, 1215-1485. fop. Maps. 9d. 

— Settlement of the Oonstitution, 1688-1778, fcp. Maps 9d, 

Tanoodk's England during the Bevolutionary Wars. 1778-1830. 9dl. 

Epochs of English History, complete in 1 7ol. fop.Sro. 5f. 

British Higtory. 

Armitage's Childhood of the English Nation, fcp. 8vo U, M, 

Bartle's Synopsis of English History, fcp. 8to 8«. ed. 

Oantlay's English History Analysed, fcp. 8yo. ....... ............................... 2c 

Oatechism of English History, edited by Miss Sewell. l8mo 1«. 6d. 

Epochs of English History, edited by Oreighton, fcp. 8yo he, 

Gairdner's Bichard in, and Perkin Warbeck, crown 8vo 10«. 6d. 

Gleig's School History of England, abridged, 12mo 60. 

' First Book of History— England. I8mo. %a, or 2 Parts. 9d. eaoh. 

— British Colonies, or Second Book of History. 18mo » Ij. 

— British India, or Third Book of History, 18mo 9d. 

— historical Questions on the above Three Histories. 18mo 9d. 

LitUewood's Essentials of English History, fcp. 8vo. U, 

Lupton's Bxamination-Papers in History, crown 8vo If. 

— English History, revised, crown 8vo 7f.6d. 

Macaulay's History of England, Student's Edition, 2 vols, crown 8vo 12«. 

Morris's Olass-Book History of England, fcp. 8vo. 8f. 6d. 

The Stepping-stone to English History. 18mo 1*. 

The St^iping-Stone to Irish History. 18mo. ..«m.m.m.m.mm....... It. 

Tumer^s Analysis of English and French History, fcp. 8vo 2f. 6d. 

Epochs of Ancient History, 

Beesly's Graodhi.Mariu8 and Sulla, fcp. 8vo. Maps 

Capes's Age of the Antonines, fcp. 8vo. Maps 

*- Early Boman Empire, fop. 8vo. Maps 

Cook's Athenian Empire, fop. 8vo. Maps................................ 

— Greeks * Persians, fop. 8vo. Maps ............................. 

Curteis's Bise of the Maoedonian Empire, fcp. 8vo. Maps.......... 

Ihne's Bozne to its Capture by the Gtauls, fcp. Svo.Maps... ............ 

Merlvale's B<»nan Triumvirates, fop. 8va Maps 

SaidEey's Spsxtan and Theban Supremades, fcp. 8vo. Maps 
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2f.6d. 
2t. 6d. 

2«.6d. 
2«.6d. 
2f.6d. 
2«.6d. 
2«.6d. 
2f.6d. 
2f.6d. 
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History f Aneknt and Modem, 

Browne's History of Greeoo, for Beglxmers. ISmo. „. 9d, 

— Histoxy of Borne, for Beginners. ISmo » 9d. 

Gleig's History of Fxanoe, ISmo ^ ^ It. 

Ihne's Boman History. Voui. I. to HI. 8vo 4&«. 

Maoleod's English Battles of tke Feninsnla, fcp. 8vo It. 

Mangnall's Historical and Mlsoellaneons Questions, 12mo 4t. 6d. 

M annder's Historical Treasnry. with Index, fcp. 8vo St. 

Merlvale's History of the Boinans nnder the Empire. 8 yols. post 9ro 49t. 

— Fall of the Boman Bepablic. 12mo 7t. 6d. 

^ Gtoneral History of Borne, crown Svo. Maps 7t. 6d. 

Pnller'B Behool History of Bome, abridged from Merivale, fop. Maps ...^... St. M, 
BawUnaon's Sixth Oriental Monarchy (the Parthians), Svo. Maps ftc. ......16t. 

— Berenth Oriental Monarchy (the Saasanians) Svo. Maps Ac. ...S8t. 
Bewell's Ancient History of Egypt. Assyria, aifd Babylonia, fcp. 8to St. 

— Catechism of Grecian History, l8mo. ^ ^ It. Stf. 

— Child's First History of Borne, fcp. Svo St. Sd. 

— First History of Greece, fop. Svo St. Sd. 

— Popular History of France, crown Svo. Maps 7t. Sd. 

Smith's Gathage and the Oathaglnians, crown Svo lOt. 6d. 

The Stopping-Stone to Grecian History, ISmo It. 

The Stepping-Stone to Boman History, ISmo It. 

Taylor's Student's Manual of Ancient History, crown Svo 7t. 6<l. 

<- Student's Manual of Modem History, crown Svo 7t. Sd. 

— Student's Manual of the History of Izidia, crown Svo 7t. Sd. 

Tomer's Analysis of the History of Greece, fcqD.Svo St. Sd. 

— Analysis of Boman History, fcp. Svo St. Sd. 

Scripture History ^ Moral and HeligiouB Works* 

Ayre's Treasnry of Bible Knowledge, fcp. Svo St. 

Bonltbee's Commentary on the Thirty-Nine Articles, orown Svo. St. 

Browne's Exposition of the Thirty-Nine Articles, Svo ISt. 

Examination Questions on the above, fcp. Svo St.Sd. 

Oonder's Handbook to the Bible, post Svo. Maps, &c 7t. 6d. 

Oonybeare and Howson's Life and Epistles of St. Paul, 1 vol. crown Svo. ... 9t. 

Drummond's Jewish Messiah, Svo lAt. 

Gleig's Sacred History, or Fourth Book of History, ISmo. 2t. or 2 Parts, each 9d. 
Kalisch's Bible Studies, Part I. the Prophecies of Balaam, Svo 10«. Sd. 

-> » Part II. the Book of Jonah lOt.Sd. 

Kalisch's Commentary on the Old Teetammt; with a New Translationy 

Vol. I. Genesis, Svo. ISt. or adapted for the General Beader, I2t. Tol. II. 

Exodus, 16t. or adapted for the General Beader. -ISt. Vol. III. 

Leviticus, Part L 16t. or adapted for the General Beader, St. VcA. IV. 

Leviticus, Part n. 15t. or adapted tox the General Beader. St. 

Norris's Catechist's Mannal, ISmo „ It. Sd. 

Potts's Paley's Evidences and Horas PaulinsB, Svo lOt. Sd. 

PuUiblank's Teacflier's Handbook of the Bible, crown Sva St. Sd. 

Riddle's Manual of Scripture History, fcp. Svo 4t. 

•~ Outlines of Scripture History, fcp. Svo St. Sd. 

Bogers's School and Children's Bible, crown Svo ...m.~.m....m....m.m. St. 

Bothsohild's Histoid and Literature of the Israelites, S vols, crown Svo lit. Sd. 

— — — — — Abridged, fcp. Svo... St. Sd. 

Sewell's Preparation for the Holy Communion, SSmo. , St. 

The Bt^ping-Stone to Bible Knowledge, ISmo It. 

Whately's Introductory Lessons on Christian Evidences, ISmo Sd. 

Mental and Moral Philosophy, and Cioil Law* 

Amos's Fifty Years of the British Constitution, crown Svo. lOt. Sd. 

— Science of Jurisprudence, Svo «....Um. 

— Primer of English Constitution and Government, crown Svo. ...... St. 

London, LONGMANS & CO. 
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Bacon's Bflaa^ii, with Annotations hy Arclibishop Wbately. 8vo 10«. 6d. 

— — annotated l^ Hunter, oxown 8vo 8«. 6d. 

— » annotated by Abbott, 2 yols. fop. 8vo <te. 

-* — with References and Notes by Markby, fcp. 8to. It. M. 

Bain's Bhetorlo and KngHwh Oompositlon, crown 8to it. 

— Mental and Moral Bdenoe. crown Syo .^ lOf. 6d. 

Hnme's Treatise on Hnman Nature, by Green and Grose, 8 vols. 8yo 28«. 

— Essays, by the same Editors, 2 vols. 8yo ^ £8«. 

Lswea's History of Philosophy from Thales to Oomte. 2 yola. 8vo. 82«. 

Lewis's Influence of Authority in Matters of Opinion, 8vo ^ 14f. 

lOll's System of Logic, Batiodnative and Lxductive, 2 vols. 8vo 25f. 

KUlick's Student's Handbook of Mill's System of Loi^ic, crown 8yo 8«. 6d. 

Morell's Handbook of Logic, for Schools and Teachers, fcp. 8vo. 2«. 

Bandars's Institutes of Justinian. 8vo lit, 

Stebbing's Analysis of Mill's Logic. 12mo 8«. 6d. 

Bwinboume's Picture Logic, crown 8to. ,..^^.^^.^^ ^^^^^^ 6«. 

Ttkoaausoa'B Outline of the Necessary Laws of Thought, post Syo 6«. 

tJeberweg's Logic, translated by Lindsay, 8to 18*. 

Whately's ElMnents of Logic. 8vo. 10«. 6(2. crown 8vo. 4«. M, 

— Elements of Rhetoric, 8vo. 10«. 6d. crown 8vo 4i. 6d. 

^ Lessons on Reasoning, fcp. 8vo If. 6d. 

JMnciplea of Teaching^ S^e. 

Crawley's Handbook of Competitive Examinations, crown 8yo. ^ 2<. M. 

Gilkes's School Lectures on Blectra and Macbeth, crown 8yo S«. 6d. 

Gill's Text-Book of Education, Method and School Management, fop. Svo. 8«. 
*— Systems of Education, fcp> 8vo. ^^^. ^ 2«.6cl« 

— Art of Beligious Instruction, fop. 8vo 2f. 

— Art of Teaching to Observe and Think, fcp. 8vo 2«. 

— Locke's Principles of Education, fcp. 8vo 1«. 

Johnston's (Miss) Ladies' College and School Examiner, fcp. l». 6d. Key 2«. 64. 
Johnston's (R.) Army and Civil Service Guide, crown 8vo. 6«. 

— Civil Service Guide. orownSvo 8t. 6d. 

^ Guide to Candidates for the Excise, 18mo If. 6(1. 

— Guide to Candidates for the Customs, 18mo If. 

Lake's Book of Oral Object Lessons on Common Things, 18mo l«.6(i. 

FOtts's Lfber Oantabrlgiensis, fop. 8vo &f. 6(1. 

— Aooonnt of Cambridge Scholarships and Exhibitions, fop. 8vo If. 6d. 

— MaiiniH, Aphorisms, ftc. for Learners, crown 8vo. l«. 6d. 

Robinson's Manual of Method and Organisation, fcp. 8vo 8«. 6d. 

SeweU's Principles of Education, s vols. fcp. 8vo 12f. 6d. 

Bnllivan's Papers on Education and School-Keeping, ]2mo. 8f. 

The Qreek Langwige, 

Barton and Chavasse's Notes on Thucydides. B<x>k lY ^ Nearly ready, 

Bloomfield's College and School Greek Testament, fcp. 8vo &«. 

Bolland ft ling's Politics of Aristotle, post 8vo 7f. 6d. 

BuJlinger's Lexioon and Concordance to Greek Testament, medium 8vo....80f. 
OoUis's Chief Tenses of the Greek Irregular Verbs. 8vo u. 

— Pontes GrsBci, Stepping Stone to Greek Grammar, l^no 8«. 6d. 

— Praxis Gnoca, Etymology, 12mo ie.M, 

— Greek Verse-Book, Praxis Iamblca,12mo 4f.6(i. 

Congreve's PoliUos of Aristotle, translated. 8vo. 18f. 

Cooper's Tales from Euripides, fcp. Svo......... 8«.6(2. 

Donaldson's New Cratylus, Fourth Edition, 8vo .« SU. 

— Pindar's Epicinlan or Triumphal Odes, 8vo 16f. 

Farrar's Brief Greek Syntax and Accidence. 12mo it. ea, 

— Greek Grammar Rules for Harrow School. 12mo u, 6d, 

Vowle's Short and Easy Greek Book, 12mo 2f. 6d. 

— Eton Greek Reading-Book, 12mo. u. 6d. 

London,'. LONGMANS & CO. 
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Fowle'BFIntBM7GraekBMdinff-Book,12mo 5«. 

— Fint Book of Homer's Hiad. 12mo. » ^.^ ~ i»> 

Oxuifi Bthiot of Ariatotle. with Essajs and Notes, 2 vols. 8vo. 8S«. 

Hewitt's GreAk EzunlBation-Papen. 12mo lj.6d. 

buster's Xenophon's Anabasis, Books I. o HI. with Noces. ISmo. ......... ts. 6d. 

Kennedy's Greek Graminar, Umo « ^ 4». 6d. 

Liddellaad Scott's Uurger Greek-Lezicon, exown 4to. Mt. 

-* — — Greek-Bnglish Lezioon abridged, sqnare Umo 7«. 6<l. 

Uttwood's Bophodes, Greek Text. Latin Notes. 4th Edition. 8vo 16ff. 

-- Theban IMologyof Sophocles literally explained, crown Sro. ... 7«. 6d. 
MahaSys History of Olasslcal Greek Literature, 2 vols, crown &vo....Iie<»rly ready. 

Morris's Greek Lessons, square l8mo Part 1. 2«. 6d. Part II. 1«. 

Fury's Blementary Greek Grammar, limo 8«. 6(1. 

Bheppard and Brans's Notes on Thneydides, crown 8vo 7«. M. 

Thoeydides' Peloponnesian War, translated by Orawley. 8vo 10i.6d. 

Valpy's Greek Deleotns, improred by the Ber. Dr. White, 12mo. 2«.6d. Key l». Sd. 

White's Xenophon's Expedition of Gyms, with English Notes, 12mo. 7ff. 6d. 

WiUdns's Manual of Greek Prose Composition, crown 8vo 7f. 6d. Keu St. 

*- Bxerdses in Greek Prose Composition, crown 8vo. ...4f . 6d. Key If. M. 

— Progressiye Greek Delectos, 12mo 4«. Key If . Sd. 

— Progressiye Greek Anthology, 12mo St. 

— Soriptores Attici, Excerpts with English Notes, crown Sro. ...... 7f' 6(1. 

-* Speeches from Thtu^dides translated, post 8to flf. 

Williams's Nicomachean Bthios of Aristotle translated, crown Sro........... 7«. id. 

WrightTs Plato^s Phsdms, Lysis and Protagoras, translated, fcp. Sro......... Ac 6d. 

Tonge's Larger English-Greek Lexicon, 4to ...Us. 

— English-Greek Lexicon abridged, sqaare Umo fif. 6d. 

Zeller's Plato and the Older Academy, by Alleyne * Goodwin, or. 8vo 18«. 

— Socrates, translated by Beiohel, crown 8vo. 10f.6d. 

— Stoics, Epicnreans, and Sceptics, by Beiohel, crown 8yo ......ISf. 

WMte'B Gframmar'School Greek Texts, 



Maop (Fables) and Pal»phatiu 

(Myths), 82mo Price li. 

Homer, Biad, Book I. ....^... 1«. 

Lndan, Select Dialogaes It. 

Xenopbon, Anabasis, Books I. ni. 

* Y. li.6d. each: Book II. 1«. 

The Fonr Gospels in Greek, with Greek-English Lexicon. Edited by John T. 

White, D.D.^Oxon. Sqnare 82mo. price 6f. 



St. Matthew's and St. 'Lake'* 
Gospels, 2«. M, each. 

St. Mark's and St. John's Goa- 
pels, I«. 6d. each. 

The Acts of the Apostles 2«. 6d. 

St. Paul's Epistle to the Bo- 
mans M. — ^ li. Mm 



White's Orammar-School Latin Texts, 



CfBsar, Gallic War, Books I. ft II. 

Y. ft YI. It. each. 
GfBsar, Gallio War, Books III. ft lY. 

9d. each. 

Cicero, Cato Major 1«. 6d. 

Cicero, Lielins If. 6d. 

Bntropins, Boman History. 

Books I. ft II. If. Books III. 

ft lY. If. 
Horace, Odes, Book I. II. ft lY. 

If. each. 
Horace. Odes. Book III.... .^ If. 6d. 



Nepos, Miltiades, Cimon, Pan- 
sanias, Aristides Price M. 

Oyid. Selections from Episties 
and Fasti u. 

Oyid. Select Myths from Meta- 
morphoses 9dm 

Phflsdms, Select Ea^y Fables ... Vd. 

PhflBdms, Fables, Book I. ft II. If. 

Sallnst. Bellnm CatiUnarinm ... If. 6d, 

Yirgil. Georgics, BooklY Is. 

Yirgil. iEneid, Books I. to YL 
each u. 



Liyy, Books XXII. and XXIII. The Latin Text with English Explanatory 
and Ghrammatical Notes, and a Yocabtdary of Proper Names. Edited by 
John T. White. D J). Oxon. 12mo. price 2i. M. each Book. 



London, LONGMANS & CO. 
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The Latin Languagt, 

BiafflBj-BlAtlnfrnBoBierclfiM.limo. >,.6d, S«r U. 

— ContlnnoM LeMoiu in latiii P™e. Itam. ^ b,. %as it. 

— OtBMUnmepoaJnmroiedbi Wliit«LlJmo. ,.._ 

— Orid'a Uetnmimftioriefl, DoprdTed by Wmu, Itmo. ..... 

— BdBotFBblMdli'hiDditiBiUaiirDiedtiyWMte, lima 

— Bntropinfl, ImDKWBd to WhliB.HDiD ,. 

Oioero'i OortwBoodeEce, by TpreU, Vra. I. urn. 
unUla'a Oliiel Tai«» ot^Lntiii Irreini 

runlet Bbon BDd 



EuT Liitbi Book, limo 

lSUo BeBdiDo-Book, Itaio. 



""' OtUd' 



JSjan»nMryLiawuu™inmar,itiiHj,..„., „-...,- ,. u . ft4 

Kl«iaantuTTditlDlle>diiiK-Booli.orTitoolaimnLBtliimn,iaaio. U, 

i:«aBProM, PidBatni8USL«SS-Umo,.., eiu 

'MilMa i>ptniirla,BierdBe Boolnto OwFiUfg SctBoi LMm 
aundHB in AkiifiUii PHnnrla. Puts I. A n,^» Ei, 
SHMdia I^rima^iA, IH. tba liatia Comppcnd &«iteace, IKniD.-. Ir, 
JnniinlliiDi StUl Idtini, limo, U. Bd. Xei, It. ta. 

— PalBBtni latins, or BB(ionflIjBHDBa«Unj^Book,iSD!o tt. 

Ksimr'iOBur'iOaDuiiaiitiadu Boole I. IBiaa. Ij. Bookill.AIII -If. 

IiBTrti »nd Short a [.Btm Diotinnirzi *«!- -.--. Sli.dd 

— VlrKUaAnBid Ooo^I TI III. A T. ISnio, web Hook li. 

MilUngtoa B (JelEcEnoa tur IfflUn Proiie, mWi;iVo'.*lI!;!;i;;",:'3iVr>(i.''KOT i»i 

Hoody 9 Bton tntls GrunniBr Uma ti.lM. DieAodldenoe BCimrBt^ly It. 

PniTT a OriKiiBB BumnoiB, (rora Liir with ESKiiib NaWa. orown Kio it. 

The PnblicBohoolLflHE Primer IBmo ti.tc 

— — — — (Irammar hy Raff. Dr. Kennedy, POHt BvQ. _ . 7i. 8* 

iVendernBt B MASlury Bonca MannolDf lAtin. lizno. -. it.ao 

^ddlfl BYounifScbolarfiLat Edi; &Enp.-I,at.DlDtlanvy,aaiurtil:iiDQ,...10«.fid 
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Oenflnl LiiU of SehooUBooke 



The French Language. 

,t6i' Haw to Bptuk French, fop. Bto „ .„., _, u,Ut. 

Cafl*4]'i French Gender*, crown Hmj —....,.................,...„.....„ . _ IlU. 

DsMil* Kuflb8r^i<]!Tiidiut«dFraiiohTrtuiiliHanBoi^PiaTt.tiJ(LPiLBrIUf 
- Pookat French and BnKllahDiinloiwn',iqiDa«Uao.......,.£«A 






aj-:'t!!>., ;■'. , „ . Ensy FTBml! DelMtus, 83! '"" 
rreuoh C^nvc'rHatlc.n-Bnnk, M. First Frenct HeadarTiia. 
First Frenah Eierosa- limit, 9d. BBcond Fraach Bseder, 9d. 
Bacond Pronct Bi«vise-Booh. M. 1 French and BnglUli O^ogtitm, M. 
Oonluiioiio's Bnlde to French TranalstJon.lSnio U.ia. Kar l>.Bd. 






Qgrman, Spanish, Hebrew, Sraulail, 



London, UOSOMASS & Ca 

BptllUmMilt i Co. Prinlert, Xai-itrM Stuart, LondoH. 
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